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Abstract. Indefinite symmetric matrices occur in many applications, such as optimization, least
squares problems, partial differential equations, and variational problems. In these applications one
is often interested in computing a factorization of the indefinite matrix that puts into evidence the
inertia of the matrix or possibly provides an estimate of its eigenvalues. In this paper we propose an
algorithm that provides this information for any symmetric indefinite matrix by transforming it to a
block antitriangular form using orthogonal similarity transformations. We also show that the algo-
rithm is backward stable and has a complexity that is comparable to existing matrix decompositions
for dense indefinite matrices.

Key words. indefinite matrix, saddle point problem, inertia, eigenvalue estimate
AMS subject classifications. 65F05, 15A23, 65F30

DOI. 10.1137/110858860

1. Introduction. Indefinite symmetric matrices occur in many applications,
such as optimization, partial differential equations, and variational problems where
they are, for instance, linked to a so-called saddle point problem. In these applications
one is typically interested in computing a factorization of the indefinite matrix that
puts into evidence the inertia of the matrix or possibly provides an estimate of its
eigenvalues. We develop in this paper a new type of matrix factorization that provides
exactly that type of information, and we present a backward stable algorithm, relying
only on Givens and Householder transformations, for computing it.

In the literature, there are already several types of matrix factorizations of a
symmetric matrix A that provide very similar information. The LDLT factoriza-
tion, where L is unit-lower triangular and D is a block-diagonal matrix with 1 x 1
and 2 x 2 diagonal blocks, determines immediately the inertia of A via its diagonal.
The UTUT decomposition, where U is orthogonal and T is tridiagonal, can be com-
bined with Sturm sequences to give exactly the number of positive, negative, and
zero eigenvalues of A. A third factorization is the LT LT decomposition, where L is
unit lower-triangular and 7" is tridiagonal, which can also be combined with Sturm
sequences to determine the inertia of A.

The LDLT factorization of an n x n symmetric matrix A is typically combined
with certain pivoting strategies and requires O(n?) floating point operations. Algo-
rithms for constructing such factorizations (Bunch and Parlett [5] and Bunch and
Kaufman [6]) have been proved to be backward stable (see, e.g., [14]), provided they
incorporate a good pivoting strategy. The pivoting strategy ensuring backward sta-
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bility in the LT LT decomposition is much simpler [1]. But in both cases the trans-
formations are nonorthogonal, and therefore the central matrices D and T do not
provide any useful information about the eigenvalues of A, besides their sign. The
UTUT decomposition, on the other hand, uses orthogonal transformations, and hence
the eigenvalues of A are also those of T'. This makes it possible to obtain additional
estimates on the eigenvalues of A at low additional cost.

In this paper we present a new symmetric factorization A = QMQT, where Q is
orthogonal and M is symmetric block lower antitriangular (which means that blocks
above the main antidiagonal are zero) requiring O(n?) floating point operations. Since
Q is orthogonal, the eigenvalues of A and M are the same. The sizes of the blocks of M
are shown to yield the inertia of A, and when all the eigenvalues of A are located into
two clusters, a good estimation of them can be obtained by computing the eigenvalues
of a matrix formed by the main diagonal and the main antidiagonal of some blocks
of M. Similar antisymmetric decompositions have appeared in the literature in the
context of matrix pencils with particular types of symmetries [12, 21, 17, 16]. The
problem of tracking the dominant eigenspace of a symmetric indefinite matrix, making
use of the block antitriangular decomposition, has been considered in [20].

The paper is organized as follows. In section 2 it is shown that any symmetric
matrix can be transformed into a block lower antitriangular matrix. Moreover, an
algorithm for computing the factorization 4 = QM QT is proposed. Some bounds
and inequalities on the values on the main diagonal and antidiagonal of the computed
block antitriangular matrix are also given. An algorithm for the rank-one updat-
ing/downdating of block antitriangular matrices is proposed in section 3. Numerical
experiments, showing the properties of the proposed algorithm, are reported in sec-
tion 4 followed by the conclusions.

2. The antitriangular decomposition. In this section, we describe the re-
duction of an arbitrary symmetric matrix to a block lower antitriangular form via
orthogonal similarity transformations. We will say that a matrix A € R"*" is lower
antitriangular if A(7,j) = 0, i+j < n. The inertia of a symmetric matrix A € R™"*" is
the triple Inertia(A) = (n_, ng, ny), where n_, ng, and ny are the number of negative,
zero, and positive eigenvalues of A, respectively, and n_ +ng +ny = n.

A symmetric indefinite matrix A € R"*™ is in block antitriangular form if

0 0o YT
A=|0 X Zz7T
Y Z W

with Y, X, and W square submatrices of different sizes, X and W symmetric, and Y
antitriangular. Moreover, a symmetric indefinite matrix A € R™*™ with Inertia(A) =
(n—,ng,n4), ng = min(n_,ny4 ), and ng = max(n_,n4) — ny is in proper block anti-
triangular form if

0 0 0 0 7}no

o o o YT |}m

(2.1) A=lo 0 x 27 }na
oY Z W |}m

with Z € R™*™2 W € R™*™ gymmetric, Y € R™*" nonsingular lower antitrian-
gular, and X € R™2*"2 symmetric definite if ny > 0, i.e., X = e LLT with

- 1 iftngy >n_,
Sl -1 ifng <n-
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and L lower triangular. Otherwise, € is not defined. Hence, X is symmetric positive
definite if ¢ = 1 and is symmetric negative definite if ¢ = —1.

Remark 1. Notice that some of the blocks of A may have zero dimension.

The identity matrix of order n is denoted by I,,, its columns, the unit vectors, are
denoted by e;, 1 = 1,...,n, and their size can vary depending on the context. If there
is no ambiguity, different sequences of Givens rotations will be denoted by the same
symbols, for instance, G;, i =1, ..., k. Submatrices are denoted by the colon notation
of MATLAB: A(i : j,k : 1) denotes the submatrix of A formed by the intersection of
rows ¢ to j and columns k to [, and A(:,k : [) denotes the columns of A from & to
. A null submatrix is denoted by 0, and its size can vary depending on the context.
Moreover, the symbol “=" is also used to introduce new variables.

Here we show that any symmetric matrix can be transformed into a proper block
antitriangular form by orthogonal similarity transformations.

THEOREM 2.1. Let A € R™*™ be a symmetric indefinite matriz with Inertia(A) =
(n_,ng,n4). Letny = min(n_,ny ), and no = max(n_,ny)—ny. Then, there exists an
orthogonal matriz Q € R™ ™ such that M = QT AQ is in proper block antitriangular
form,

0 0 0 0 J}no

M 0 0 0 YT |Ing
1o 0 X ZT | }Ine
oY 7 w }Tll

Proof. The proof is based on the existence of a set of spaces associated with a
symmetric matrix A with inertia (n_,ng,n4) . Let us consider orthogonal bases Uy,
Uy, U_, and U,; then the associated spaces Uy, U+, U_, and U,, are called

e a nullspace of A if AUy = 0; the nullspace of maximal dimension is unique
and of dimension ng,
e a nonnegative subspace of A if U};AUJr is positive semidefinite; its maximal
dimension is ng + ny,
e a nonpositive subspace of A if UL AU_ is negative semidefinite; its maximal
dimension is ng +n_,
e a neutral subspace of A if U AU, = 0; its maximal dimension is ng +
min(ny,n_).
The properties of neutral, positive, and negative spaces are proved in, e.g., [9] but
can also easily be recovered from the Cauchy interlacing inequalities. Without loss of
generality, we now assume that ny > n_. (If not, one can just consider —A instead of
A.) Suppose we are given the nullspace Uy and two subspaces U,, and U, of maximal
dimension; then Uy C U,, C U, since otherwise U,, and U, would not be of maximal
dimension. We then construct an orthogonal matrix @ = [@1]|Q2|Q3|Q4], where Q;
spans Uy, Q2 spans the orthogonal complement of Uy in U,,, Q3 spans the orthogonal
complement of U, in Uy, and Q4 spans the orthogonal complement of U,. Let
us denote by K € R™*™ the block (3,2) of M. We observe that K = 0 because
otherwise

0 o0 0
Q1 Q2 Q3]TA[Q1 Q2Q3]=|0 0 KT
0 K X

is an indefinite matrix, contradicting the fact that [@Q1 Q2 Qs3] spans the subspace
Uy . Tt then follows that the number of columns of the ; matrices are, respectively,
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ng,n—,(ny —n_), and n_ and that M must be of the form given above with Y’
and X square nonsingular. In fact Y is full column rank; otherwise the dimension
of Uy is greater than ng. Moreover, the matrix Y is also full row rank; otherwise
the dimension of U, is greater than ng + n1 + ns. Observe that X is nonsingular;
otherwise the dimension of U,, would be greater than ny 4+ n;. The matrix Y can be
reduced to antitriangular form by a @ R-like factorization without changing the above
subspaces. O

The fact that the block antitriangular structure of M determines its inertia has
been proved in [10].

2.1. Reduction to antitriangular form. In this section it is shown how a
symmetric matrix can be transformed into a block antitriangular one. The algorithm
for constructing the form is recursive and is also a proof of the existence of the form.
We suppose that we start with A®) = A(1: k,1: k), 1 < k < n, which is in this
form, ie., A% = Q(k)M(k)Q(k)T with Q) € R¥*¥ orthogonal and M®*) ¢ RF*F
proper block antitriangular. Notice that such a form is trivial to obtain for £ = 1.
We then show how to transform A¥*tD = A(1: k+1,1: k+ 1) into a proper block
antitriangular form by updating orthogonal transformations. Let Inertia(A(k)) =
(k—,ko, ki), k— 4+ ko+ky =k, and let kv = min(k_, ky), ko = max(k_, ky) — k1. Let
M®) be the proper block antitriangular form of A®) | i.e.,

0 0 0 0 ]}k
w_ |0 0 0 YT |}k
M7=10 0 x 27 | ks
0Y Z W |}tk

with Y € R*¥**F1 ponsingular lower antitriangular, X € R*2*k2 symmetric definite,
Z € RFixk2 and W € RF1*#1 symmetric. Notice that some of the blocks may have
zero dimension. Without loss of generality, let us assume that ks > 0 and X is
positive definite with Cholesky factorization X = LLT. Let a = A(1 : k,k + 1) and
Y = ap+1,5+1. Partition

a; | tko
a k
29 = _ kT, _ ?2 }1
( ) a=q@ a as }kg
a |tk
N(k+1) _ (k) . k1) _ | A®
Let Q¢ )—[Q 1}.SmceA( )—[aT'ﬂ,
0 0 0 0 a
0 0 0 YT a
k = 2
M(k—H):Q(k+1)TA(k+1)Q(k+l):[]\/{;) a}: 0 0 X 2T as
a 7 0 Y Z W a
Al Al Al &l -

We now show how to update the orthogonal similarity transformations in order to
reduce M+ to proper block antitriangular form, distinguishing the following 3
cases.
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Case a. ||[aT, ]|l = 0.

Let
0o --- 0 1
P: 1 O c R(k+1)><(k+1)
1 0
be a circulant matrix. Then M,ng) = PM*+D PT is in the required block antitrian-

gular form. So, for this case, let ngﬂ) = QU+ PT Then Mékﬂ) is in proper block
antitriangular form,

ME+D Q(k+1)TA(k+1)Q(k+1)7
with Inertia(A®+1)) = (k_ ko + 1,k) .

Case b.! ||ai|2 > 0.
Let us consider the Householder matrix H € R¥0xko guch that Ha; = fey,. Let

T
(k+1) _ Ak+1) | H
2.3 Q =Q .
(2:3) b [ Tp1 ke }

Then
Mlgkﬂ) _ Ql()kﬂ)TA(kH)Ql()kH)

is in proper block antitriangular form,

0 0 0 0 Jl}k—1

Ay _ | 0 0 0 VI | M +1
b 0 0 X ZI' |}k ’

0Y, Z, Wy | }k1+1

where

|0 Y | Z WAy
Yb_{@ ég},zb—[ég},Wb—{éZ 7].

Moreover, Inertia(A®+1)) = (k_ +1,ky — 1,ky +1).

Case c. ||a]|2 = 0.
This subcase happens, for instance, when M) is nonsingular, i.e., kg = 0, and
a; = [ ]. The first step is to annihilate the entries of the main antidiagonal of the
submatrix [ Y7 &y ]7 by means of '} € RF1+Dx(k1+1) "the product of k; Givens
matrices such that

0 Y
#]-5(4]
with Y, nonsingular lower antitriangular of order k. Let

vT Z
HEH

IFrom a computational point of view, all the binary comparisons with 0 must be replaced by
comparisons with a user defined tolerance 7.
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and
A T ~
¥ w - W ay T
N AR
with v € R*2, w € R*1. Moreover, let
~ I
(27) Q£k+1) _ Q(k—H) |: k—k1 l"'{ :|
Then,
0O 0 0 O o ko
0 0 0 0 YT |}k
(28) Mc(k+l) _ Q£k+1)TA(k+l)ng+l) _ 0 0 X v Z'CT }kg
0o o vl 4 wl |}
oY Z. w W, }k‘l
Let us define the submatrix
X v
(29) x=| 7

Then the next step of this subcase is to check the definiteness of X;. Let I'y € RF2%k2
be the product of k2 — 1 Givens rotations such that I'sv = aey, with oo € R. Then

(2.10) Xy = [ Ly ]Xl [ Fg :| _ [ FgLFgTF%LTFQT aeg, :|
. ) . ®

aey, o
B [ LiLT ey, }
oze;{z o ’

where I's € R¥2*F2 is a sequence of ko — 1 “inner” Givens rotations chosen such that
Ly = T'2LT'7 is nonsingular lower triangular. Let us decompose L; as

Lo
b=l s
with Lo € R(F2=Dx(*k2=1) Jower triangular, 1, € R¥~1 and 8 € R. It turns out that

Ly [ [ LT 1, 0]
Xo=| Iy + 8%«
0 a F
Notice that 3 # 0. Since the Schur complement of L;LT in X5 is ¥ — a?/3%, X»
is positive definite, singular, or indefinite if the 2 x 2 matrix T = {'6; ﬂ is positive
definite, singular, or indefinite, respectively. If we define

Ik0+7€1
(2.11) QU = QUtY ry
Iy, 11
and
FT
(2.12) Z. = z. w]{z J,

then we have to distinguish the following cases.
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The matrix T is symmetric positive definite with

lia
log oo

being its Cholesky factor. Therefore Xs is symmetric positive definite (SPD)

and so is X;, and its Cholesky factor is given by

Lo
Loy = (13 1 . ie, Xo =Xo=L,L!.
0 a1 a2
Then,
0 0 0 0 7}k
T
(k1) _ AR+D)T gt Hk+D) _ | 0 0 0 Y |}k
Mo m=@emm AT0aT =10 0 Xy 20 | Jhet1
0 ch Zc1 Wc }kl

The matrix T is singular with eigenvalues 0 = A\; < A\o. Let @1 be the Givens

rotation such that

0
(2.13) Q. 7QT = [ N } .
2
Then,
Lo [LT 13 L]
X5 = [Ikrl 0 ]Xg [I’@—l T} — |7 + 0
1 Ql lT )\
4 2
with

T A
9-e )

Let T'y € RF2%k2 bhe the product of ks — 1 Givens rotations such that

(2]-n[¥)

with Lz € Rtk2=1)x(k2=1) Thep

r, 7 o 0 0
(2.15) L Xs =10 LsLi  Lsk
o 11T x+1y
Then X., = L, LT with L, = [ff \/A_J . Let
— bl Ik0+/€1+7€2*1 IkoJr/ﬁ
(2.16) Q%Y = QU QT ry
Ik}1 IkllJrl
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Then
0O 0 0 O 0 tko
0 0 0 0 YT |k
Mc(fﬂ) _ le;+1)TA(k+1)Q§l;+l) —-lo o o o y7 M
0 0 0 X, ZC:’; o
0 ch y ZC2 Wc }kl
with
Ty, 1 rt
(2.17) y Z, ]:ch[ : QT] { .}

Let I's € Rk1+tD)x(k1+1) he the product of k; Givens rotations such that
218) 0 V= [ o1

with Y, € R¥1**1 nonsingular lower antitriangular. Let

(k+1) _ Ak+1) Tk,
(2.19) Qe =Q., I5
Ty s
Then
0 O 0 OT Yoo 41
0 O 0 Y Y
MR+ (k+1)TA(k+1) (k+1) _ o 1
) Q02 ch 0 0 X02 ZCI; }k2
0 Y., Z., W, |}k

The matrix 7' is indefinite. Let Q@2 be the Givens rotation such that

(2.20) arai-| 0 2.

Let

T T
i) =< [s]

Then

X, = |:Ik21 Q2] X, [Ikzl Qg]

I + 0 &
12 ISTRS

Similar to the previous subcase, let I's € R¥2*k2 be the product of ke — 1

Givens rotations such that

BRI
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with L., € R(F2=1x(k2=1) Then
0 o0 0 .

T rT -
(2.22) || X ([ =0 Lald Lels| + ,
o 1717 1 7 e

c3?

where z = §1gey,. Let z = [Lc(:le} +Z, Yoy = lglg + &. Let X, = LC3LT

- I, 1 rr
(2.23) Loy = Ly [ ’ Qg] [ ° 1|’
o 1z [ z(2:k2)T
Y., = {Yc ch(:’l)} y Loy = {ch(:’zzb)] . Moreover,
. i Ik0+k1+k2—1 Ik()"l‘kl
(224) QUTY = QU QF i
Ikl Ik1+1
Then
0 O 0 0 tko
0 0 0 YI [}e+1
M _ (k+1)TA(k+1) (k+1) _ cs 1
k41 = G Qe 0 0 X, ZI |}k—1
0 }/C'; ZC3 WC3 }kl + ]'
with
W - ’YCg ZC?,( 7k2 + ]-)T
c3 — ad
ZC3(:, kz + 1) Wc

Remark 2. The proposed algorithm is backward stable because it relies only on
Householder and Givens transformations [8].

Remark 3. We observe that the signs of the elements of the antidiagonal of Y
and in the diagonal of L can be arbitrarily chosen.

Remark 4. The coefficients ¢ and s of the Givens rotations involved in (2.13) and
(2.20), transforming 7' into an antitriangular matrix, can be computed solving the
following equation:

A2p% — 2sca + 54 = 0.

The parameters ¢ and s can be computed in a stable way from the largest root in
absolute value of the quadratic equation [14]

At2 —2at + B2 =0 with t = s/c.

2.2. Computational cost. Given A®*) = Q(’“)M(’“)Q(k)T, we have just de-
scribed an algorithm to reduce A%+ into proper block antitriangular form by orthog-
onal transformations. The cost depends on which case happens. Here we examine the
cost for each separate case. The only common operation to each case is the product
(2.2) requiring 2k? floating point operations.

a. Check whether [[[a”, 7]||2 = 0 requires O(k) floating point operations.
b. The multiplication (2.3) requires 4kok floating point operations.
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c. The products (2.4), (2.5), (2.6), (2.7), (2.10), (2.11), and (2.12) are common
to this case, and their costs are 3k?, 6k1ko, 6k? (due to the symmetry), 6k1k,
6k3, 6kok, and 6k ko floating point operations, respectively.

c.1. No additional floating point operations are required here.
c.2. The products (2.14), (2.16), (2.17), (2.18), and (2.19) require 3k3, 6kak,
6k1ko, 3k%, and 6k;k floating point operations, respectively.
c.3. The products (2.21), L.l in (2.22), (2.23), and (2.24) require 3k3, k3,
6k1 ko, and 6kok floating point operations, respectively.
Hence, the complexity of the algorithm strongly depends on the inertia of the principal
submatrices of the symmetric matrix to be factorized, and it is of order n3.
The number of operations of the multiplications by the Givens rotations in the
proposed algorithm can be halved if the latter rotations are replaced by the fast Givens
transformations [2].

2.3. Bounds and inequalities. Let A be an arbitrary symmetric matrix; then
we have an antitriangular decomposition of the type

0 0 O OT {n—(?nl + n2)
Tm 2, |0 0 0 Y ny
QAR=M=| ¢ g x gr Iy ’
0Y Z W |}Im

where Q € R™ ™ is orthogonal, W € R™*™ X = ¢LLT € R"*" and ¢ = +1
and where the inertia is given by {n; + na,n — (2n; + na2),n1} if ¢ = —1 and by
{ni,n—(2n1 +n2),n1 + na} if e = 1. We want to relate the singular values of Y and
L to the eigenvalues of A. We first note that the zero eigenvalues (and corresponding
eigenvectors) are correctly identified by this decomposition. For the sake of simplicity,
we will therefore exclude them from our discussion, and we will thus assume that we
have a nonsingular matrix A with the following decomposition:

0 0 YT |
QTAQ=M=| 0 X ZT |}Iny
Y Z W |Im

with ni +mnso eigenvalues of sign € and n; eigenvalues of sign —e and with n = 2n; +ns.
We will order the eigenvalues of A (or equivalently of M) and the singular values of
L and Y in decreasing order and denote them as follows (here we assume ¢ = 1):

(225) A(A) . Al Z )\2 Z e Z )\n1+n2 > 0 > Anl-‘,-ng-‘,-l Z o Z )\?’Lv

(226) Z(L) L0 2 g2 Z o Z Onsy > 07

(2.27) 2Y):m >y > >, >0.

Notice that for the case € = —1 it suffices to consider —A instead of A, and essentially

the same discussion will apply. We will therefore restrict ourselves here to the case
€ = 1. The first sets of inequalities are easy to obtain.

THEOREM 2.2. The eigenvalues of X are given by 03 > -+ > 07212 > 0 and satisfy
the inequalities

0<)\i+n1§01‘2§)\1‘, i=1,...,n2.
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Proof. To prove it, just apply the Cauchy interlacing theorem to the (ny 4 ng) x
(n1 + n2) principal submatrix
0 0
0 X

of M, whose largest na eigenvalues are the o2, i = 1,...,no. d
We now look at another submatrix of M.
THEOREM 2.3. The ordered eigenvalues

;\12"'2;\711>0>5‘n1+12"'2;\2"1

of the 2ny X 2ny submatrix [0 YT] of M satisfy the following inequalities:

Y w
(2.28) 0< Nigmy <A <N, i=1,....,n,
(2.29) Nitnitng < Amai <0, i=1,...,n.

Proof. All the inequalities follow from applying the Cauchy interlacing inequalities
to the given submatrix of M. But the upper bounds of the inequalities (2.29) are
replaced by zero because this is also guaranteed by our decomposition. a

We now relate the 2n; eigenvalues \; to the n; singular values ~; of the matrix
Y.

THEOREM 2.4. The ordered singular values

Y22y >0

of the ny X ny submatrix Y of M satisfy the following inequalities and equality:

(230) HV?SHS\iH|X2n17i+1|7 jzla"~7n1_1a
(2.31) 2 =TT N ] 1A2n—isal-

Proof. Without loss of generality, we can assume that Y is diagonal and ordered
Y = diag{y1,...,Vn, }-
Consider the 2j x 2j submatrix (made of the leading j x j subblocks of Y and W):

0o YT o YT
J of .
Y; W Yy W

Its eigenvalues 5\1 > > E\j >0 > ;\jJr]_ > > ngj satisfy the bounds
(232)  0<X <A, i=1...7, and Agp11i<Agjr1:<0, i=1...j.

But the product [[7_, Ai [T7_, [A2j_i+1| of the absolute values of these 25 eigenvalues
is also to equal to []7_, 77 since this is the absolute value of the determinant of the
corresponding matrix. Combining this with the Cauchy interlacing inequalities (2.32)
yields the desired inequalities (2.30). The product equality (2.31) follows from the

expression of the determinant of the whole matrix. |
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We now use this to obtain bounds involving the eigenvalues of A.
THEOREM 2.5. The ordered singular values
'712"'2'777,1 >O

of the ny x ny submatriz Y of M satisfy the following inequalities:

J J J
(2.33) H%Z SH/\iH|/\2n1+nz—i+l|a J=1...,n1.
=1 i=1 i=1

Proof. This follows trivially from combining Theorems 2.3 and 2.4. d
Let us suppose that the matrix M is sparse with the matrices

g1 0 NN 0 w1 0 NN 0
I — 0 g9 0 ’ W = 0 wa 0 ’
0 : 0
O 0 Un2 O 0 wnl
0 0 m
Y = 72 0
o .. .
Yo, O ... 0
as the only nonzero blocks. The eigenvalues of such a matrix M are easily seen to
be 02,i = 1,...,n2, and the positive and negative eigenvalues of the 2 x 2 matrices
[0 2],i=1,...,n1,ie, A, i=1,...,2n1. If we choose the ordering
5\1‘, izl,...,nl,
N = o? i=n1+1,...,n1 +na,

~i—n
)\1‘_712, i=mn1+ns+1,...,2n1 + ng,
then the upper bounds of Theorem 2.5 become equalities. Notice that the A\; may not
be ordered in a decreasing way. It also turns out that the matrices M obtained by
our reduction algorithm are in fact reasonably near to such a sparse matrix M. This
means that the above diagonal approximation in general gives good estimates of the
true eigenvalues of A. This will be illustrated in section 4 with numerical experiments.
We now prove that if A has only one (repeated) negative eigenvalue A_ and one
(repeated) positive eigenvalue A\_, then the antitriangular form must have the above
sparse structure, where, moreover, the o;, 7;, and w; are constant, apart from the
signs of ~;, which can change.
LEMMA 2.6. If A has only one (repeated) negative eigenvalue A_ and one (re-
peated) positive eigenvalue Ay, then the proper block antitriangular form is unique up
to a sign matrix

+1
S = " € Rmxm
+1
and given by
0 0 vS I,y
QTAQ - 0 )\+In2 0 ’

Y In, S 0 wlp,
where v = \/—=A_Ay, w=A_ + Ay, Jp, is the antiidentity of order n;.
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Proof. Without loss of generality, we suppose that the algebraic multiplicities of
A_ and Ay are ny and ny + ne, respectively, with 2n; + no = n. Let

_ )‘+In1+n2 T
A=V AL, 1%

be the eigenvalue decomposition of A with V' € R™*™ orthogonal. For simplicity, we
consider the coordinate system where V = I, i.e.,

AT,
A= Ao T,
AT,

Any neutral subspace U,, of maximal dimension then has dimension n; and is formed
by the vectors x such that x” Ax = 0. If we normalize these vectors such that |x||2 = 1,
then

X1 }nl X
x— | % | Ins | H[ ] — e, |Ixsllz = 5,

X3 }nl

where ¢ = \/=A_/\/Ar —A_, s = /Ay/\/ A — A_. A basis for this space must

therefore be given by

clp,
0,,
—slp,

Qn:[Ql

o

with Q; € R(m1Hn2)x(m+n2) and Q, € R™*™ orthogonal matrices. Any nonnegative
subspace U4 of maximal dimension containing U,, then has dimension n; + ny and
must have an orthogonal basis

0 cl,, | sX

Q+ = |: ! QQ :| 077,2 }A/

—sly, | cX

with X7X +YTY = I,,,. But
- L T .
cl,, | sX A In, cl,, | sX
Q{AQJr = 0n2 Y A-l-L’L2 0n2 Y
L —sln, | cX ATn, —sl,, | cX
0 es(Ay —A)X

L es(Ay —A)XT A YTY + (A 82+ A A)XTX

T 0 V=AAX

T VAKX T AT+ AXTX |
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It is easily seen that this is positive semidefinite only if X =0, and hence Y is a
ng X ng orthogonal matrix Q3. Therefore, we have

0, In, cly, 0
Q+ = |: Q :| Q3 077,2 Ing
2 I, —sI,, | 0

Finally, any orthogonal completion must then be of the form

clp, 0 sl

_ Q1 In1+n2 ST Inl
Q - |: Q2:| _SIn(l) In(2) CIn(l) |: SJn1 :| ) Ql — Ql |: Q3:| )

so that after applying this general transformation, we find indeed the required anti-
triangular shape

0 0 vS I,y
QTAQ = 0 M1, 0 .0
vS I,y 0 wlp,

Remark 5. Notice that @ is not unique, but the resulting proper block antitrian-
gular matrix is, up to the sign matrix S.

3. Rank-one modification. In many applications it is important to update
(downdate) a symmetric indefinite matrix A € R™*" whose dominant/minor sub-
space is easily detectable, with a symmetric rank-one modification in a fast way.
Algorithms are available to reduce rank-one modifications of symmetric tridiagonal
matrices [22, 23], of diagonal ones [4, 7, 11], and of symmetric diagonal plus semisep-
arable ones [18, 19] in tridiagonal form. Let the symmetric matrix A of order n be
factorized as A = QTQT, where T is one of the latter matrices and @ is an orthogonal
one. Although the rank-one modification of the matrix 7' can be computed in O(n?)
flops, the updating of the @ factor requires O(n?) flops.

The updating/downdating of the symmetric rank-revealing decomposition A =
QRTQRQT with @ orthogonal, R upper triangular, and Q = diag(£1) modified
by a symmetric rank-one matrix, described in [13], requires O(n?) flops. However,
it involves hyperbolic transformations. These transformations can introduce severe
cancellation in the updated matrix even when choosing careful implementations [3].

In this section we show that a symmetric proper block antitriangular matrix can
be updated/downdated with a symmetric rank-one modification with O(n?) flops in
a stable way.

Lety € R” and let A = QM QT with Inertia(A) = (n_,ng,ny ), n_+ng+ny =n,
and @ orthogonal. Let ny = min(n_,ny) and ny = max(n_,ny) — ny,

0 0 0 0 7}no
|0 00 YT | g
10 0 X ZT | }In
oY Z W |}m

with Y € R™ > nonsingular lower antitriangular and X € R"2*"2 X = ¢L LT with
e=1ifny >n_, e = —1if ny < n_, and L lower triangular. The aim is to
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XXXXXXXXXXXXRR

X X X HEHBHBB

X X X HEHBHBB

X X X HEHBHBHB

X X X HEHHBB

X X X HEHBB

XX X X X X X X X
XX X X X X XXX X
XX X X X XXX XXX
X X X HEHBB

X X X HEHBHBB

X X X HEHBHBHB

X X X HEHHBB

X X X HEHBB

XX X X X X X X X
XXX X X X X X X X
XX X X X XXX XXX
XXX X X X X XX X XX

X X
X X X
X X
X X X

X
X

Fic. 3.1. First step of the algorithm. Application of the Householder similarity transformation
annihilating the first no — 1 entries in the vector x. For the sake of simplicity, only the block
antitriangular matriz M and the vector X are displayed. The entries to be annihilated are denoted
by ®, and the entries modified by the multiplication are in red. The entries of the central definite
submatriz X are denoted by the symbol B.

transform QM QT +yyT = Q(M + QTyy"TQ)Q™, with M symmetric proper block

antitriangular, into QMQT, a matrix with the same structure of M and Q orthogonal,
annihilating the entries of the vector x = Q7y.

Let N1 = ng+nq and No = ng+nq +nq. We first consider the case ng, n1,ns > 0.
The case ng = 0 is shortly described after.

We divide the algorithm into four different steps.

3.1. First step. If ng > 1, the first step is to determine a Householder matrix
H® such that the product HMx(1 : ng) has annihilated all the entries but the last
one. Let H; = diag(H™, I,,_,,). Then

QM £ xxQT = QHI (H\MHT + Hixx" HIYH, Q"
= Q1(M = xx")QT

with Q1 = QH{, X = Hix. We observe that M remains unchanged since its first ng
rows/columns are zero. This reduction is depicted in Figure 3.1 for a proper block
antitriangular matrix with inertia (3,3,8). We remark that the algorithm reverts to
the ng = 0 case if ||x(1: ng)||2 = 0.

Computational complexity. Due to the special structure of the Householder matrix
Hi, the multiplication Q; = QH{ requires 4ngn flops and X = Hyx requires 4ng. The
number of operations could be reduced to 3ngn and 3ny by using a sequence of fast
Givens transformations [2] rather than a single Householder transformation.

3.2. Second step. If ny = min(n_,ny) > 0, ie., if M is indefinite, in this
step the entries ng,no+ 1,..., N1 — 1 of X are annihilated by means of multiplication
by a sequence of n; Givens rotations G;, i = 1,2,...,nq, such that G; acts on the
(ng 4+ i — 1)th and (ng + 4)th rows of G;_1 - - - G1X, annihilating the entry in position
(no+i—1). Let M® = M, and M® = G;MYVGT % =G%, i=1,...,n;. The
product G; MU~DGT modifies the last i entries of the rows/columns ng +i — 1 and
no + i of MY introducing a nonzero entry in position (nop+i—1,n—i+ 1) and,
symmetrically, in position (n —i+ 1,n9 +7 — 1).

The second step is depicted in Figure 3.2. For the sake of simplicity, the first
ng — 1 entries of = and the first ng — 1 rows and columns of M are not depicted since
they are zero.
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1 1® X X
X X X ® X X
X X X X X X X X ®
X X X X X X X X X X X
HBEBHBE x x x X HEHBB X x x X HBEBHBE x x x X
HBEBHBE x x x X HEHBB X x x X HBEBHBE x x x X
BEEBExx x|’ [x| = BBEBBEEx x x|’ x|~ BEEBBxx x|’ [x| T
HBEBHBE x x x X HEHBB X x x X HEBHE x x x X
HHEBHEB x x x X HHEBHEHX x x X HHBBE X x x X
XX X X X X X X X X XX XXX XXX X X XXX XX X X X X X
XX X XX X XXX X X XXX X X X X X X X X XXX X XXX XXX X X
XXX XXXXXXXx]  Lxl] XX XX XXX X XXX X X XX X XXX XXX XXX X
%A
X X
X X X
X X X X
HEBHBE x x x X
BHEBHB x x x X
BEHBBBx x x|’ |x
BHEBHB x x x X
BHHEBHB x x x X
XX XXX X XXX X X
XXX XXX XX XXX X
Lx x X X x x X X XX xxJ Lxl

Fia. 3.2. Second step of the algorithm. Application of a sequence Givens rotations annihilating

the entries no,no + 1,..., N1 — 1 of the vector x.

X X X

X X X X X X

X X X X X X X X X

X X X X X X X X HEBHBE xxx

HEBHBx x x ® HEBEBHBx x x HEBHBE xxx

HEBEBHBx x x ® HEBEBHBx x x HEBHBE xxx

HEBEBHBx x x ® HEBEBHBx x x B HEBHB xxx
BESBE@Ex x x| || = BEBHE X x = BEBEH xxx| |x
BEBHEB x x x X BEBHB x x x X X X X X
XX X X X X X X X X X XX X XX X X X X X X XX X X X X X X X X X
X XX KX XX KX X X X XX X XX X X XX X X X XX X XX X X XX X X X
X X X X X KX XX X X X X XXX XX XX XX X X X X XXX XX XX X X X X X X

(a) (b) (c)

Fia. 3.3. Third step of the algorithm. Application of the sequence of Givens rotations annihi-
lating all the entries but the last one of X corresponding to the central definite submatriz X.

Computational complexity. Due to the antitriangular structure of M), the com-
putation of M (™) = Gy, Gy, -1+~ GIMOGT - GL _ | GT | requires 3n? flops. More-
over, the computation of Q2 = Q;GT ---GT

T _|GT requires 6nyn flops.

3.3. Third step. The aim of this step is to annihilate all the entries but the last
one of X corresponding to the central definite submatrix X by a sequence of Givens
rotations. This step is depicted in Figure 3.3 ((a)=-(b)). Since X is in factored
form, i.e., X = eLL”, with ¢ = 1, another sequence of inner Givens rotations is
considered to preserve the factored structure. In particular, the first Givens rotation
G is applied to %, modifying the rows Ny + 1 and N; + 2 and annihilating the entry
N; + 1. Then the similarity transformation is computed M(mitl) — élM(”l)éf. We
observe that this transformation modifies the first two rows/columns of the submatrix
X creating a nonzero entry in the position (1,2) of L. To remove this bulge a new
Givens rotation Gy is applied to the right of L. We observe that the latter rotation
acts only on the matrix L. The described procedure is depicted in Figure 3.4. Without
loss of generality only the central submatrix X and the corresponding entries of the
vector X are depicted. Let M(tna=t) =G ...GyM™)GT .. -Gfrl.

Finally, the row (column) Nj of M(™1*+72=1) is moved below (to the right of)
the definite submatrix M(”1+”2_1)(N1 +1: Nay Ny + 1 : Na) by the multiplication
of a permutation matrix P. Let M(m1tn2) — ppflmtna—1) pT and 5 = Px. This
transformation is depicted in Figure 3.3 ((b) = (c)).

Computational complexity. Due to the antitriangular structure, the computation
of M(m+nm2=1) requires 6n1ny + 3n3 flops. Moreover, to remove the bulges of L in
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X ® X ® X X

X X X X X X X X ® X X ®

X X X , [ x] =[x x x X| = [xxx x| = |x xx , x| =
X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X

X X X X

X X X X X X X X

X X X R = [ X X X® s = | X X X N = | X X X N

X X X X X X X X X X X X X X ® X X X X

X X X X X X X X X X X X X X X X X X X X X X X X

Fia. 3.4. Third step of the algorithm. To preserve the Cholesky structure, each multiplication
by an outer Givens rotation G4, introducing a bulge in the lower triangular structure of L, is followed
by a multiplication by an inner Givens rotation G; removing the bulge.

X X X X

X X X X X X X X

X X X X X X X X X X X X

HHEHEE XXX X X HEBHEE XX X X X[x X x X[X[X X X
BHEHBH| x| x|x x x HBEBHBH x|x x x BHBH x| x x x HHEB x|x|x x x
BHBH| x|x|x x x HBEBHBH x|x x x BHBH x| x x x HHEB x|x|x x x
BHEHBH x|x|x x x HBEBHBH x|x x x BHBH x| x x x HHEB x|x|x x x

X X X X[ X[ X|x x x| HEBBHX|x x x| BHBHE x|x x x| X X X X X[x]|x x x

X X X X X[X[X X X X X X X X[X[X X X X X X X XXX X X X X X X X[X[X X X
XXX X X X X XXX XXX X X X X XX X XXX XX X X XXX XXX XX X X X XX
XX X X X X X X X X X XX X X X X X X X X X X X X X X X X X X X X XX X X X X X X XX X
XX X XX X X X X X XX XX X XX X X X X X X X XX X X X X X X X X X X XX X X X X XX X XXX

&

(b)

o
c

FiG. 3.5. Fourth step. Reduction of the matriz M (a) to the matriz either (b), (c), or (d) if
the submatriz M(Nl : No — 1, N1 : N2 — 1) is definite, singular, or indefinite.

order to restore the lower triangular structure requires 3n3 flops. Furthermore, the
computation of Q4 = QsGT ---GT

n,_1 Tequires 6non flops.

3.4. Fourth step. The rank-one matrix %% is now added or subtracted to
M(”1+”2),

M = Mtn2) 4 T

Since X(1 : Ny — 2) = 0, M differs from M(™1+72) for the submatrix M(Ny — 1 :
Ny 4 n1, Ny — 1 : Ny +ny). Although M(N; : No — 2, Ny : Ny — 2) is still definite,
nothing can be said about the definiteness of the submatrix M (N1 : No, Ny : No).

To complete the reduction, it is sufficient to reduce to proper block antitriangular
form the submatrix M(Nl : Nao, N1 : N»), by applying either one step of the algorithm
described in section 2 starting from the symmetric definite submatrix M (N1 : Ny —
2, Ny : Ny — 2) if the submatrix M (Ny : Ny — 1, Ny : Ny — 1) is singular or two steps
otherwise. Of course, the Givens rotations must be applied to the whole matrix M.

Let M® be the matrix obtained after one step of the reduction.

For the sake of clarity, we describe the first of the two steps distinguishing the
three different cases and the second step in only one subcase.

Case a. M(Nl : No — 1, Ny : Ny — 1) definite. Applying the procedure c.1 of
section 2.1, the latter matrix is transformed to proper block antitriangular form. This
is graphically depicted in Figure 3.5 ((a) =(b)).

Case b. M(Nl : No — 1,N7 : Ny — 1) singular. Applying the procedure c.2 of
section 2.1, the latter matrix is transformed to proper block antitriangular form. This
is graphically depicted in Figure 3.5 ((a) =(c)).

Case c. M(Nl : Ny — 1, N7 : Ny — 1) indefinite. Applying the procedure ¢.3 of
section 2.1, the latter matrix is transformed to proper block antitriangular form. This
is graphically depicted in Figure 3.5 ((a) =(d)). To complete this case and the whole
reduction, a similarity transformation based on a Givens rotation acting on the rows
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X X X X

X X X X X X X X

X X X X X X X X X X X X

HEBEHHEX[X X X EHHEEEHX X X [x X x X[x X X

HEBEBBHEH x|[x x x HEBHBBH X x x HEBEHBH x x x HEBEHBHB x|x x x

HEBEBBHEH x|[x x x HEBHBBH X x x HEBEHBH x x x HEBEHBHB x|x x x

HEBEBBHEH x|[x x x HEHBBH X x x HEBEHBHx x x HEBEHB x|x x x

HEBBHx|x x x| HEBEBBEB|x x x| HEBHE X x x| HBEBHE x|x x x

X X X X X[X]|% X x HEHBEBBH X x x HEBEBH X x x X X X X X X[X X %

XXX XX X X X XX XXX X XXX XX X XX XXX X X XXX XXX XXX X XXX

XX X X X X X X XX X XX X X X X X X X X X X X X X X X X X X X X XX X X X X X X X X X

XX X X X X X X X XXX XX X X X X X X X X X X XX X X X X X X X X X X XX X X X X X X X X X X
(a) (b) (e) (d)

FIG. 3.6. Fourth step. Reduction of the matriz M) (a) to the matriz either (b), (c), or (d) if
the submatriz M(l)(Nl : No — 1, N1 : Na — 1) is definite, singular, or indefinite.

(columns) No — 1 and Nj in order to annihilate the entry (No — 1, Ny) ((N1, No — 1))
is considered.

In what follows we describe the second step of the reduction of M to proper
block antitriangular form for Case a (M(l)(Nl : No — 1, N7 : Ny — 1) definite). Case
¢ (MM(Ny : Ny — 1, Ny : Ny — 1) indefinite) can be handled in a similar way.

We distinguish the following three subcases:

1. Subcase a.l. M(l)(Nl : No, N1 : N3) definite. Applying the procedure c.1 of
section 2.1, the latter matrix is transformed to proper block antitriangular
form. This is graphically depicted in Figure 3.6 ((a) =(b)).

2. Subcase a.2. M(l)(Nl : Ny, N1 : Ns) singular. Then, the matrix M® s
singular. Applying the procedure c.3 of section 2.1, the latter matrix is trans-
formed to proper block antitriangular form. This is graphically depicted in
Figure 3.6 ((a) =(c)). Then, as described in c.3 of section 2.1, a sequence
of ny Givens rotations G;, i = 1,...,n1, each of those acting on the rows
(columns) Ny — i and N7 — i + 1 annihilating the entry (N7 —i,n1 — i + 1),
must be applied in order to reduce the whole matrix in proper block antitri-
angular form.

3. Subcase a.3. M(Nl : No, N7 : Na) indefinite. Applying the procedure c.3 of
section 2.1, the latter matrix is transformed to proper block antitriangular
form. This is graphically depicted in Figure 3.6 ((a) =(d)).

Computational complexity. The computational complexity of the initial substep
is mainly due to the reduction to proper block antitriangular form of the central part
of M requiring, according to the section 2.1, case ¢, O(ngn; + n?) flops. Moreover,
to update the @ matrix, O(nz2n) flops are required. Another O(nin) flops must be
added in subcase a.2, due to the multiplication of the sequence G, i = 1,...,n1, by
the orthogonal matrix of the factorization.

3.5. Case ng = 0. If ng = 0, step 1 of the above described algorithm is skipped.
Furthermore, step 2 is modified as follows. Let M(® = M. A sequence of Givens
rotations G;, i =1,...,n; — 1, is considered in order to annihilate the first n; — 1
entries of x. Let M = giM(i’l)QiT. The matrix M= differs from a proper
block antitriangular matrix for the entries (i,2n;1 + ne — i) and (2nq + no — ¢,7) that
are different from zero for i = 1,...,n; — 1. In order to annihilate the latter entries
another sequence G;, i = 1,...,n1 — 1, of Givens rotations, each of those acting on
the rows and columns 2n; + ny — ¢ and 2n; + ngy — @ + 1, is considered such that

M(’I’L1+i71) — g~iM(n1+i72)g3—"

i:l,...,nl—l.

This step is graphically depicted in Figure 3.7 ((a)=-(e)). Then, the reduction pro-
ceeds similarly as for the case ng # 0 (see Figure 3.7 (e)=(f)=(g)).
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X7 @17 X X1 [ 7 ® X1
X X X X X ® X X X
X X X X X X X X X X X X
BHBBHHx x x X BEHBHBHHX x x X BEHBHBX x x X
BHBBHHx x x X BEHBHBHHX x x X BEHBHBHX x x X
BHBBHHx x x X BEHBEBHHX x x X BEHBHBHX x x X
BEBHBx x x|’ |x| ™ BEBHBEx x x|’ |x| = BEBEBEx x x|’ |x| ™
HEHBBHHx x x X HEBHBHx x x X HEBBHx x x X
X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
XX X X X X X X X X X X X XX X X X X X X X X ® X X X X XX XX XX X
Lx x x x x x x x x x xJ Lxl X X X X X X X xxxx] Lxl] X X X X X X xxxxxl Lxl
(a) (b) (<)
X 1 X7 7 X7
® X x X X X X
X X X X X X X X X X X X
BHBBHx x x X HEBBHHx x x ® HEBBHx x x
BHHBHBE x x x X BEHBHBBx x x ® BHBHB x x x
BHHBHBE x x x X BEHBHBBx x x ® BHBHB x x x P
BHHBHBE x x x x| = BEHBHBBx x x ® = BHBHB x x x =
HEBBHHx x x X HEBEHBHX x x X HEHBHX x x X
® X X X X X X X X X X X X X X X X X X X X X X X X X X X X X x
X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X x
Lx x x x X X X x x x x] Lxl Lx X x x x x x x x x xJ Lxl X X X X X XXX xxx] Lx]
(d) (e) ()
«A
X X
BEHBEBHE xxx
HEBBHBE xxx
HEBBHBE xxx
HEBBHBE xxx
HEBBEH xxx X
X X X X
X X X X X X X X X X
X X X X X X X X X X X
XX X X X XXX xxx] Lxl
(2)

FiG. 3.7. Case ng = 0.

4. Numerical experiments. Some numerical experiments showing the prop-
erties of the proposed algorithm are reported in this section. In particular, it is
shown that the numerical results agree with the bounds described in section 2.3.
The experiments are carried out in MATLAB. In all the examples we denote by A
the initial symmetric indefinite matrix, by M the similar block antitriangular matrix
computed by the proposed algorithm, by @ the computed orthogonal matrix such
that A = QTMQ, and by My the symmetric indefinite matrix obtained by extract-
ing the main diagonal from M and the antidiagonal from Y. Moreover, we denote
by Ai(A4) > Aa2(A) > -+ > Aam1(A) > Ma(A) and by Mi(Myg) > No(My) > -+ >
An—1(Mg) > A(My) the eigenvalues of A and My, respectively. When M is close
to M, obviously o2, i = 1,...,ns, are good approximations of ny eigenvalues of M
and |\;(A)An—it1(A4)|, i = 1,...,n1, are good approximations of 72, with o; and v;
defined in subsection 2.3, for an appropriate ordering of the eigenvalues of A. We
chose the tolerance 7 = 1.0 x 10~!° for the binary comparisons in the examples. The
considered examples illustrate well some of the properties which we want to high-
light. The first example is characterized by having two clusters of eigenvalues. As
a consequence (see Lemma 2.6), the eigenvalues of M, approximate well those of A.
The second example shows that if the entries of the matrix are chosen randomly, we
have almost the same number of positive and negative eigenvalues. Moreover, the
computed proper block antitriangular matrix is almost antidiagonal dominant. The
third and fourth example are taken from the Matrix Market [15]. The eigenvalue
estimation property for these more practical examples is less pronounced, except for
the last example which is diagonal dominant.

Ezample 1. In this example n = 100, d = [—15 x ones(40, 1); 25 x ones (60, 1)] +
S5xrandn(n, 1) and A = Qdiag(d)Q” with Q a random orthogonal matrix. Therefore,
40 eigenvalues of A are clustered around —15 and 60 around 25. The computed matrix
M is depicted in Figure 4.1. The eigenvalues of A and M, are depicted in Figure 4.2.
The backward error is ||[A — QM QT |2 = 8.68 x 10714
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20

Fia. 4.1. Plot of the entries of the block antitriangular matriz M of Example 1 computed by
the proposed algorithm.
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Fia. 4.2. Eigenvalues of A and My of Example 1.

Ezample 2. Let n = 100, B = randn(100), and A = B + BT. The matrix
M computed by the proposed algorithm is depicted in Figure 4.3. The eigenvalues
of A and My are depicted in Figure 4.4. The backward error is |4 — QMQT |2 =
7.42 x 10714,

Example 3. The matrix A considered in this example is the FIDAPMO5 matrix
generated by FIDAP and available at the Matrix Market [15] and depicted in Figure
4.5. Tts order is n = 42, and it has 14 negative eigenvalues, 1 zero, and 27 positive
ones. The computed matrix M is displayed in Figure 4.6. The computed inertia is
(14,1,27). The eigenvalues of A and My are depicted in Figure 4.7. The backward
error is ||[A — QMQT |2 = 1.84 x 10~%.

Example 4. The matrix A considered in this example is the real part of the
complex symmetric matrix called QC324, available at the Matrix Market [15], modeling
HQ’L in an Electromagnetic Field, and depicted in Figure 4.8. Its order is n = 324,
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Fia. 4.3. Plot of the entries of matriz M of Example 2.
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Fic. 4.4. Eigenvalues of A and My of Example 2.

Fic. 4.5. Plot of the entries of matriz A of Example 3.
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Fia. 4.6. Plot of the entries of matriz M of Example 3.
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F1G. 4.7. Eigenvalues of A and My of Example 3.
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F1c. 4.8. Plot of the entries of matriz A of Example 4.
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Fia. 4.9. Plot of the entries of matriz M of Example 4.

-
WE s gy

\—.._?‘

+ AW
» AMY
1 1 1 1 1 1

0 50 100 150 200 250 300 350

Fia. 4.10. Eigenvalues of A and My of Fxample 4.

and it has 211 negative and 113 positive eigenvalues, respectively. The matrix M
computed by the proposed algorithm is depicted in Figure 4.9. The eigenvalues of
A and My are depicted in Figure 4.10. The eigenvalues of M, approximate well the
eigenvalues of A because A is strongly diagonal dominant. The backward error is
|A—-QMQT|2 = 7.54 x 10715,

5. Conclusions. A new symmetric factorization A = QMQT, where Q is or-
thogonal and M is block lower antitriangular, has been proposed. Since @ is orthogo-
nal, the eigenvalues of A and M are the same. The sizes of the blocks of M are shown
to yield the inertia of A, and the diagonal elements of some of the blocks are shown
to yield, for the considered examples, good estimates of the eigenvalues of A.
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