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Introduction

The symmetry group of a given space is the final object in the
category of groups acting on this space.
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Introduction

The symmetry group of a given space is the final object in the
category of groups acting on this space.

In other words: The symmetry group Sym(X) of a given space X
is the group satisfying the universal property: for each group G
acting on X, there exists a unique morphism G — Sym(X).
It is given by:

G — Sym(X)

g — (z+— z.9)
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Introduction

Analogously, the quantum symmetry group of a given space is
defined as the final object in the category of quantum groups
acting on this space.
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Introduction

Analogously, the quantum symmetry group of a given space is
defined as the final object in the category of quantum groups
acting on this space.

Steps for defining the quantum symmetry group of a given object:

@ Define the category of its quantum transformation groups.
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Introduction

Analogously, the quantum symmetry group of a given space is
defined as the final object in the category of quantum groups
acting on this space.

Steps for defining the quantum symmetry group of a given object:
@ Define the category of its quantum transformation groups.

@ Check that this category admits a final object.
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Hilbert modules equipped with orthogonal filtrations

Let A be a C*-algebra and let E be a Hilbert A-module. An
orthogonal filtration (7, (V;)iez, J, W) of E consists of:

@ a faithful state 7 on 4,
@ a family (V;);ez of finite-dimensional subspaces of E such

that:
O forall 4,5 € Z with 7 # 4, V€ € V; and Vn € V;,
T((€lma) =0,
@ the space & = > V; is dense in (E,| - |4),

i€T
@ a one-to-one antilinear operator J : & — &y,

@ a finite-dimensional subspace W of E.
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Hilbert modules equipped with orthogonal filtrations

Example

Let M be a compact Riemannian manifold. The space of
continuous sections of the bundle of exterior forms on M,
I'(A*M), is a Hilbert C(M)-module. A natural orthogonal
filtration of I'(A*M) is given by:
o (V;)ien is the family of eigenspaces of the de Rham operator
D =d+d*,

° T:/-dvol,

o W= (C(m — 1A>7an)'
o J:T'(A*M) — I'(A*M) is the canonical involution.
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Hilbert modules equipped with orthogonal filtrations

@ A spectral triple (A, H, D) is said to be finitely summable if
there exists p € N such that |D|~P admits a Dixmier trace,

which is nonzero.
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Hilbert modules equipped with orthogonal filtrations

@ A spectral triple (A, H, D) is said to be finitely summable if

there exists p € N such that |D|~P admits a Dixmier trace,
which is nonzero.

e (A,H, D) is said to be regular if for all a € A and all n € N,

a and [D, a] are in the domain of the unbounded operator §”
on L(H), where 6 = [|D],-].
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Hilbert modules equipped with orthogonal filtrations

Definition
(A, H, D) satisfies the finiteness and absolute continuity condition

if furthermore, the space H™ = ﬂ dom(D*) is a finitely
keN
generated projective left .A-module, and if there exists ¢ € M,,(A)

with ¢ = ¢®> = ¢* such that:
@ H> = A",
@ the left A-scalar product 4(:|-) induced on H*® by the
previous isomorphism satisfies:

Try(a{€lm)| DI™")

To(DF?) Ul
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Hilbert modules equipped with orthogonal filtrations

Example

Setting:
e A = closure of A in L(H),
e E = completion of H> (for the A-norm),
o (V;)ien = eigenspaces of D,

. Tn(eD)
T=a
Tr,(|D]=?)
If we assume furthermore that 7 is faithful and &y = > V; is

i€z
dense in E, we get an orthogonal filtration of E (with J : & — &
any one-to-one antilinear map and e.g. W = (0)).
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Definition

. Idea of proof
Quantum symmetry group of a Hilbert C*-module €a ot proo

Definition
A Woronowicz C*-algebra is a couple (C(G),A), where C(G) is a
C*-algebra and A : C(G) — C(G) ® C(G) is a *-morphism such
that:
0 (A®id)o A= (id®A)oA,
o the spaces span{A(C(G)).(C(G)® 1)} and
span{A(C(G)).(1® C(G))} are both dense in C(G) ® C(G).
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Definition
Idea of proof

Quantum symmetry group of a Hilbert C*-module
Y y group

Definition
Let (C(G),A) be a Woronowicz C*-algebra, and A be a
C*-algebra. A coaction of C(G) on A is a x-morphism
a:A— A® C(G) satisfying:

° (a®idg@))oa= (ida®A)oa

o a(4).(1® C(G)) is dense in A ® C(G).
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Definition

. Idea of proof
Quantum symmetry group of a Hilbert C*-module dea of proo
Y y group

Definition

Let (C(G), A, ) be a Woronowicz C*-algebra coacting on a
C*-algebra A, and let F be a Hilbert A-module. A coaction of
C(G) on E is a linear map 5 : E — E ® C(G) satisfying:

o (BRid)of=(id®A)op

e B(F).(A® C(G)) is dense in E® C(G)

o V&, n € E,(BEIBM) asce) = a((Eln)a)

o V¢ € EVac A, B(.a)=p5(§).afa)
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Definition
Quantum symmetry group of a Hilbert C*-module e G et

Definition
Let (C(G), A, ) be a Woronowicz C*-algebra coacting on a
C*-algebra A, and let F be a Hilbert A-module. A coaction of
C(G) on E is a linear map 5 : E — E ® C(G) satisfying:

0 (BRid)of=(idRA)of

e B(F).(A® C(G)) is dense in E® C(G)

o V&, n € E,(BEIBM) asce) = a((Eln)a)

o V¢ € EVac A, B(.a)=p5(§).afa)
We say that the coaction («, ) of C(G) on E is faithful if there

exists no nontrivial Woronowicz C*-subalgebra C'(H) of C'(G)
such that S(E) C E® C(H).
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Definition
Idea of proof

Quantum symmetry group of a Hilbert C*-module

Definition
Let £ be a Hilbert A-module endowed with an orthogonal
filtration (7, (Vi)iez, J, W). A filtration-preserving coaction of a
Woronowicz C*-algebra C(G) on E is a coaction (a, 3) of C(G)
on FE satisfying:

o (T®id)oa="T(-)l¢@g):

o VieZ, B(V;) c Vio C(G),

o (J®x)oB=pBoJon&,

o VEe W,B() =£® 1)
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Definition
Idea of proof

Quantum symmetry group of a Hilbert C*-module
Y y group

@ We say that a Hilbert A-module E is full if the space
(E|E)4 =span{({|n)a ; &,m € E} is dense in A.

o If (ag,fg) and (am, Bu) are filtration preserving coactions of
Woronowicz C*-algebras C'(G) and C(H) on E, then a
morphism from C(G) to C'(H) is a morphism of Woronowicz
C*-algebras p : C(G) — C(H) satisfying:

og = (tdg@u)oag and Py = (idg ® 1) o Bg.
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Definition
Idea of proof

Quantum symmetry group of a Hilbert C*-module
Y y group

Theorem

Let A be a C*-algebra and let E be a full Hilbert A-module
endowed with an orthogonal filtration (7, (V;)ez, J, W). There
exists a universal Woronowicz C*-algebra coacting on F in a
filtration-preserving way. The quantum group corresponding to

that universal object is called the quantum symmetry group of
(Ea T, (Vi)ie_’[, J, W)
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Definition
Idea of proof

Quantum symmetry group of a Hilbert C*-module
Y y group

Theorem

Let A be a C*-algebra and let E be a full Hilbert A-module
endowed with an orthogonal filtration (7, (V;)ez, J, W). There
exists a universal Woronowicz C*-algebra coacting on F in a
filtration-preserving way. The quantum group corresponding to
that universal object is called the quantum symmetry group of

(EaTv (Vi)iEIv J7 W)

This generalizes and unifies the universal objects constructed by
Banica-Skalski and Goswami.
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Definition
B | f f
Quantum symmetry group of a Hilbert C*-module e i e

Objective: Find a Woronowicz C*-algebra (C(Gy,), Ay, ay, Bu)
coacting on F in a filtration preserving way, and such that for each
(C(G),A, a, ) coacting on E in a filtration preserving way, there
exists a unique morphism C(G,) — C(G).
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Definition
B | f f
Quantum symmetry group of a Hilbert C*-module e i e

We define on & a right and a left scalar product by:

(Eln)r = 7((&ln)a)
(&) = T((J(E]J () ).

For each 7 € 7 we fix:

@ an orthonormal basis (e)1<j<a; of V; for the right scalar
product (|-)-,
@ an orthonormal basis (f;;)1<j<q; of Vi for the left scalar
product ,(-|-).
We denote by pY) € GL4(C) the change of basis matrix from (f;;)

to the basis (e;) of V; and we set s() = p(Itp(i),
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Definition
Idea of proof

Quantum symmetry group of a Hilbert C*-module
Y y group

Lemma

Let (o, B) be a filtration preserving coaction of a Woronowicz
C*-algebra C(G) on E. For all i € Z, since §(V;) C V; © C(G),

there exists a multiplicative matrix v(¥) = (vlgj))lék,jgdi such that:

VJ ﬁ eZ] Z €k @ 'Ukj

Then the matrix v\ is unitary and

v(i)ts(i)m(s(i))*l _ S(i)ﬁ(s(i))*lv(i)t = I
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Definition
Idea of proof

Quantum symmetry group of a Hilbert C*-module
Y y group

For all 7 € 7, we consider Au(s(i)) the universal Woronowicz
(C*-algebra generated by a multiplicative and unitary matrix
ul® = (u](c;-))lgkjgdi, satisfying the following relations:

a1 (500) ™ = SOu (500) "l — 1y,

We set U = k Au(s(i)) and B, : & — & © U the linear map
i€
given by:

u(€s) Z e & uk]
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Definition
B | f f
Quantum symmetry group of a Hilbert C*-module e i e

Lemma

Let (o, B) be a faithful filtration preserving coaction of a
Woronowicz C*-algebra C(G) on E. There exists a Woronowicz
C*-ideal I C U and a faithful filtration preserving coaction
(ar, Br) of U/I on E such that:

o U/I = C(G),

e 1 extends (id @ 1) o [By,.

20/23
Manon Thibault de Chanvalon Quantum symmetry groups of Hilbert C*-modules



Definition
Idea of proof

Quantum symmetry group of a Hilbert C*-module
Y y group

If C(G)=U/I and C(H) =2 U/J with I C J, then there exists a
unique morphism C(G) — C(H).

21/23

Manon Thibault de Chanvalon Quantum symmetry groups of Hilbert C*-modules



Definition
Idea of proof

Quantum symmetry group of a Hilbert C*-module
Y y group

If C(G)=U/I and C(H) =U/J with I C J, then there exists a
unique morphism C(G) — C(H).

We have to set C(G,) = U/I where I is the smallest C*-ideal
such that there exists a filtration preserving coaction («ay, fr) of

U/I on E.
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Definition
B | f f
Quantum symmetry group of a Hilbert C*-module e i e

Example (C")

The quantum symmetry group of the Hilbert C-module C™
equipped with the orthogonal filtration (idc, (C™), J, (0)) where
J : C" — C" is any invertible antilinear map, is

AO(J) =< (uij)lgi,jgn unitary ; u = JuJ 1 >.
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Definition
Idea of proof

Quantum symmetry group of a Hilbert C*-module

We set I = [0,1] and we denote by §, : L*(I) — L*(I) the
operator d% with domain:

dom(s1) = {f € H'(I) ; £(0) = (1) = O}.

Its adjoint operator is §_ = —d% with domain H'(I).
We define Dy : L2(A*(I)) — L2(A*(I)) = L3(I) ® L*(I) by:

0 o_
a=(2 %),

The quantum symmetry group of the Hilbert module associated
with (A, H, D) where A= C(I)" = C([0,1] x {1,...,n}),

H = LX(A*(I))" and D = diag(D, ..., Dy), is the
hyperoctahedral quantum group Ap(n) = C(H,).
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