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Let G = G(® be a smooth groupoid and denote by 2G its Lie algebroid.
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Motivations

Let G = G(© be a smooth groupoid and denote by G its Lie algebroid.
One gets exact sequences of C*-algebras:

@ From Analysis : The pseudodifferential operators exact sequence

0= C*(G) — Wi(G) — C(S*AG) — 0 (PDO)

which is a generalization, for a smooth compact manifold M, of
0 — K(L2(M)) — Wi(M) 2% C(S*TM) — 0

@ From Geometry : The Gauge adiabatic groupoid short exact
sequence :

0= C(G)®K — J(G) xR, — C(SAG)®K =0 (GAG)

Where J(G) C C*(Gaq) is an ideal of the C*-algebra of the adiabatic
groupoid G4 of G, and the natural action of R’ on G,4 is considered.
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Main Results

Theorem (D. & Skandalis)
There is an ideal J(G) C C°(Gaqg) such that :
% The order 0 pseudo differential operators on G are multipliers of

o0
C(G) of the form/ ft% where f = (f;)ter, € J(G).
0
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Main Results

Theorem (D. & Skandalis)
There is an ideal J(G) C C°(Gaqg) such that :

% The order 0 pseudo differential operators on G are multipliers of
o _dt
C2°(G) of the form / ftT where f = (f;)ter, € J(G).
0

¢ One can make a completion of J(G) into a bimodule £ which leads
to a Morita equivalence between Wi(G) and J(G) x R%.

Today, in this talk :
@ Describe the short exact sequence (PDO).
@ Describe the short exact sequence (GAG).

@ Describe the ideal J(G) and give a precise statement of .

NGA - Frascati (2014) Groupoids and Pseudodifferential calculus I.

3/16




Lie algebroid and exponential map of G = G©)

NGA - Frascati (2014)

o
Groupoids and Pseudodifferential calculus I.

=



S
Lie algebroid and exponential map of G = G©)
r
For x € G(© denote G, = s7(x) and G*

= r 1(x).
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Lie algebroid and exponential map of G ;; G

For x € G( denote G, = s~%(x) and G* = r~1(x).

The Lie algebroid 7 : 2AG — G(© of G is the normal bundle of the

inclusion of units G(9) — G it can be identified with the restriction to G(©
of Ker(ds) :

AG = TG/ TGO ~ Ker(ds)|goy = | TxGx

x€G(0)

The differential map dr of r leads to the anchor map : #: AG — TGO,
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Lie algebroid and exponential map of G 2; GO

For x € G(®) denote G, = s71(x) and G* = r1(x).

The Lie algebroid 7 : 2AG — G(© of G is the normal bundle of the

inclusion of units G(9) — G it can be identified with the restriction to G(©
of Ker(ds) :

AG = TG/ TGO ~ Ker(ds)|goy = | TxGx
xeG0)

The differential map dr of r leads to the anchor map : #: AG — TG©),

An exponential map 6 : V/ — V for G is a diffeomorphism where
GO c V' cAG, GO c V c G, V and V/ being open and such that :
o G‘G(o) = Id and r06:7r,

e For x € GO, df(x,0) is the "identity” on the normal direction of the
inclusion of GO0 : AG, ~ T(, yAG/ T, G® — AG,.

NGA - Frascati (2014) Groupoids and Pseudodifferential calculus I. 4/16



The (PDO) exact sequence

Given the groupoid G, one can define :

@ A convolution x-algebra C2°(G) which leads to a C*-algebra C*(G)
after choosing a norm (J. Renault).
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The (PDO) exact sequence

Given the groupoid G, one can define :

@ A convolution x-algebra C2°(G) which leads to a C*-algebra C*(G)
after choosing a norm (J. Renault). The multiplier algebra
M(C(G)) of C°(G).

e Pseudodifferential calculus (A. Connes, B. Monthubert & F. Pierrot,
V. Nistor , A. Weinstein & P. Xu) .

For any m € Z, the set S"(A*G) C C*>°(A*G) of order m
polyhomogeneous symbols :

@ € C°(A*G) belongs to S™(A*G) if there exists (a))jc[m 0], Where
aj € C°°(A*G) is homogeneous of order j : a;(x, \) = Maj(x, €) and
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The (PDO) exact sequence

Given the groupoid G, one can define :

@ A convolution x-algebra C2°(G) which leads to a C*-algebra C*(G)
after choosing a norm (J. Renault). The multiplier algebra
M(C(G)) of C°(G).

e Pseudodifferential calculus (A. Connes, B. Monthubert & F. Pierrot,
V. Nistor , A. Weinstein & P. Xu) .

For any m € Z, the set S"(A*G) C C*>°(A*G) of order m
polyhomogeneous symbols :

@ € C°(A*G) belongs to S™(A*G) if there exists (a))jc[m 0], Where
aj € C°°(A*G) is homogeneous of order j : a;(x, \) = Maj(x, €) and

00
QONE am—k
k=0

i.e. for any N the function ¢ — ZLV:o am_k € ST N(A*G), grows
less fast at oo then an order m — N polynomial in ||, as well as all its
derivatives.
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The (PDO) exact sequence

e For any m € Z, the set Pp(G) C M(C°(G)) of pseudodifferential
operators of order mon G :
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The (PDO) exact sequence

e For any m € Z, the set Pp(G) C M(C°(G)) of pseudodifferential
operators of order mon G : P € Pp(G) is a multiplier of the form
P = Py + K where K € C2°(G) and for any f € C°(G)) and vy € G :

Poxf)= [ Palaf(r ) ()
neGny
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The (PDO) exact sequence

e For any m € Z, the set Pp(G) C M(C°(G)) of pseudodifferential
operators of order mon G : P € Pp(G) is a multiplier of the form
P = Py + K where K € C2°(G) and for any f € C2°(G)) and y € G :

Poxf)= [ Palaf(r ) ()
neemy

Where there is a polyhomogeneous symbol ¢ € S™(*G) such that
Py is the limit in M(C2°(G)) of P§ when R — oo where :

PE(n) = / <0 E (1), £)de
£EA* Gy,

[IElI<R
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The (PDO) exact sequence

e For any m € Z, the set Pp(G) C M(C°(G)) of pseudodifferential
operators of order mon G : P € Pp(G) is a multiplier of the form
P = Py + K where K € C2°(G) and for any f € C2°(G)) and y € G :

Poxf)= [ Palaf(r ) ()
neemy

Where there is a polyhomogeneous symbol ¢ € S™(*G) such that
Py is the limit in M(C2°(G)) of P§ when R — oo where :

PE(n) = / <0 E (1), £)de
£EA* Gy,

[IElI<R

We usually denote Py(n) = / ei<671(n)’£>90(r(77),5)d§
LEAGy(y)
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The (PDO) exact sequence

Facts

For m <0, P extends to a multiplier of C*(G)
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The (PDO) exact sequence

Facts
For m <0, P extends to a multiplier of C*(G) and when m < 0 it belongs

to C*(G).
We denote by W*(G) the closure of Py(G) in M(C*(G)).
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The (PDO) exact sequence

Facts
For m <0, P extends to a multiplier of C*(G) and when m < 0 it belongs

to C*(G).
We denote by W*(G) the closure of Py(G) in M(C*(G)).
The principal symbol map P — ap is well defined and extends to a

morphism
oo : V' (G) = C(S*(AG))
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The (PDO) exact sequence

Facts :
For m <0, P extends to a multiplier of C*(G) and when m < 0 it belongs

to C*(G).
We denote by W*(G) the closure of Py(G) in M(C*(G)).
The principal symbol map P — ap is well defined and extends to a
morphism
oo : V' (G) = C(S*(AG))

moreover it gives the short exact sequence :

0= C*(G) — WE(G) — C(S™AG) = 0 (PDO)
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The (GAG) exact sequence

Choose an exponential map 6 : V/ € AG — V C G for G.
The adiabatic groupoid is G,g = G x R} UAG x {0} = GO xR,
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The (GAG) exact sequence

Choose an exponential map 6 : V/ € AG — V C G for G.
The adiabatic groupoid is G,g = G x R} UAG x {0} = GO xR,
Let W = {(x,X,t) € AG x Ry | (x,tX) € V'} and ask the map

o: w Gad

O(x,tX,t) for t #0
(o Xo8) = {(x,X,O)fortzO

to be a diffeomorphism on its image.
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The (GAG) exact sequence

Choose an exponential map 6 : V/ € AG — V C G for G.

The adiabatic groupoid is G,g = G x R%. URAG x {0} = GO x R,
Let W = {(x,X,t) € AG x Ry | (x,tX) € V'} and ask the map

O: w’ — Gad
O(x,tX,t) for t #0
(o Xo8) = { (x,X,0) for t =0

to be a diffeomorphism on its image.

The natural action of R* on Gy is :

Gad X R*-‘r — Gad
(7, t,A) = (7, At) for t #£0
(X7Xa07)\) = (X,%X,O) fort =0
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The (GAG) exact sequence

Choose an exponential map 6 : V/ C AG — V C G for G.

The adiabatic groupoid is G,g = G x R%. URAG x {0} = GO x R,

Let W = {(x,X,t) € AG x Ry | (x,tX) € V'} and ask the map
O: w’ — Gad

O(x,tX,t) for t #0
(o Xot) = {(X,X,O)fort:O

to be a diffeomorphism on its image.

The natural action of R* on Gy is :

Gad x Rj— — Gad
(7, t,A) = (7, At) for t #£0
(x,X,0,A) — (x,3X,0)fort=0

The Gauge adiabatic groupoid is then Gg; = G,g X R} = G0 x R;.
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The (GAG) exact sequence

The evaluation map at 0 gives the exact sequence :
0=  C*Galr:) — C*(Gag) => C*(AG) —0
~ C*(G) ® Go(RY) ~ Go(AG)
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The (GAG) exact sequence

The evaluation map at 0 gives the exact sequence :
0=  C*Galr:) — C*(Gag) => C*(AG) —0
~ C*(G) ® Go(RY) ~ Go(AG)

Look at the ideal Go(2A*G \ G(©)) € Co(A*G) and set
J(G) = evy 1 (Go(A*G \ GO)).
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The (GAG) exact sequence

The evaluation map at 0 gives the exact sequence :

evp

0— C*(Gad|Ri) — C*(Gad) — C*(QlG) —0
~ C*(G) ® Go(RY) ~ Go(AG)

Look at the ideal Go(2A*G \ G(©)) € Co(A*G) and set
J(G) = evyg 1 (Co(A* G \ GO)). Then one gets :

0— C*(G)® G(R:) — J(G) — G(A*G\ G@) =0
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The (GAG) exact sequence

The evaluation map at 0 gives the exact sequence :

evp

0— C*(Gad|Ri) — C*(Gad) — C*(QlG) —0
~ C*(G) ® Co(RY) ~ Go(AG)

Look at the ideal Go(2A*G \ G(©)) € Co(A*G) and set
J(G) = evyg 1 (Co(A* G \ GO)). Then one gets :

0— C*(G)® G(R:) — J(G) — G(A*G\ G@) =0
Which is equivariant under the action of R and leads to
0— (C*(G)® G(RY)) x RY — J(G) x RY. — Go(A*G\ GO) xR% — 0

~ C*(G)®K C C*(Gga) ~ C(S*AG)® K
(GAG)
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Short break : where are we...
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Short break : where are we...

We have two short exact sequences :

@ From Analysis : The pseudo differential operators exact sequence

0= C*(G) — WE(G) — C(S*AG) =0 (PDO)

@ From Geometry : The Gauge adiabatic groupoid short exact
sequence :

00— C(G)®K — J(G) xR} — C(SAG) @K =0 (GAG)

Which look two much the same to be really different.
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Short break : where are we...

We have two short exact sequences :
@ From Analysis : The pseudo differential operators exact sequence
0— C*(G) — Vy(G) — C(S™AG) — 0 (PDO)

@ From Geometry : The Gauge adiabatic groupoid short exact
sequence :

00— C(G)®K — J(G) xR} — C(SAG) @K =0 (GAG)

Which look two much the same to be really different.

The aim now is to take a fresh look on W§(G) with the gauge adiabatic
groupoid in mind.
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Schwartz functions on G,y

o The ideal Jo(G) = S(R%, C(G)) C C*(Gag) of rapidly decreasing
functions at 0 :
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Schwartz functions on G,y

o The ideal Jo(G) = S(R%, C(G)) C C*(Gag) of rapidly decreasing
functions at 0 : f = (f¢)rcr: belongs to Jo(G) if and only if setting
fo = 0, the map (f;)ter, belongs to C2°(G x R, ) and for any k € N
the map (v, t) — t~*f;(7) extends smoothly on G x R,.
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Schwartz functions on G,y

o The ideal Jo(G) = S(R%, C(G)) C C*(Gag) of rapidly decreasing
functions at 0 : f = (f¢)rcr: belongs to Jo(G) if and only if setting
fo = 0, the map (f;)ter, belongs to C2°(G x R, ) and for any k € N
the map (v, t) — t~*f;(7) extends smoothly on G x R,.

@ The schwartz algebra S.(G.q) :

S5c(Gag) = Jo(G)+{g € C>*(W) | go® is uniformaly schwartz along G}
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Schwartz functions on G,y

o The ideal Jo(G) = S(R%, C(G)) C C*(Gag) of rapidly decreasing
functions at 0 : f = (f¢)rcr: belongs to Jo(G) if and only if setting
fo = 0, the map (f;)ter, belongs to C2°(G x R, ) and for any k € N
the map (v, t) — t~*f;(7) extends smoothly on G x R,.

@ The schwartz algebra S.(G,y) :
S5c(Gag) = Jo(G)+{g € C>*(W) | go® is uniformaly schwartz along G}

Forall k, 1eN", j, meN:

o Okl

2 2\
sup((IXIP? + )8 | =g 0 O(x, X, 1)) ) < +o0

Recall that © : W/ C AG x Ry — W C G,q is given by
O(x, X, t) = (0(x, tX), t) for t # 0 and ©(x, X,0) = (A(x, X),0).
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The ideal J(G)

Definition-Proposition

J(G) C Sc(Gaq) is the ideal of functions f = (f;)¢cr, which satisfies the
following equivalent conditions :
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The ideal J(G)

Definition-Proposition
J(G) C S5c(Gaq) is the ideal of functions f = (f;)ter, which satisfies the
following equivalent conditions :

Q For any g € C°(AG) the map

(x,t) € GO xR, s / g(x, X)\-fe 0 0(x, X)dX
AGx

vanishes as well as all its derivatives on G(® x {0}.
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The ideal J(G)

Definition-Proposition
J(G) C S5c(Gaq) is the ideal of functions f = (f;)ter, which satisfies the
following equivalent conditions :

Q For any g € C°(AG) the map

(x,t) € GO xR, s / g(x, X)\-fe 0 0(x, X)dX
AGx

vanishes as well as all its derivatives on G(® x {0}.

© The map .
(x,&,t) € A*G X Ry = x-fr00(x,£)dX

vanishes as well as all its derivatives on G(©) x {0}.

Y € CX(V) is equal to 1 near G c G.
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The ideal J(G)

Definition-Proposition (The following)

© Forany g € C2°(G), (ft * g)rer: belongs to Jo(G).
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The ideal J(G)

Definition-Proposition (The following)
© Forany g € C2°(G), (ft * g)rer: belongs to Jo(G).

QO f=h+ g where h € Jp(G) and g € C>*(W) satisfies :
Forall k, e N", jeNand mc 7 :

2 oyp| DI
sup((IE1P + )7 | 5 aerg& © O, &,8)]) < +oo
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The ideal J(G)

Definition-Proposition (The following)
© Forany g € C2°(G), (ft * g)rer: belongs to Jo(G).
QO f=h+ g where h € Jp(G) and g € C>*(W) satisfies :
Forallk, | e N", jeNand mec 7 :

2, pyp| I~
SUP((HfH +t%)2 mgo (x, &, f)D < +o0

Remark : Condition 3 bellow reassures us : the definition of 7(G) do not
depends on the choice of the exponential map 6.

&
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J(G) and pseudodifferential operators on G
Theorem (D. & Skandalis)
For f = (ft)ter, € J(G) and m € N et

‘oo dt too o dt

P= / tmftT and o:(x,8) e A G~ / tmf(x, t§,0)T
0 0

Then P belongs to P_,(G) and its principal symbol is o.
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J(G) and pseudodifferential operators on G
Theorem (D. & Skandalis)
For f = (ft)ter, € J(G) and m € N et

‘oo dt too o dt
P= / tmftT and o:(x,8) e A G~ / tmf(x, t§,0)T
0 0
Then P belongs to P_,(G) and its principal symbol is o.

What does it mean :
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J(G) and pseudodifferential operators on G
Theorem (D. & Skandalis)
For f = (ft)ter, € J(G) and m € N et
+oo +oo R
P= / tmft% and o:(x,8) e A G~ / tmf(x, t{,O)%
0 0

Then P belongs to P_,(G) and its principal symbol is o.

What does it mean : There exists a pseudodifferential operator
P € P_n(G) with principal symbol o such that if g € C°(G) :

+oo dt oo dt
P*g:/ t"fx g— and g*P:/ t"g * fi—
0 t 0 t
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J(G) and pseudodifferential operators on G
Theorem (D. & Skandalis)
For f = (ft)ter, € J(G) and m € N et
+oo +oo R
P= / tmft% and o:(x,8) e A G~ / tmf(x, t{,O)%
0 0

Then P belongs to P_,(G) and its principal symbol is o.

What does it mean : There exists a pseudodifferential operator
P € P_n(G) with principal symbol o such that if g € C°(G) :

+oo dt oo dt
P*g:/ t"fx g— and g*P:/ t"g * fi—
0 t 0 t

‘oo L dt
Remark : Moreover any P € P_,(G) is a Pr = / tmftT for some
0
f= (ft)teR+ € J(G).
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|dea of the proof

‘oo o dt
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Idea of the proof
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‘oo o dt
@ No problem for f € Jo(G) : / tmftT belongs to C°(G).
0

o If f € C®(W) with fo® flat on GO x {0} C A*G x R4 then
F(y, 1) = (MY ()22, £) where ¢ € C*(AG x R ) and &
vanishes as well as all its derlvatlves on G x {0}.
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Idea of the proof

Foo dt
@ No problem for f € Jo(G) : / tmft* belongs to C2°(G).
0

o If f € C®(W) with fo® flat on G x {0} C A*G x R, then
vy, 1) = ()X (1) =2 7) ,t) where ¢ € C°(AG x Ry) and ¢
vanishes as well as all its derlvatlves on G x {0}. Playing with
Fourrier and inverse Fourrier gives

fly) = (27) X)X (1) / <0 N o, e, 1)de
In the multiplier algebra of CZ°(G) we have
+oo dt o1
/ 7S = 2m) () / /<0 NE 5 (x, €)dé
0

where N J
e t
€)= [T
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Now for small t write

@(Xvé-’ t) ~ Z bk(ng)tk

k=0
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Idea of the proof

Now for small t write

@(X’§7 t) ~ Z bk(xaé)tk

k=0

For £ big enough we get

a(x,€) ~ Zak+m(x ¢)

where

ak-l—m(Xa 5) = /O bk(X7 t&)tk+m%

is homogeneous in £ of degree —k — m.
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