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Abstract. Indefinite symmetric matrices occur in many applications, such as optimization, least
squares problems, partial differential equations, and variational problems. In these applications one
is often interested in computing a factorization of the indefinite matrix that puts into evidence the
inertia of the matrix or possibly provides an estimate of its eigenvalues. In this paper we propose an
algorithm that provides this information for any symmetric indefinite matrix by transforming it to a
block antitriangular form using orthogonal similarity transformations. We also show that the algo-
rithm is backward stable and has a complexity that is comparable to existing matrix decompositions
for dense indefinite matrices.
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1. Introduction. Indefinite symmetric matrices occur in many applications,
such as optimization, partial differential equations, and variational problems where
they are, for instance, linked to a so-called saddle point problem. In these applications
one is typically interested in computing a factorization of the indefinite matrix that
puts into evidence the inertia of the matrix or possibly provides an estimate of its
eigenvalues. We develop in this paper a new type of matrix factorization that provides
exactly that type of information, and we present a backward stable algorithm, relying
only on Givens and Householder transformations, for computing it.

In the literature, there are already several types of matrix factorizations of a
symmetric matrix A that provide very similar information. The LDLT factoriza-
tion, where L is unit-lower triangular and D is a block-diagonal matrix with 1 × 1
and 2 × 2 diagonal blocks, determines immediately the inertia of A via its diagonal.
The UTUT decomposition, where U is orthogonal and T is tridiagonal, can be com-
bined with Sturm sequences to give exactly the number of positive, negative, and
zero eigenvalues of A. A third factorization is the LTLT decomposition, where L is
unit lower-triangular and T is tridiagonal, which can also be combined with Sturm
sequences to determine the inertia of A.

The LDLT factorization of an n × n symmetric matrix A is typically combined
with certain pivoting strategies and requires O(n3) floating point operations. Algo-
rithms for constructing such factorizations (Bunch and Parlett [5] and Bunch and
Kaufman [6]) have been proved to be backward stable (see, e.g., [14]), provided they
incorporate a good pivoting strategy. The pivoting strategy ensuring backward sta-
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174 NICOLA MASTRONARDI AND PAUL VAN DOOREN

bility in the LTLT decomposition is much simpler [1]. But in both cases the trans-
formations are nonorthogonal, and therefore the central matrices D and T do not
provide any useful information about the eigenvalues of A, besides their sign. The
UTUT decomposition, on the other hand, uses orthogonal transformations, and hence
the eigenvalues of A are also those of T . This makes it possible to obtain additional
estimates on the eigenvalues of A at low additional cost.

In this paper we present a new symmetric factorization A = QMQT , where Q is
orthogonal and M is symmetric block lower antitriangular (which means that blocks
above the main antidiagonal are zero) requiring O(n3) floating point operations. Since
Q is orthogonal, the eigenvalues of A andM are the same. The sizes of the blocks ofM
are shown to yield the inertia of A, and when all the eigenvalues of A are located into
two clusters, a good estimation of them can be obtained by computing the eigenvalues
of a matrix formed by the main diagonal and the main antidiagonal of some blocks
of M. Similar antisymmetric decompositions have appeared in the literature in the
context of matrix pencils with particular types of symmetries [12, 21, 17, 16]. The
problem of tracking the dominant eigenspace of a symmetric indefinite matrix, making
use of the block antitriangular decomposition, has been considered in [20].

The paper is organized as follows. In section 2 it is shown that any symmetric
matrix can be transformed into a block lower antitriangular matrix. Moreover, an
algorithm for computing the factorization A = QMQT is proposed. Some bounds
and inequalities on the values on the main diagonal and antidiagonal of the computed
block antitriangular matrix are also given. An algorithm for the rank-one updat-
ing/downdating of block antitriangular matrices is proposed in section 3. Numerical
experiments, showing the properties of the proposed algorithm, are reported in sec-
tion 4 followed by the conclusions.

2. The antitriangular decomposition. In this section, we describe the re-
duction of an arbitrary symmetric matrix to a block lower antitriangular form via
orthogonal similarity transformations. We will say that a matrix A ∈ R

n×n is lower
antitriangular if A(i, j) = 0, i+j ≤ n. The inertia of a symmetric matrix A ∈ R

n×n is
the triple Inertia(A) = (n−, n0, n+), where n−, n0, and n+ are the number of negative,
zero, and positive eigenvalues of A, respectively, and n− + n0 + n+ = n.

A symmetric indefinite matrix A ∈ R
n×n is in block antitriangular form if

A =

⎡
⎣ 0 0 Y T

0 X ZT

Y Z W

⎤
⎦

with Y,X , and W square submatrices of different sizes, X and W symmetric, and Y
antitriangular. Moreover, a symmetric indefinite matrix A ∈ R

n×n with Inertia(A) =
(n−, n0, n+), n1 = min(n−, n+), and n2 = max(n−, n+)− n1 is in proper block anti-
triangular form if

(2.1) A =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 Y T

0 0 X ZT

0 Y Z W

⎤
⎥⎥⎦
}n0

}n1

}n2

}n1

with Z ∈ R
n1×n2 , W ∈ R

n1×n1 symmetric, Y ∈ R
n1×n1 nonsingular lower antitrian-

gular, and X ∈ R
n2×n2 symmetric definite if n2 > 0, i.e., X = εLLT with

ε =

{
1 if n+ > n−,

−1 if n+ < n−
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SYMMETRIC ANTITRIANGULAR MATRICES 175

and L lower triangular. Otherwise, ε is not defined. Hence, X is symmetric positive
definite if ε = 1 and is symmetric negative definite if ε = −1.

Remark 1. Notice that some of the blocks of A may have zero dimension.
The identity matrix of order n is denoted by In, its columns, the unit vectors, are

denoted by ei, i = 1, . . . , n, and their size can vary depending on the context. If there
is no ambiguity, different sequences of Givens rotations will be denoted by the same
symbols, for instance, Gi, i = 1, . . . , k. Submatrices are denoted by the colon notation
of MATLAB: A(i : j, k : l) denotes the submatrix of A formed by the intersection of
rows i to j and columns k to l, and A(:, k : l) denotes the columns of A from k to
l. A null submatrix is denoted by 0, and its size can vary depending on the context.
Moreover, the symbol “=” is also used to introduce new variables.

Here we show that any symmetric matrix can be transformed into a proper block
antitriangular form by orthogonal similarity transformations.

Theorem 2.1. Let A ∈ R
n×n be a symmetric indefinite matrix with Inertia(A) =

(n−, n0, n+). Let n1 = min(n−, n+), and n2 = max(n−, n+)−n1. Then, there exists an
orthogonal matrix Q ∈ R

n×n such that M = QTAQ is in proper block antitriangular
form,

M =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 Y T

0 0 X ZT

0 Y Z W

⎤
⎥⎥⎦
}n0

}n1

}n2

}n1

.

Proof. The proof is based on the existence of a set of spaces associated with a
symmetric matrix A with inertia (n−, n0, n+) . Let us consider orthogonal bases U0,
U+, U−, and Un; then the associated spaces U0, U+, U−, and Un are called

• a nullspace of A if AU0 = 0; the nullspace of maximal dimension is unique
and of dimension n0,

• a nonnegative subspace of A if UT
+AU+ is positive semidefinite; its maximal

dimension is n0 + n+,
• a nonpositive subspace of A if UT

−AU− is negative semidefinite; its maximal
dimension is n0 + n−,

• a neutral subspace of A if UT
n AUn = 0; its maximal dimension is n0 +

min(n+, n−).
The properties of neutral, positive, and negative spaces are proved in, e.g., [9] but
can also easily be recovered from the Cauchy interlacing inequalities. Without loss of
generality, we now assume that n+ ≥ n−. (If not, one can just consider −A instead of
A.) Suppose we are given the nullspace U0 and two subspaces Un and U+ of maximal
dimension; then U0 ⊆ Un ⊆ U+ since otherwise Un and U+ would not be of maximal
dimension. We then construct an orthogonal matrix Q = [Q1|Q2|Q3|Q4], where Q1

spans U0, Q2 spans the orthogonal complement of U0 in Un, Q3 spans the orthogonal
complement of Un in U+, and Q4 spans the orthogonal complement of U+. Let
us denote by K ∈ R

n2×n1 the block (3, 2) of M. We observe that K = 0 because
otherwise

[Q1 Q2 Q3]
TA[Q1 Q2 Q3] =

⎡
⎣ 0 0 0
0 0 KT

0 K X

⎤
⎦

is an indefinite matrix, contradicting the fact that [Q1 Q2 Q3] spans the subspace
U+. It then follows that the number of columns of the Qi matrices are, respectively,
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176 NICOLA MASTRONARDI AND PAUL VAN DOOREN

n0, n−, (n+ − n−), and n− and that M must be of the form given above with Y
and X square nonsingular. In fact Y is full column rank; otherwise the dimension
of U0 is greater than n0. Moreover, the matrix Y is also full row rank; otherwise
the dimension of U+ is greater than n0 + n1 + n2. Observe that X is nonsingular;
otherwise the dimension of Un would be greater than n0 + n1. The matrix Y can be
reduced to antitriangular form by a QR-like factorization without changing the above
subspaces.

The fact that the block antitriangular structure of M determines its inertia has
been proved in [10].

2.1. Reduction to antitriangular form. In this section it is shown how a
symmetric matrix can be transformed into a block antitriangular one. The algorithm
for constructing the form is recursive and is also a proof of the existence of the form.
We suppose that we start with A(k) = A(1 : k, 1 : k), 1 ≤ k < n, which is in this

form, i.e., A(k) = Q(k)M (k)Q(k)T with Q(k) ∈ R
k×k orthogonal and M (k) ∈ R

k×k

proper block antitriangular. Notice that such a form is trivial to obtain for k = 1.
We then show how to transform A(k+1) = A(1 : k + 1, 1 : k + 1) into a proper block
antitriangular form by updating orthogonal transformations. Let Inertia(A(k)) =
(k−, k0, k+), k− + k0 + k+ = k, and let k1 = min(k−, k+), k2 = max(k−, k+)− k1. Let
M (k) be the proper block antitriangular form of A(k), i.e.,

M (k) =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 Y T

0 0 X ZT

0 Y Z W

⎤
⎥⎥⎦
}k0
}k1
}k2
}k1

with Y ∈ R
k1×k1 nonsingular lower antitriangular, X ∈ R

k2×k2 symmetric definite,
Z ∈ R

k1×k2 , and W ∈ R
k1×k1 symmetric. Notice that some of the blocks may have

zero dimension. Without loss of generality, let us assume that k2 > 0 and X is
positive definite with Cholesky factorization X = LLT . Let a = A(1 : k, k + 1) and
γ = ak+1,k+1. Partition

(2.2) ã = Q(k)T a =

⎡
⎢⎢⎣

ã1
ã2
ã3
ã4

⎤
⎥⎥⎦
}k0
}k1
}k2
}k1

.

Let Q̃(k+1) =
[
Q(k)

1

]
. Since A(k+1) =

[
A(k) a
aT γ

]
,

M̃ (k+1) = Q̃(k+1)T A(k+1)Q̃(k+1) =

[
M (k) ã

ãT γ

]
=

⎡
⎢⎢⎢⎢⎣

0 0 0 0 ã1

0 0 0 Y T ã2

0 0 X ZT ã3

0 Y Z W ã4

ãT1 ãT2 ãT3 ãT
4 γ

⎤
⎥⎥⎥⎥⎦ .

We now show how to update the orthogonal similarity transformations in order to
reduce M̃ (k+1) to proper block antitriangular form, distinguishing the following 3
cases.
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SYMMETRIC ANTITRIANGULAR MATRICES 177

Case a. ‖[ãT , γ]‖2 = 0.
Let

P =

⎡
⎢⎢⎢⎢⎣

0 · · · 0 1

1
. . .

. . . 0
. . .

. . .
. . .

1 0

⎤
⎥⎥⎥⎥⎦ ∈ R

(k+1)×(k+1)

be a circulant matrix. Then M
(k+1)
a = PM̃ (k+1)PT is in the required block antitrian-

gular form. So, for this case, let Q
(k+1)
a = Q̃(k+1)PT . Then M

(k+1)
a is in proper block

antitriangular form,

M (k+1)
a = Q(k+1)T

a A(k+1)Q(k+1)
a ,

with Inertia(A(k+1)) = (k−, k0 + 1, k+) .
Case b.1 ‖ã1‖2 > 0.

Let us consider the Householder matrix H ∈ R
k0×k0 such that H ã1 = θek0 . Let

(2.3) Q
(k+1)
b = Q̃(k+1)

[
HT

Ik+1−k0

]
.

Then

M
(k+1)
b = Q

(k+1)T

b A(k+1)Q
(k+1)
b

is in proper block antitriangular form,

M
(k+1)
b =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 Y T

b

0 0 X ZT
b

0 Yb Zb Wb

⎤
⎥⎥⎦
}k0 − 1
}k1 + 1
}k2
}k1 + 1

,

where

Yb =

[
0 Y

θ ãT
2

]
, Zb =

[
Z

ãT3

]
, Wb =

[
W ã4

ãT4 γ

]
.

Moreover, Inertia(A(k+1)) = (k− + 1, k0 − 1, k+ + 1).
Case c. ‖ã1‖2 = 0.

This subcase happens, for instance, when M (k) is nonsingular, i.e., k0 = 0, and
ã1 = [ ]. The first step is to annihilate the entries of the main antidiagonal of the
submatrix [ Y T ã2 ]T by means of Γ1 ∈ R

(k1+1)×(k1+1), the product of k1 Givens
matrices such that

(2.4)

[
0
Yc

]
= Γ1

[
Y

ãT
2

]

with Yc nonsingular lower antitriangular of order k1. Let

(2.5)

[
vT

Zc

]
= Γ1

[
Z

ãT
3

]

1From a computational point of view, all the binary comparisons with 0 must be replaced by
comparisons with a user defined tolerance τ.
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178 NICOLA MASTRONARDI AND PAUL VAN DOOREN

and

(2.6)

[
γ̂ wT

w Wc

]
= Γ1

[
W ã4
ãT4 γ

]
ΓT
1

with v ∈ R
k2 , w ∈ R

k1 . Moreover, let

(2.7) Q(k+1)
c = Q̃(k+1)

[
Ik−k1

ΓT
1

]
.

Then,

(2.8) M (k+1)
c = Q(k+1)T

c A(k+1)Q(k+1)
c =

⎡
⎢⎢⎢⎢⎣

0 0 0 0 0
0 0 0 0 Y T

c

0 0 X v ZT
c

0 0 vT γ̂ wT

0 Yc Zc w Wc

⎤
⎥⎥⎥⎥⎦

}k0
}k1
}k2
}1
}k1

.

Let us define the submatrix

(2.9) X1 =

[
X v
vT γ̂

]
.

Then the next step of this subcase is to check the definiteness of X1. Let Γ2 ∈ R
k2×k2

be the product of k2 − 1 Givens rotations such that Γ2v = αek2 with α ∈ R. Then

X2 =

[
Γ2

1

]
X1

[
ΓT
2

1

]
=

[
Γ2LΓ

T
3 Γ3L

TΓT
2 αek2

αeTk2
γ̂

]
(2.10)

=

[
L1L

T
1 αek2

αeTk2
γ̂

]
,

where Γ3 ∈ R
k2×k2 is a sequence of k2 − 1 “inner” Givens rotations chosen such that

L1 = Γ2LΓ
T
3 is nonsingular lower triangular. Let us decompose L1 as

L1 =

[
L2

lT2 β

]

with L2 ∈ R
(k2−1)×(k2−1) lower triangular, l2 ∈ R

k2−1, and β ∈ R. It turns out that

X2 =

⎡
⎣ L2

lT2
0

⎤
⎦
[
LT
2 l2 0

]
+

⎡
⎢⎣ β2 α

α γ̂

⎤
⎥⎦ .

Notice that β �= 0. Since the Schur complement of L1L
T
1 in X2 is γ̂ − α2/β2, X2

is positive definite, singular, or indefinite if the 2 × 2 matrix T =
[
β2 α
α γ̂

]
is positive

definite, singular, or indefinite, respectively. If we define

(2.11) Q(k+1)
c1 = Q(k+1)

c

⎡
⎣ Ik0+k1

ΓT
2

Ik1+1

⎤
⎦

and

(2.12) Zc1 =
[
Zc w

] [ΓT
2

1

]
,

then we have to distinguish the following cases.
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c.1. The matrix T is symmetric positive definite with

[
l1,1
l2,1 l2,2

]

being its Cholesky factor. Therefore X2 is symmetric positive definite (SPD)
and so is X1, and its Cholesky factor is given by

Lc1 =

⎡
⎣L2

lT2 l1,1
0 l2,1 l2,2

⎤
⎦ , i.e., Xc1 = X2 = Lc1L

T
c1 .

Then,

M (k+1)
c1 = Q(k+1)T

c1 A(k+1)Q(k+1)
c1 =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 Y T

c

0 0 Xc1 ZT
c1

0 Yc Zc1 Wc

⎤
⎥⎥⎦
}k0
}k1
}k2 + 1
}k1

.

c.2. The matrix T is singular with eigenvalues 0 = λ1 < λ2. Let Q1 be the Givens
rotation such that

(2.13) Q1TQ
T
1 =

[
0

λ2

]
.

Then,

X3 =

[
Ik2−1

Q1

]
X2

[
Ik2−1

QT
1

]
=

⎡
⎣L2

lT3
lT4

⎤
⎦
[
LT
2 l3 l4

]
+

⎡
⎣ 0

λ2

⎤
⎦

with

[
lT3
lT4

]
= Q1

[
lT2
0

]
.

Let Γ4 ∈ R
k2×k2 be the product of k2 − 1 Givens rotations such that

(2.14)

[
0
L3

]
= Γ4

[
L2

lT3

]

with L3 ∈ R
(k2−1)×(k2−1). Then

(2.15)

[
Γ4

1

]
X3

[
ΓT
4

1

]
=

⎡
⎣0 0 0
0 L3L

T
3 L3l4

0 lT4 L
T
3 λ2 + lT4 l4

⎤
⎦ .

Then Xc2 = Lc2L
T
c2 with Lc2 =

[
L3

lT4
√
λ2

]
. Let

(2.16) Q̃(k+1)
c2 = Q(k+1)

c1

⎡
⎣Ik0+k1+k2−1

QT
1

Ik1

⎤
⎦
⎡
⎣Ik0+k1

ΓT
4

Ik1+1

⎤
⎦ .
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Then

M̃ (k+1)
c2 = Q̃(k+1)T

c2 A(k+1)Q̃(k+1)
c2 =

⎡
⎢⎢⎢⎢⎣

0 0 0 0 0
0 0 0 0 Y T

c

0 0 0 0 yT

0 0 0 Xc2 ZT
c2

0 Yc y Zc2 Wc

⎤
⎥⎥⎥⎥⎦

}k0
}k1
}1
}k2
}k1

with

(2.17)
[
y Zc2

]
= Zc1

[
Ik2−1

QT
1

] [
ΓT
4

1

]
.

Let Γ5 ∈ R
(k1+1)×(k1+1) be the product of k1 Givens rotations such that

(2.18)
[
0 Yc2

]
=

[
Yc y

]
ΓT
5

with Yc2 ∈ R
k1×k1 nonsingular lower antitriangular. Let

(2.19) Q(k+1)
c2 = Q̃(k+1)

c2

⎡
⎣Ik0

Γ5

Ik1+k2

⎤
⎦ .

Then

M (k+1)
c2 = Q(k+1)T

c2 A(k+1)Q(k+1)
c2 =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 Y T

c2

0 0 Xc2 ZT
c2

0 Yc2 Zc2 Wc

⎤
⎥⎥⎦
}k0 + 1
}k1
}k2
}k1

.

c.3. The matrix T is indefinite. Let Q2 be the Givens rotation such that

(2.20) Q2TQ
T
2 =

[
0 ξ1
ξ1 ξ2

]
.

Let
[
lT5
lT6

]
= Q2

[
lT2
0

]
.

Then

X3 =

[
Ik2−1

Q2

]
X2

[
Ik2−1

QT
2

]

=

⎡
⎣L2

lT5
lT6

⎤
⎦
[
LT
2 l5 l6

]
+

⎡
⎣ 0 ξ1

ξ1 ξ2

⎤
⎦ .

Similar to the previous subcase, let Γ6 ∈ R
k2×k2 be the product of k2 − 1

Givens rotations such that

(2.21)

[
0
Lc3

]
= Γ6

[
L2

lT5
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with Lc3 ∈ R
(k2−1)×(k2−1). Then

(2.22)

[
Γ6

1

]
X3

[
ΓT
6

1

]
=

⎡
⎣0 0 0
0 Lc3L

T
c3 Lc3l6

0 lT6 L
T
c3 lT6 l6

⎤
⎦+

⎡
⎢⎣ z

zT ξ2

⎤
⎥⎦ ,

where z = ξ1Γ6ek2 . Let z̃ =
[

0
Lc3l6

]
+ z, γc3 = lT6 l6 + ξ2. Let Xc3 = Lc3L

T
c3 ,

(2.23) Ẑc3 = Zc1

[
Ik2−1

QT
2

] [
ΓT
6

1

]
,

Yc3 =
[

0 z̃(1)
Yc Ẑc3 (:,1)

]
, Zc3 =

[
z̃(2:k2)

T

Ẑc3 (:,2:k2)

]
. Moreover,

(2.24) Q(k+1)
c3 = Q(k+1)

c1

⎡
⎣Ik0+k1+k2−1

QT
2

Ik1

⎤
⎦
⎡
⎣Ik0+k1

ΓT
6

Ik1+1

⎤
⎦ .

Then

Mk+1 = Q(k+1)T

c3 A(k+1)Q(k+1)
c3 =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 Y T

c3

0 0 Xc3 ZT
c3

0 Yc3 Zc3 Wc3

⎤
⎥⎥⎦
}k0
}k1 + 1
}k2 − 1
}k1 + 1

with

Wc3 =

[
γc3 Ẑc3(:, k2 + 1)T

Ẑc3(:, k2 + 1) Wc

]
.

Remark 2. The proposed algorithm is backward stable because it relies only on
Householder and Givens transformations [8].

Remark 3. We observe that the signs of the elements of the antidiagonal of Y
and in the diagonal of L can be arbitrarily chosen.

Remark 4. The coefficients c and s of the Givens rotations involved in (2.13) and
(2.20), transforming T into an antitriangular matrix, can be computed solving the
following equation:

c2β2 − 2scα+ s2γ̂ = 0.

The parameters c and s can be computed in a stable way from the largest root in
absolute value of the quadratic equation [14]

γ̂t2 − 2αt+ β2 = 0 with t = s/c.

2.2. Computational cost. Given A(k) = Q(k)M (k)Q(k)T , we have just de-
scribed an algorithm to reduce A(k+1) into proper block antitriangular form by orthog-
onal transformations. The cost depends on which case happens. Here we examine the
cost for each separate case. The only common operation to each case is the product
(2.2) requiring 2k2 floating point operations.

a. Check whether ‖[ãT , γ]‖2 = 0 requires O(k) floating point operations.
b. The multiplication (2.3) requires 4k0k floating point operations.
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c. The products (2.4), (2.5), (2.6), (2.7), (2.10), (2.11), and (2.12) are common
to this case, and their costs are 3k21, 6k1k2, 6k

2
1 (due to the symmetry), 6k1k,

6k22 , 6k2k, and 6k1k2 floating point operations, respectively.
c.1. No additional floating point operations are required here.
c.2. The products (2.14), (2.16), (2.17), (2.18), and (2.19) require 3k22 , 6k2k,

6k1k2, 3k
2
1, and 6k1k floating point operations, respectively.

c.3. The products (2.21), Lc3l6 in (2.22), (2.23), and (2.24) require 3k22 , k
2
2 ,

6k1k2, and 6k2k floating point operations, respectively.
Hence, the complexity of the algorithm strongly depends on the inertia of the principal
submatrices of the symmetric matrix to be factorized, and it is of order n3.

The number of operations of the multiplications by the Givens rotations in the
proposed algorithm can be halved if the latter rotations are replaced by the fast Givens
transformations [2].

2.3. Bounds and inequalities. Let A be an arbitrary symmetric matrix; then
we have an antitriangular decomposition of the type

QTAQ = M =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 Y T

0 0 X ZT

0 Y Z W

⎤
⎥⎥⎦
}n− (2n1 + n2)
}n1

}n2

}n1

,

where Q ∈ R
n×n is orthogonal, W ∈ R

n1×n1 , X = εLLT ∈ R
n2×n2 , and ε = ±1

and where the inertia is given by {n1 + n2, n − (2n1 + n2), n1} if ε = −1 and by
{n1, n− (2n1 + n2), n1 + n2} if ε = 1. We want to relate the singular values of Y and
L to the eigenvalues of A. We first note that the zero eigenvalues (and corresponding
eigenvectors) are correctly identified by this decomposition. For the sake of simplicity,
we will therefore exclude them from our discussion, and we will thus assume that we
have a nonsingular matrix A with the following decomposition:

QTAQ = M =

⎡
⎣ 0 0 Y T

0 X ZT

Y Z W

⎤
⎦ }n1

}n2

}n1

with n1+n2 eigenvalues of sign ε and n1 eigenvalues of sign −ε and with n = 2n1+n2.
We will order the eigenvalues of A (or equivalently of M) and the singular values of
L and Y in decreasing order and denote them as follows (here we assume ε = 1):

Λ(A) : λ1 ≥ λ2 ≥ · · · ≥ λn1+n2 > 0 > λn1+n2+1 ≥ · · · ≥ λn,(2.25)

Σ(L) : σ1 ≥ σ2 ≥ · · · ≥ σn2 > 0,(2.26)

Σ(Y ) : γ1 ≥ γ2 ≥ · · · ≥ γn1 > 0.(2.27)

Notice that for the case ε = −1 it suffices to consider −A instead of A, and essentially
the same discussion will apply. We will therefore restrict ourselves here to the case
ε = 1. The first sets of inequalities are easy to obtain.

Theorem 2.2. The eigenvalues of X are given by σ2
1 ≥ · · · ≥ σ2

n2
> 0 and satisfy

the inequalities

0 < λi+n1 ≤ σ2
i ≤ λi, i = 1, . . . , n2.
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SYMMETRIC ANTITRIANGULAR MATRICES 183

Proof. To prove it, just apply the Cauchy interlacing theorem to the (n1 + n2)×
(n1 + n2) principal submatrix

[
0 0
0 X

]

of M, whose largest n2 eigenvalues are the σ2
i , i = 1, . . . , n2.

We now look at another submatrix of M .
Theorem 2.3. The ordered eigenvalues

λ̂1 ≥ · · · ≥ λ̂n1 > 0 > λ̂n1+1 ≥ · · · ≥ λ̂2n1

of the 2n1 × 2n1 submatrix
[
0 Y T

Y W

]
of M satisfy the following inequalities:

0 < λi+n2 ≤ λ̂i ≤ λi, i = 1, . . . , n1,(2.28)

λi+n1+n2 ≤ λ̂n1+i < 0, i = 1, . . . , n1.(2.29)

Proof. All the inequalities follow from applying the Cauchy interlacing inequalities
to the given submatrix of M . But the upper bounds of the inequalities (2.29) are
replaced by zero because this is also guaranteed by our decomposition.

We now relate the 2n1 eigenvalues λ̂i to the n1 singular values γi of the matrix
Y .

Theorem 2.4. The ordered singular values

γ1 ≥ · · · ≥ γn1 > 0

of the n1 × n1 submatrix Y of M satisfy the following inequalities and equality:

j∏
i=1

γ2
i ≤

j∏
i=1

λ̂i

j∏
i=1

|λ̂2n1−i+1|, j = 1, . . . , n1 − 1,(2.30)

n1∏
i=1

γ2
i =

n1∏
i=1

λ̂i

n1∏
i=1

|λ̂2n1−i+1|.(2.31)

Proof. Without loss of generality, we can assume that Y is diagonal and ordered

Y = diag{γ1, . . . , γn1}.
Consider the 2j × 2j submatrix (made of the leading j × j subblocks of Y and W ):

[
0 Y T

j

Yj Wj

]
of

[
0 Y T

Y W

]
.

Its eigenvalues λ̃1 ≥ · · · ≥ λ̃j > 0 > λ̃j+1 ≥ · · · ≥ λ̃2j satisfy the bounds

(2.32) 0 < λ̃i ≤ λ̂i, i = 1 . . . j, and λ̂2n1+1−i ≤ λ̃2j+1−i < 0, i = 1 . . . j.

But the product
∏j

i=1 λ̃i

∏j
i=1 |λ̃2j−i+1| of the absolute values of these 2j eigenvalues

is also to equal to
∏j

i=1 γ
2
i since this is the absolute value of the determinant of the

corresponding matrix. Combining this with the Cauchy interlacing inequalities (2.32)
yields the desired inequalities (2.30). The product equality (2.31) follows from the
expression of the determinant of the whole matrix.
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We now use this to obtain bounds involving the eigenvalues of A.
Theorem 2.5. The ordered singular values

γ1 ≥ · · · ≥ γn1 > 0

of the n1 × n1 submatrix Y of M satisfy the following inequalities:

(2.33)

j∏
i=1

γ2
i ≤

j∏
i=1

λi

j∏
i=1

|λ2n1+n2−i+1|, j = 1, . . . , n1.

Proof. This follows trivially from combining Theorems 2.3 and 2.4.
Let us suppose that the matrix M is sparse with the matrices

L =

⎡
⎢⎢⎢⎢⎣

σ1 0 . . . 0

0 σ2
. . . 0

...
. . .

. . . 0
0 . . . 0 σn2

⎤
⎥⎥⎥⎥⎦ , W =

⎡
⎢⎢⎢⎢⎣

ω1 0 . . . 0

0 ω2
. . . 0

...
. . .

. . . 0
0 . . . 0 ωn1

⎤
⎥⎥⎥⎥⎦ ,

Y =

⎡
⎢⎢⎢⎢⎣

0 . . . 0 γ1
... ..

.
γ2 0

0 ..
.

..
. ...

γn1 0 . . . 0

⎤
⎥⎥⎥⎥⎦

as the only nonzero blocks. The eigenvalues of such a matrix M are easily seen to
be σ2

i , i = 1, . . . , n2, and the positive and negative eigenvalues of the 2 × 2 matrices[
0 γi
γi ωi

]
, i = 1, . . . , n1, i.e., λ̂i, i = 1, . . . , 2n1. If we choose the ordering

λi =

⎧⎨
⎩

λ̂i, i = 1, . . . , n1,
σ2
i−n1

i = n1 + 1, . . . , n1 + n2,

λ̂i−n2 , i = n1 + n2 + 1, . . . , 2n1 + n2,

then the upper bounds of Theorem 2.5 become equalities. Notice that the λi may not
be ordered in a decreasing way. It also turns out that the matrices M obtained by
our reduction algorithm are in fact reasonably near to such a sparse matrix M . This
means that the above diagonal approximation in general gives good estimates of the
true eigenvalues of A. This will be illustrated in section 4 with numerical experiments.

We now prove that if A has only one (repeated) negative eigenvalue λ− and one
(repeated) positive eigenvalue λ−, then the antitriangular form must have the above
sparse structure, where, moreover, the σi, γi, and ωi are constant, apart from the
signs of γi, which can change.

Lemma 2.6. If A has only one (repeated) negative eigenvalue λ− and one (re-
peated) positive eigenvalue λ+, then the proper block antitriangular form is unique up
to a sign matrix

S =

⎡
⎢⎣
±1

. . .

±1

⎤
⎥⎦ ∈ R

n1×n1

and given by

QTAQ =

⎡
⎣ 0 0 γSJn1

0 λ+In2 0
γJn1S 0 ωIn1

⎤
⎦ ,

where γ =
√−λ−λ+, ω = λ− + λ+, Jn1 is the antiidentity of order n1.
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Proof. Without loss of generality, we suppose that the algebraic multiplicities of
λ− and λ+ are n1 and n1 + n2, respectively, with 2n1 + n2 = n. Let

A = V

[
λ+In1+n2

λ−In1

]
V T

be the eigenvalue decomposition of A with V ∈ R
n×n orthogonal. For simplicity, we

consider the coordinate system where V = In, i.e.,

A =

⎡
⎣ λ+In1

λ+In2

λ−In1

⎤
⎦ .

Any neutral subspace Un of maximal dimension then has dimension n1 and is formed
by the vectors x such that xTAx = 0. If we normalize these vectors such that ‖x‖2 = 1,
then

x =

⎡
⎣ x1

x2

x3

⎤
⎦ }n1

}n2

}n1

,

∥∥∥∥
[

x1

x2

]∥∥∥∥
2

= c, ‖x3‖2 = s,

where c =
√−λ−/

√
λ+ − λ−, s =

√
λ+/

√
λ+ − λ−. A basis for this space must

therefore be given by

Qn =

[
Q1

Q2

]⎡⎣ cIn1

0n2

−sIn1

⎤
⎦

with Q1 ∈ R
(n1+n2)×(n1+n2) and Q2 ∈ R

n1×n1 orthogonal matrices. Any nonnegative
subspace U+ of maximal dimension containing Un then has dimension n1 + n2 and
must have an orthogonal basis

Q+ =

[
Q1

Q2

]⎡⎣ cIn1 sX̂

0n2 Ŷ

−sIn1 cX̂

⎤
⎦

with X̂T X̂ + Ŷ T Ŷ = In2 . But

QT
+AQ+ =

⎡
⎣ cIn1 sX̂

0n2 Ŷ

−sIn1 cX̂

⎤
⎦
T ⎡
⎣ λ+In1

λ+In2

λ−In1

⎤
⎦
⎡
⎣ cIn1 sX̂

0n2 Ŷ

−sIn1 cX̂

⎤
⎦

=

[
0 cs(λ+ − λ−)X̂

cs(λ+ − λ−)X̂T λ+Ŷ
T Ŷ + (λ+s

2 + λ−c2)X̂T X̂

]

=

[
0

√−λ+λ−X̂√−λ+λ−X̂T λ+I + λ−X̂T X̂

]
.
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186 NICOLA MASTRONARDI AND PAUL VAN DOOREN

It is easily seen that this is positive semidefinite only if X̂ = 0, and hence Ŷ is a
n2 × n2 orthogonal matrix Q3. Therefore, we have

Q+ =

[
Q1

Q2

]⎡
⎣ In1

Q3

In1

⎤
⎦
⎡
⎣ cIn1 0

0n2 In2

−sIn1 0

⎤
⎦ .

Finally, any orthogonal completion must then be of the form

Q =

[
Q̂1

Q2

]⎡⎣ cIn1 0 sIn1

0 In2 0
−sIn1 0 cIn1

⎤
⎦[

In1+n2

SJn1

]
, Q̂1 = Q1

[
In1

Q3

]
,

so that after applying this general transformation, we find indeed the required anti-
triangular shape

QTAQ =

⎡
⎣ 0 0 γSJn1

0 λ+In2 0
γSJn1 0 ωIn1

⎤
⎦ .

Remark 5. Notice that Q is not unique, but the resulting proper block antitrian-
gular matrix is, up to the sign matrix S.

3. Rank-one modification. In many applications it is important to update
(downdate) a symmetric indefinite matrix A ∈ R

n×n, whose dominant/minor sub-
space is easily detectable, with a symmetric rank-one modification in a fast way.
Algorithms are available to reduce rank-one modifications of symmetric tridiagonal
matrices [22, 23], of diagonal ones [4, 7, 11], and of symmetric diagonal plus semisep-
arable ones [18, 19] in tridiagonal form. Let the symmetric matrix A of order n be
factorized as A = QTQT , where T is one of the latter matrices and Q is an orthogonal
one. Although the rank-one modification of the matrix T can be computed in O(n2)
flops, the updating of the Q factor requires O(n3) flops.

The updating/downdating of the symmetric rank-revealing decomposition A =
QRTΩRQT with Q orthogonal, R upper triangular, and Ω = diag(±1) modified
by a symmetric rank-one matrix, described in [13], requires O(n2) flops. However,
it involves hyperbolic transformations. These transformations can introduce severe
cancellation in the updated matrix even when choosing careful implementations [3].

In this section we show that a symmetric proper block antitriangular matrix can
be updated/downdated with a symmetric rank-one modification with O(n2) flops in
a stable way.

Let y ∈ R
n and let A = QMQT with Inertia(A) = (n−, n0, n+), n−+n0+n+ = n,

and Q orthogonal. Let n1 = min(n−, n+) and n2 = max(n−, n+)− n1,

M =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 Y T

0 0 X ZT

0 Y Z W

⎤
⎥⎥⎦
}n0

}n1

}n2

}n1

with Y ∈ R
n1×n1 nonsingular lower antitriangular and X ∈ R

n2×n2 , X = εLLT with
ε = 1 if n+ > n−, ε = −1 if n+ < n−, and L lower triangular. The aim is to
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
× ×

× × ×
× × ×
× × ×
× × ×
× × ×
× × ×

× × × × × × × × ×
× × × × × × × × × ×

× × × × × × × × × × ×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

⊗
⊗
×
×
×
×
×
×
×
×
×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
× ×

× × ×
× × ×
× × ×
× × ×
× × ×
× × ×

× × × × × × × × ×
× × × × × × × × × ×

× × × × × × × × × × ×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
×
×
×
×
×
×
×
×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Fig. 3.1. First step of the algorithm. Application of the Householder similarity transformation
annihilating the first n0 − 1 entries in the vector x. For the sake of simplicity, only the block
antitriangular matrix M and the vector x̂ are displayed. The entries to be annihilated are denoted
by ⊗, and the entries modified by the multiplication are in red. The entries of the central definite
submatrix X are denoted by the symbol �.

transform QMQT ± yyT = Q(M ± QTyyTQ)QT , with M symmetric proper block

antitriangular, into Q̂M̂Q̂T , a matrix with the same structure of M and Q̂ orthogonal,
annihilating the entries of the vector x = QTy.

Let N1 = n0+n1 and N2 = n0+n1+n2. We first consider the case n0, n1, n2 > 0.
The case n0 = 0 is shortly described after.

We divide the algorithm into four different steps.

3.1. First step. If n0 > 1, the first step is to determine a Householder matrix
H(1) such that the product H(1)x(1 : n0) has annihilated all the entries but the last
one. Let H1 = diag(H(1), In−n0). Then

Q(M ± xxT )QT = QHT
1 (H1MHT

1 ±H1xx
THT

1 )H1Q
T

= Q1(M ± x̂x̂T )QT
1

with Q1 = QHT
1 , x̂ = H1x. We observe that M remains unchanged since its first n0

rows/columns are zero. This reduction is depicted in Figure 3.1 for a proper block
antitriangular matrix with inertia (3, 3, 8). We remark that the algorithm reverts to
the n0 = 0 case if ‖x(1 : n0)‖2 = 0.

Computational complexity. Due to the special structure of the Householder matrix
H1, the multiplication Q1 = QHT

1 requires 4n0n flops and x̂ = H1x requires 4n0. The
number of operations could be reduced to 3n0n and 3n0 by using a sequence of fast
Givens transformations [2] rather than a single Householder transformation.

3.2. Second step. If n1 = min(n−, n+) > 0, i.e., if M is indefinite, in this
step the entries n0, n0 +1, . . . , N1 − 1 of x̂ are annihilated by means of multiplication
by a sequence of n1 Givens rotations Gi, i = 1, 2, . . . , n1, such that Gi acts on the
(n0 + i− 1)th and (n0 + i)th rows of Gi−1 · · ·G1x̂, annihilating the entry in position
(n0 + i − 1). Let M (0) = M, and M (i) = GiM

(i−1)GT
i , x̂ = Gix̂, i = 1, . . . , n1. The

product GiM
(i−1)GT

i modifies the last i entries of the rows/columns n0 + i − 1 and
n0 + i of M (i−1) introducing a nonzero entry in position (n0 + i − 1, n− i + 1) and,
symmetrically, in position (n− i+ 1, n0 + i− 1).

The second step is depicted in Figure 3.2. For the sake of simplicity, the first
n0 − 1 entries of x and the first n0 − 1 rows and columns of M are not depicted since
they are zero.
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
××

×××
×××
×××
×××
×××
×××

×××××××××
××××××××××

×××××××××××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⊗
×
×
×
×
×
×
×
×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
×

××
×××
×××
×××
×××
×××
×××

×××××××××
××××××××××

××××××××××××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⊗
×
×
×
×
×
×
×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
××
××

×××
×××
×××
×××
×××
×××

×××××××××
×××××××××××

××××××××××××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⊗
×
×
×
×
×
×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
××

×××
×××
×××
×××
×××
×××
×××

××××××××××
×××××××××××

××××××××××××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
×
×
×
×
×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Fig. 3.2. Second step of the algorithm. Application of a sequence Givens rotations annihilating
the entries n0, n0 + 1, . . . , N1 − 1 of the vector x̂.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
××

×××
×××
×××
×××
×××
×××
×××

××××××××××
×××××××××××

××××××××××××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
⊗
⊗
⊗
⊗
×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(a)

⇒

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
××

×××
×××
×××
×××
×××
×××
×××

××××××××××
×××××××××××

××××××××××××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×

×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(b)

P⇒

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
××

×××
×××
×××
×××
×××
×××
×××

××××××××××
×××××××××××

××××××××××××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(c)

Fig. 3.3. Third step of the algorithm. Application of the sequence of Givens rotations annihi-
lating all the entries but the last one of x̂ corresponding to the central definite submatrix X.

Computational complexity. Due to the antitriangular structure of M (0), the com-
putation ofM (n1) = Gn1Gn1−1 · · ·G1M

(0)GT
1 · · ·GT

n1−1G
T
n1
, requires 3n2

1 flops. More-
over, the computation of Q2 = Q1G

T
1 · · ·GT

n1−1G
T
n1

requires 6n1n flops.

3.3. Third step. The aim of this step is to annihilate all the entries but the last
one of x̂ corresponding to the central definite submatrix X by a sequence of Givens
rotations. This step is depicted in Figure 3.3 ((a)⇒(b)). Since X is in factored
form, i.e., X = εLLT , with ε = ±1, another sequence of inner Givens rotations is
considered to preserve the factored structure. In particular, the first Givens rotation
Ǧ1 is applied to x̂, modifying the rows N1 + 1 and N1 + 2 and annihilating the entry
N1 + 1. Then the similarity transformation is computed M (n1+1) = Ǧ1M

(n1)ǦT
1 . We

observe that this transformation modifies the first two rows/columns of the submatrix
X creating a nonzero entry in the position (1, 2) of L. To remove this bulge a new
Givens rotation Ğ1 is applied to the right of L. We observe that the latter rotation
acts only on the matrix L. The described procedure is depicted in Figure 3.4. Without
loss of generality only the central submatrix X and the corresponding entries of the
vector x̂ are depicted. Let M (n1+n2−1) = Ǧn2−1 · · · Ǧ1M

(n1)ǦT
1 · · · ǦT

n2−1.

Finally, the row (column) N1 of M (n1+n2−1) is moved below (to the right of)
the definite submatrix M (n1+n2−1)(N1 + 1 : N2, N1 + 1 : N2) by the multiplication
of a permutation matrix P. Let M (n1+n2) = PM (n1+n2−1)PT and x̂ = P x̂. This
transformation is depicted in Figure 3.3 ((b) ⇒ (c)).

Computational complexity. Due to the antitriangular structure, the computation
of M (n1+n2−1) requires 6n1n2 + 3n2

2 flops. Moreover, to remove the bulges of L in
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⎡
⎢⎢⎢⎢⎣

×
× ×
× × ×
× × × ×
× × × × ×

⎤
⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎣

⊗
×
×
×
×

⎤
⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎣

× ⊗
× ×
× × ×
× × × ×
× × × × ×

⎤
⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎣

×
×
×
×

⎤
⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎣

×
× ×
× × ×
× × × ×
× × × × ×

⎤
⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎣

⊗
×
×
×

⎤
⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎣

×
× × ⊗
× × ×
× × × ×
× × × × ×

⎤
⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎣

×
×
×

⎤
⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎣

×
× ×
× × ×
× × × ×
× × × × ×

⎤
⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎣

⊗
×
×

⎤
⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎣

×
× ×
× × × ⊗
× × × ×
× × × × ×

⎤
⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎣×

×

⎤
⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎣

×
× ×
× × ×
× × × ×
× × × × ×

⎤
⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎣⊗

×

⎤
⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎣

×
× ×
× × ×
× × × ×
× × × × ×

⎤
⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎣

×

⎤
⎥⎥⎥⎥⎦

Fig. 3.4. Third step of the algorithm. To preserve the Cholesky structure, each multiplication
by an outer Givens rotation Ǧi, introducing a bulge in the lower triangular structure of L, is followed
by a multiplication by an inner Givens rotation Ği removing the bulge.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
××

×××
× × ×××
× × ×××
× × ×××
× × ×××

×××× × × ×××
×××× × × ×××

× ×××× × ××××
×× ×××× × ××××

××× ×××× × ××××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(a)

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
××

×××
× ×××
× ×××
× ×××
× ×××
× ×××

××××× × ×××
× ××××× ××××

×× ××××× ××××
××× ××××× ××××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(b)

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
××

×××
× ×××
× ×××
× ×××
× ×××
× ×××

××××× × ×××
×××××× × ×××

× ×××××× × ×××
×× ×××××× × ×××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(c)

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
××

×××
× × ×××
× × ×××
× × ×××
× × ×××

××××× × ×××
××××× × ×××

×××××× ××××
××××××× ××××

×××××××× ××××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(d)

.

Fig. 3.5. Fourth step. Reduction of the matrix M̂ (a) to the matrix either (b), (c), or (d) if

the submatrix M̂(N1 : N2 − 1, N1 : N2 − 1) is definite, singular, or indefinite.

order to restore the lower triangular structure requires 3n2
2 flops. Furthermore, the

computation of Q4 = Q3Ǧ
T
1 · · · ǦT

n2−1 requires 6n2n flops.

3.4. Fourth step. The rank-one matrix x̂x̂T is now added or subtracted to
M (n1+n2),

M̂ = M (n1+n2) ± x̂x̂T .

Since x̂(1 : N2 − 2) = 0, M̂ differs from M (n1+n2) for the submatrix M̂(N2 − 1 :
N2 + n1, N2 − 1 : N2 + n1). Although M̂(N1 : N2 − 2, N1 : N2 − 2) is still definite,
nothing can be said about the definiteness of the submatrix M̂(N1 : N2, N1 : N2).

To complete the reduction, it is sufficient to reduce to proper block antitriangular
form the submatrix M̂(N1 : N2, N1 : N2), by applying either one step of the algorithm
described in section 2 starting from the symmetric definite submatrix M̂(N1 : N2 −
2, N1 : N2 − 2) if the submatrix M̂(N1 : N2 − 1, N1 : N2 − 1) is singular or two steps
otherwise. Of course, the Givens rotations must be applied to the whole matrix M̂.

Let M̂ (1) be the matrix obtained after one step of the reduction.
For the sake of clarity, we describe the first of the two steps distinguishing the

three different cases and the second step in only one subcase.
Case a. M̂(N1 : N2 − 1, N1 : N2 − 1) definite. Applying the procedure c.1 of

section 2.1, the latter matrix is transformed to proper block antitriangular form. This
is graphically depicted in Figure 3.5 ((a) ⇒(b)).

Case b. M̂(N1 : N2 − 1, N1 : N2 − 1) singular. Applying the procedure c.2 of
section 2.1, the latter matrix is transformed to proper block antitriangular form. This
is graphically depicted in Figure 3.5 ((a) ⇒(c)).

Case c. M̂(N1 : N2 − 1, N1 : N2 − 1) indefinite. Applying the procedure c.3 of
section 2.1, the latter matrix is transformed to proper block antitriangular form. This
is graphically depicted in Figure 3.5 ((a) ⇒(d)). To complete this case and the whole
reduction, a similarity transformation based on a Givens rotation acting on the rows
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
××

×××
× ×××
× ×××
× ×××
× ×××
× ×××

××××× × ×××
××××× × ××××

×××××× × ××××
××××××× × ××××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(a)

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
××

×××
×××
×××
×××
×××
×××
×××

× ×××××××××
×× ×××××××××

××× ×××××××××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(b)

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
××

×××
×××
×××
×××
×××
×××
×××

××××××××××
× ××××××××××

×× ××××××××××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(c)

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
××

×××
× ×××
× ×××
× ×××
× ×××
× ×××

×××××× ×××
××××××× ×××

× ××××××× ×××
×× ××××××× ×××

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(d)

.

Fig. 3.6. Fourth step. Reduction of the matrix M̂ (1) (a) to the matrix either (b), (c), or (d) if

the submatrix M̂ (1)(N1 : N2 − 1, N1 : N2 − 1) is definite, singular, or indefinite.

(columns) N2 − 1 and N2 in order to annihilate the entry (N2 − 1, N1) ((N1, N2 − 1))
is considered.

In what follows we describe the second step of the reduction of M̂ (1) to proper
block antitriangular form for Case a (M̂ (1)(N1 : N2 − 1, N1 : N2 − 1) definite). Case
c (M̂ (1)(N1 : N2 − 1, N1 : N2 − 1) indefinite) can be handled in a similar way.

We distinguish the following three subcases:
1. Subcase a.1. M̂ (1)(N1 : N2, N1 : N2) definite. Applying the procedure c.1 of

section 2.1, the latter matrix is transformed to proper block antitriangular
form. This is graphically depicted in Figure 3.6 ((a) ⇒(b)).

2. Subcase a.2. M̂ (1)(N1 : N2, N1 : N2) singular. Then, the matrix M̂ (1) is
singular. Applying the procedure c.3 of section 2.1, the latter matrix is trans-
formed to proper block antitriangular form. This is graphically depicted in
Figure 3.6 ((a) ⇒(c)). Then, as described in c.3 of section 2.1, a sequence
of n1 Givens rotations Ḡi, i = 1, . . . , n1, each of those acting on the rows
(columns) N1 − i and N1 − i + 1 annihilating the entry (N1 − i, n1 − i + 1),
must be applied in order to reduce the whole matrix in proper block antitri-
angular form.

3. Subcase a.3. M̂(N1 : N2, N1 : N2) indefinite. Applying the procedure c.3 of
section 2.1, the latter matrix is transformed to proper block antitriangular
form. This is graphically depicted in Figure 3.6 ((a) ⇒(d)).

Computational complexity. The computational complexity of the initial substep
is mainly due to the reduction to proper block antitriangular form of the central part
of M̂ requiring, according to the section 2.1, case c, O(n2n1 + n2) flops. Moreover,
to update the Q matrix, O(n2n) flops are required. Another O(n1n) flops must be
added in subcase a.2, due to the multiplication of the sequence Ḡi, i = 1, . . . , n1, by
the orthogonal matrix of the factorization.

3.5. Case n0 = 0. If n0 = 0, step 1 of the above described algorithm is skipped.
Furthermore, step 2 is modified as follows. Let M (0) = M. A sequence of Givens
rotations Gi, i = 1, . . . , n1 − 1, is considered in order to annihilate the first n1 − 1
entries of x. Let M (i) = GiM

(i−1)GT
i . The matrix M (n1−1) differs from a proper

block antitriangular matrix for the entries (i, 2n1 + n2 − i) and (2n1 + n2 − i, i) that
are different from zero for i = 1, . . . , n1 − 1. In order to annihilate the latter entries
another sequence G̃i, i = 1, . . . , n1 − 1, of Givens rotations, each of those acting on
the rows and columns 2n1 + n2 − i and 2n1 + n2 − i+ 1, is considered such that

M (n1+i−1) = G̃iM
(n1+i−2)G̃T

i , i = 1, . . . , n1 − 1.

This step is graphically depicted in Figure 3.7 ((a)⇒(e)). Then, the reduction pro-
ceeds similarly as for the case n0 �= 0 (see Figure 3.7 (e)⇒(f)⇒(g)).
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
× ×

× × ×
× × ×
× × ×
× × ×
× × ×
× × ×

× × × × × × × × ×
× × × × × × × × × ×

× × × × × × × × × × ×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(a)

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⊗
×
×
×
×
×
×
×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

× ×
× ×

× × ×
× × ×
× × ×
× × ×
× × ×
× × ×

× × × × × × × × ×
× × × × × × × × × × ×
× × × × × × × × × × ×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(b)

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⊗
×
×
×
×
×
×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⊗ ×
× × ×
× × ×
× × ×
× × ×
× × ×
× × ×
× × ×

× × × × × × × × × ×
⊗ × × × × × × × × × ×
× × × × × × × × × × ×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(c)

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
×
×
×
×
×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
⊗ × ×
× × ×
× × ×
× × ×
× × ×
× × ×
× × ×

⊗ × × × × × × × × ×
× × × × × × × × × ×

× × × × × × × × × × ×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(d)

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
×
×
×
×
×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
× ×

× × ×
× × ×
× × ×
× × ×
× × ×
× × ×

× × × × × × × × ×
× × × × × × × × × ×

× × × × × × × × × × ×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(e)

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
⊗
⊗
⊗
⊗
×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇒

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
× ×

× × ×
× × ×
× × ×
× × ×
× × ×
× × ×

× × × × × × × × ×
× × × × × × × × × ×

× × × × × × × × × × ×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(f)

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×

×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

P⇒

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
× ×

× × ×
× × ×
× × ×
× × ×
× × ×
× × ×

× × × × × × × × ×
× × × × × × × × × ×

× × × × × × × × × × ×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(g)

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

×
×
×
×
×

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Fig. 3.7. Case n0 = 0.

4. Numerical experiments. Some numerical experiments showing the prop-
erties of the proposed algorithm are reported in this section. In particular, it is
shown that the numerical results agree with the bounds described in section 2.3.
The experiments are carried out in MATLAB. In all the examples we denote by A
the initial symmetric indefinite matrix, by M the similar block antitriangular matrix
computed by the proposed algorithm, by Q the computed orthogonal matrix such
that A = QTMQ, and by Md the symmetric indefinite matrix obtained by extract-
ing the main diagonal from M and the antidiagonal from Y. Moreover, we denote
by λ1(A) ≥ λ2(A) ≥ · · · ≥ λn−1(A) ≥ λn(A) and by λ1(Md) ≥ λ2(Md) ≥ · · · ≥
λn−1(Md) ≥ λn(Md) the eigenvalues of A and Md, respectively. When Md is close
to M, obviously σ2

i , i = 1, . . . , n2, are good approximations of n2 eigenvalues of M
and |λi(A)λn−i+1(A)|, i = 1, . . . , n1, are good approximations of γ2

i , with σi and γi
defined in subsection 2.3, for an appropriate ordering of the eigenvalues of A. We
chose the tolerance τ = 1.0× 10−15 for the binary comparisons in the examples. The
considered examples illustrate well some of the properties which we want to high-
light. The first example is characterized by having two clusters of eigenvalues. As
a consequence (see Lemma 2.6), the eigenvalues of Md approximate well those of A.
The second example shows that if the entries of the matrix are chosen randomly, we
have almost the same number of positive and negative eigenvalues. Moreover, the
computed proper block antitriangular matrix is almost antidiagonal dominant. The
third and fourth example are taken from the Matrix Market [15]. The eigenvalue
estimation property for these more practical examples is less pronounced, except for
the last example which is diagonal dominant.

Example 1. In this example n = 100, d = [−15× ones(40, 1); 25× ones(60, 1)] +
.5×randn(n, 1) and A = Q̃diag(d)Q̃T with Q̃ a random orthogonal matrix. Therefore,
40 eigenvalues of A are clustered around −15 and 60 around 25. The computed matrix
M is depicted in Figure 4.1. The eigenvalues of A and Md are depicted in Figure 4.2.
The backward error is ‖A−QMQT‖2 = 8.68× 10−14.
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Fig. 4.1. Plot of the entries of the block antitriangular matrix M of Example 1 computed by
the proposed algorithm.

0 20 40 60 80 100
−80

−60

−40

−20

0
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40

60

Λ(A)

Λ(M
D

)

Fig. 4.2. Eigenvalues of A and Md of Example 1.

Example 2. Let n = 100, B = randn(100), and A = B + BT . The matrix
M computed by the proposed algorithm is depicted in Figure 4.3. The eigenvalues
of A and Md are depicted in Figure 4.4. The backward error is ‖A − QMQT‖2 =
7.42× 10−14.

Example 3. The matrix A considered in this example is the FIDAPM05 matrix
generated by FIDAP and available at the Matrix Market [15] and depicted in Figure
4.5. Its order is n = 42, and it has 14 negative eigenvalues, 1 zero, and 27 positive
ones. The computed matrix M is displayed in Figure 4.6. The computed inertia is
(14,1,27). The eigenvalues of A and Md are depicted in Figure 4.7. The backward
error is ‖A−QMQT ‖2 = 1.84× 10−15.

Example 4. The matrix A considered in this example is the real part of the
complex symmetric matrix called QC324, available at the Matrix Market [15], modeling
H+

2 in an Electromagnetic Field, and depicted in Figure 4.8. Its order is n = 324,
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Fig. 4.3. Plot of the entries of matrix M of Example 2.
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Fig. 4.4. Eigenvalues of A and Md of Example 2.
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Fig. 4.5. Plot of the entries of matrix A of Example 3.
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Fig. 4.6. Plot of the entries of matrix M of Example 3.
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Fig. 4.7. Eigenvalues of A and Md of Example 3.

Fig. 4.8. Plot of the entries of matrix A of Example 4.
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Fig. 4.9. Plot of the entries of matrix M of Example 4.

0 50 100 150 200 250 300 350
−1

−0.5

0

0.5

1

1.5

2

Λ(A)

Λ(M
d
)

Fig. 4.10. Eigenvalues of A and Md of Example 4.

and it has 211 negative and 113 positive eigenvalues, respectively. The matrix M
computed by the proposed algorithm is depicted in Figure 4.9. The eigenvalues of
A and Md are depicted in Figure 4.10. The eigenvalues of Md approximate well the
eigenvalues of A because A is strongly diagonal dominant. The backward error is
‖A−QMQT‖2 = 7.54× 10−15.

5. Conclusions. A new symmetric factorization A = QMQT , where Q is or-
thogonal and M is block lower antitriangular, has been proposed. Since Q is orthogo-
nal, the eigenvalues of A and M are the same. The sizes of the blocks of M are shown
to yield the inertia of A, and the diagonal elements of some of the blocks are shown
to yield, for the considered examples, good estimates of the eigenvalues of A.
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