
L
e
c
t
u
re

2
(
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.
F
ro

m
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w
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h
e
r
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im
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s
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O
u
t
lin

e
o
f
L
e
c
t
u
re

2
(
I)
.

1
.
W

id
e
ra

n
g
e
a
p
p
lic

a
tio

n
s
in

R
d
.

2
.
d
=

2
:
M

a
in

p
ro

p
e
rtie

s
o
f
th

e
ra

n
k
-R

m
a
tric

e
s.

3
.
A
p
p
ro

x
im

a
tio

n
b
y
lo
w

ra
n
k

m
a
tric

e
s:

T
ru

n
c
a
te

d
S
V
D
,

re
d
u
c
e
d

S
V
D
,
a
n
d

a
d
a
p
tiv

e
c
ro

ss
a
p
p
ro

x
im

a
tio

n
(A

C
A
).

4
.
H
-m

a
tric

e
s
in

d
im

e
n
sio

n
≤

3
:
a
d
v
a
n
ta

g
e
s
a
n
d

lim
ita

tio
n
s.

5
.
F
F
T
,
F
F
T

d ,
a
n
d

c
irc

u
la
n
t
c
o
n
v
o
lu
tio

n
.

6
.
A

p
a
ra

d
ig
m

o
f
su

p
e
r-c

o
m
p
u
tin

g
:

in
c
re
a
se

in
c
o
m
p
u
te

r
p
o
w
e
r
d
o
e
s
n
o
t
re
la
x
th

e
c
u
rse

o
f

d
im

e
n
sio

n
a
lity.

P
ro

b
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m

c
la
s
s
e
s
in

R
d

B
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K
h
o
ro

m
sk

ij,
R
o
m
e
2
0
1
1
(
L
2
)

2

◮
E
llip

tic
(p

a
ra

m
e
te

r-d
e
p
e
n
d
e
n
t)

e
q
.:

F
in
d
u
∈
H

10
(Ω

),
s.t.,

H
u
:=

−
d
iv
(A

grad
u
)
+
V
u
=

F
in

Ω
∈
R

d.

◮
E
V
P
:
F
in
d

a
p
a
ir

(λ
,u

)
∈
R
×
H

10
(Ω

),
s.t.,

〈u
,u

〉
=

1
,
a
n
d

H
u
=

λ
u

in
Ω

∈
R

d,

u
=

0
o
n

∂
Ω
.

◮
P
a
ra

b
o
lic

e
q
u
a
tio

n
s:

F
in
d

u
:
R

d
×
(0,∞

)
→

R
,
s.t.

u
(x
,0)

∈
H

2(
R

d)
:

σ
∂
u∂
t
+
H
u
=

0,
H

=
∆

d
+
V
(x

1 ,...,x
d ).

S
p
e
c
ifi

c
fe

a
t
u
re

s
:

⊲
H
ig
h

sp
a
c
ia
l
d
im

e
n
sio

n
:
Ω

=
(−
b,b)

d
∈

R
d
(d

=
2
,3
,...,1

0
0
,...)

.

⊲
M

u
ltip

a
ra

m
e
tric

e
q
.:
A
(y
,x

),
u
(y
,x

),
y
∈

R
M

(M
=

1
,2
,...,1

0
0
,...,∞

)
.

⊲
N
o
n
lin

e
a
r,

n
o
n
lo
c
a
l
(
in
te

g
ra

l)
o
p
e
ra

to
r
V

=
V
(x
,u

),
sin

g
u
la
r
p
o
te

n
tia

ls.
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•
F
a
st

P
o
isso

n
so

lv
e
r,

p
re
c
o
n
d
itio

n
in
g

⇒
(−

∆
+
I
)
−
1.

•
C
o
n
v
o
lu
tio

n
tra

n
sfo

rm
in

R
d
w
ith

G
re
e
n
’s

fu
n
c
tio

n
fo
r

d
-L

a
p
la
c
ia
n

(d
≥

3
),

f
(x
)
=

∫

R
d

ρ
(y
)

‖x
−
y
‖
d
−
2
d
y
,

x
∈
R

d.

O
(d
n
log

n
)-a

lg
o
rith

m
s,

n
u
m
e
ric

s
in

e
le
c
tro

n
ic

stru
c
tu

re

c
a
lc
u
la
tio

n
s.

•
P
a
ra

b
o
lic

e
q
s
(h

e
a
t
tra

n
sfe

r,
m
o
le
c
u
la
r
d
y
n
a
m
ic
s,

...)

∂
u

∂
x
+
A
u
=

f
⇒

ex
p
(−

tA
),

C
a
y
le
y
T
ra

n
sfo

rm
I
+
A

I
−
A
.

•
M

u
ltilin

e
a
r
a
lg
e
b
ra

(M
L
A
),

c
o
m
p
le
x
ity

th
e
o
ry

(e
.g
.,

S
tra

sse
n
’s

a
lg
o
rith

m
b
y
te

n
so

r
d
e
c
o
m
p
o
sitio

n
).

•
M

a
trix

p
ro

d
u
c
t
sta

te
s
(T

T
,
T
C
,
Q
T
T
)
+

D
M

R
G
-ty

p
e

ite
ra

tio
n

fo
r
slig

h
tly

e
n
ta

n
g
le
d

sy
te

m
s
(e

le
c
tro

n
ic

stru
c
tu

re
,
m
o
le
c
u
la
r
d
y
n
a
m
ic
s,

q
u
a
n
tu

m
c
o
m
p
u
tin

g
).
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o
d
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•
H
a
rtre

e
-F

o
c
k

e
q
u
a
tio

n

[
−
12
∆

−
V
c (x

)
+

∫

R
3

ρ
(y
,y

)

‖
x
−
y
‖
d
y ]

φ
(x

)
−

12

∫

R
3

ρ
(x
,y

)

‖
x
−
y
‖
φ
(y
)d
y
=
λ
φ
(y
),

ρ
(x
,y

)
=

N
e
/
2

∑i=
1
φ
i (x

)φ
i (y

)
e
le
c
tro

n
d
e
n
sity

m
a
trix

,

e
−
µ
‖
x
‖
-
d
e
n
sity

fu
n
c
tio

n
fo
r
h
y
d
ro

g
e
n

a
to

m
,

1
‖
x
‖

-
N
e
w
to

n
p
o
te

n
tia

l,

V
c
-
e
x
te

rn
a
l
p
o
te

n
tia

l
w
ith

sin
g
u
la
ritie

s
a
t
c
e
n
te

rs
o
f
a
to

m
s.

T
e
n
so

r
a
p
p
ro

x
im

a
tio

n
sc

h
e
m
e
a
n
d

n
u
m
e
ric

s
L
e
c
t.
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.

•
K
o
h
n
-S

h
a
m

e
q
u
a
tio

n
(
sim

p
ly
fi
e
d

H
a
rtre

e
-F

o
c
k

e
q
.)

[
−
12
∆

−
V
c (x

)
+

∫

R
3

ρ
(y
)

‖
x
−
y
‖
d
y
−
α
V
ρ
(x

) ]
ψ

=
λ
ψ
,

V
ρ
(x

)
=

{
3π
ρ
(x

) }
1
/
3

.

•
P
o
isso

n
-B

o
ltz

m
a
n
n

e
q
.
(
th

e
e
le
c
tro

sta
tic

p
o
te

n
tia

l
o
f
p
ro

te
in
s)

∇
·
[ε(x

)∇
·
φ
(x

)]
−
ε(x

)h
(x

)
2
sin

h
[φ
(x

)]
+

4
π
ρ
(x

)/
k
T

=
0
,

x
∈

R
3
.

If
ε(x

)
=
ε
0
,
h
(x

)
=
h
,
ρ
(x

)
=
δ
(x

),
th

e
n
φ
(x

)
=

e
−

h
‖
x
‖

‖
x
‖

.
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F
in
d
u
M

∈
L
2
(Γ

)
×
H

10
(D

),
s.t.

A
u
M

(y
,x

)
=
f
(x

)
in
D
,

∀
y
∈

Γ
,

u
M

( y
,x

)
=

0
o
n
∂
D
,

∀
y
∈

Γ
,

A
:=

−
d
iv

(a
M

(y
,x

)
g
ra
d
)
,

f
∈
L
2
(D

)
,

D
∈

R
d
,

d
=

1
,2
,3
,

a
M

( y
,x

)
is

sm
o
o
th

in
x
∈
D
,
y
=

(y
1
,...,y

M
)
∈

Γ
:=

[−
1
,1

] M
,
M

≤
∞

.

A
d
d
itiv

e
c
a
se

(
v
ia

th
e
tru

n
c
a
te

d
K
a
rh

u
n
e
n
-L

o
é
v
e
e
x
p
a
n
sio

n
)

a
M

(y
,x

)
:=

a
0
(x

)
+

M∑m
=
1

a
m
(x

)y
m
,

a
m

∈
L
∞
(D

),
M

→
∞
.

L
o
g
-a

d
d
itiv

e
c
a
sea

M
( y
,x

)
:=

ex
p
(a

0
(x

)
+

M∑m
=
1

a
m
(x

)y
m
)
>

0
.

◮
C
o
m
p
u
tin

g
th

e
tru

n
c
a
te

d
K
a
rh

u
n
e
n
-L

o
é
v
e
e
x
p
a
n
sio

n
.

◮
A
n
a
ly
sis

o
f
b
e
st
N
-te

rm
a
p
p
ro

x
im

a
tio

n
s.

◮
T
e
n
so

r
re
p
re
se

n
ta

tio
n

o
f
sto

c
h
a
stic

-G
a
le
rk

in
a
n
d

c
o
llo

c
a
tio

n
m
a
tric

e
s.

◮
T
e
n
so

r
tru

n
c
a
te

d
p
re
c
o
n
d
itio

n
e
d

ite
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tio
n
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6

L
e
m

.
2
.1

.
(m

a
trix

S
V
D
).

E
v
e
ry

re
a
l
(c

o
m
p
le
x
)
τ
×
σ
-m

a
trix

M
c
a
n

b
e
re
p
re
se

n
td

a
s
th

e
p
ro

d
u
c
t

M
=

U
·
S
·V

T
:=

S
×

1
U

×
2
V

≡
S
×

1
U

(1
)
×

2
U

(2
),

in
w
h
ic
h

1
.
U

(1
)
=

[U
(1

)
1

U
(1

)
2

...U
(1

)
τ

]
is

a
u
n
ita

ry
τ
×
τ
-m

a
trix

,

2
.
U

(2
)
=

[U
(2

)
1

U
(2

)
2

...U
(2

)
σ

]
is

a
u
n
ita

ry
σ
×
σ
-m

a
trix

,

3
.
S

is
a
n
τ
×
σ
-m

a
trix

(c
o
re

te
n
so

r)
w
ith

th
e
p
ro

p
e
rtie

s
o
f

(i)
p
seu

d
od

ia
g
on

a
lity

:
S
=

d
ia
g
{σ

1 ,σ
2 ,...,σ

m
in
(τ

,σ
) },

(ii)
ord

erin
g
:

σ
1
≥

σ
2
≥

...
≥

σ
m
in
(τ

,σ
)
≥

0.

T
h
e
σ
i
a
re

sin
g
u
la
r
v
a
lu
e
s
o
f
M

,
a
n
d

th
e
v
e
c
to

rs
U

(1
)

i
a
n
d
U

(2
)

i

a
re
,
re
sp

.,
a
n
ith

le
ft

a
n
d
ith

rig
h
t
sin

g
u
la
r
v
e
c
to

rs.
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7

T
h
e
c
la
ss

o
f
ra

n
k
≤

k
m
a
tric

e
s
in

R
τ
×
σ
w
ill

b
e
c
a
lle

d
b
y

R
k
-m

a
tric

e
s,

i.e
.
ra

n
k
(M

)
≤

k
fo
r
M

∈
R

k
.

E
a
c
h
M

∈
R

k
c
a
n

b
e
re
p
re
se

n
te

d
in

th
e
fo
rm

M
=

A
·B

T
,

A
∈
R

τ
×
k,

B
∈
R

σ
×
k.

(1
)

L
e
m

.
2
.2

.
A
ttra

c
tiv

e
fe
a
tu

re
s
o
f
R

k
-m

a
tric

e
s:

1
.
T
h
e
se

t
R

k
is

c
lo
se

d
(n

o
n
triv

ia
l
re
su

lt
in

lin
e
a
r
a
lg
e
b
ra

).

2
.
O
n
ly

k
(τ

+
σ
)
n
u
m
b
e
rs

a
re

re
q
u
ire

d
to

sto
re

a
n
R

k
-m

a
trix

.

3
.
T
h
e
m
a
trix

-v
e
c
to

r
m
u
ltip

lic
a
tio

n
x
7→

y
:=

M
x
,
x
∈
R

σ

c
a
n

b
e
d
o
n
e
in

tw
o

ste
p
s:

y
′
:=

B
T
x
∈
R

k
,
a
n
d
y
:=

A
y
′
∈
R

τ
.

T
h
e
c
o
rre

sp
o
n
d
in
g

c
o
st

is
2k

(σ
+

τ
).

L
o
w

ra
n
k

m
a
t
ric

e
s

B
.
K
h
o
ro

m
sk

ij,
R
o
m
e
2
0
1
1
(
L
2
)

8

4
.
T
h
e
su

m
o
f
tw

o
R

k
-m

a
tric

e
s
R

1
=

A
1 B

T1
,
R

2
=

A
2 B

T2
is

a
n

R
2
k
-m

a
trix

,

R
1
+
R

2
=

[A
1 |A

2 ][B
1 |B

2 ] T
,

[A
1 |A

2 ]
∈
R

τ
×
2
k,

[B
1 |B

2 ]
∈
R

σ
×
2
k.

5
.
T
h
e
m
u
ltip

lic
a
tio

n
o
f
R

∈
R

k
b
y
a
n

a
rb

itra
ry

m
a
trix

M
o
f

th
e
p
ro

p
e
r
siz

e
g
iv
e
s
a
g
a
in

a
n
R

k
-m

a
trix

:

R
M

=
A
(M

T
B
)
T
,

M
R

=
(M

A
)B

T
.

6
.
T
h
e
b
e
st

a
p
p
ro

x
im

a
tio

n
o
f
a
n

a
rb

itra
ry

m
a
trix

M
∈
R

τ
×
σ

b
y
a
n
R

k
-m

a
trix

M
k
,
sa

y
in

th
e
F
ro

b
e
n
iu
s
n
o
rm

,
th

a
t
is

‖A
‖
2F
:=

∑

(i,j
)∈

τ
×
σ

a
2ij ,

c
a
n

b
e
c
a
lc
u
la
te

d
b
y
th

e
tru

n
c
a
te

d
S
V
D

(d
isc

re
te

v
e
rsio

n
o
f

th
e
S
c
h
m
id
t
d
e
c
o
m
p
o
sitio

n
).
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A
lg
.
2
.1

.
(T

ru
n
c
a
te

d
S
V
D
).

F
o
r
g
iv
e
n
k
∈
N
,
le
t
M

=
U
Σ
V

T

b
e
th

e
S
V
D

o
f
M

,
i.e

.,
Σ
=

d
ia
g
{σ

1 ,...σ
k ,...,σ

n
}
,
n
=

m
in
(τ,σ

),

σ
1
≥

σ
2
≥

...
≥

σ
n
≥

0
,
a
n
d
U

=
[ U

1 ,...,U
k ,U

k
+
1 ,...,U

τ ],

V
=

[V
1 ,...,V

k ,V
k
+
1 ,...,V

σ
].

S
e
t
Σ

k
:=

d
ia
g
{σ

1 ,...,σ
k ,0,...,0}

,

M
k
:=

U
Σ

k V
T
≡

Ū
Σ̄

k V̄
T
≈

M
,

‖M
k
−
M

‖
F
≤

√√√√

n
∑

j
=
k
+
1

σ
2j .

T
h
e
c
o
m
p
le
x
ity

o
f
th

e
tru

n
c
a
te

d
S
V
D
:
O
(τ
σ
2)

w
ith

τ
≥

σ
.

T
o
o

e
x
p
e
n
siv

e
fo
r
la
rg

e
τ
a
n
d
σ
.

Is
it

p
o
ssib

le
to

c
o
m
p
u
te

a
lm

o
st

th
e
b
e
st

ra
n
k
-k

m
a
trix

a
p
p
ro

x
im

a
tio

n
g
e
ttin

g
rid

o
f
fu

ll
m
a
trix

S
V
D

?
–

Y
e
s.

If
M

∈
R

m
,
th

e
n

its
b
e
st

a
p
p
ro

x
im

a
tio

n
M

k
∈

R
k
,
k
<
m
,
c
a
n

b
e
c
o
m
p
u
te

d

b
y
th

e
fo

llo
w
in
g

Q
R
-S

V
D

sc
h
e
m
e
.

R
e
d
u
c
e
d

t
ru

n
c
a
t
e
d

S
V
D

B
.
K
h
o
ro

m
sk

ij,
R
o
m
e
2
0
1
1
(
L
2
)

1
0

A
lg
.
2
.2

.
(
R
e
d
u
c
e
d

tru
n
c
a
te

d
S
V
D
)
.
G
iv
e
n
M

=
A
B

T
∈

R
m
,

(
i)

C
a
lc
u
la
te

th
e
Q
R
-d

e
c
o
m
p
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