Problem 12289
(American Mathematical Monthly, Vol.128, December 2021)

Proposed by G. E. Andrews (USA) and M. Merca (Romania).

Prove
(2n+1 =
22 < n+ ) ) qn(n+1)/2 _ H(l 7qn)(1 _ q6n71)(1 _ q6n75)
n=1
when |g| < 1.

Solution proposed by Roberto Tauraso, Dipartimento di Matematica, Universita di Roma “Tor
Vergata”, via della Ricerca Scientifica, 00133 Roma, Italy.

Solution. Let z = e™/3_ then

Py Z Zann(n-i-l)/Q _ Z Z—2n+1qn(n—1)/2 + Z 22n+1qn(n+1)/2
n=-—oo n=1 n=0
Z 2(n+1)+1 n(nJrl /2 Z 2n+1 _n(n+1)/2
= z + z q
n=0
_ Z 2n+1 4 = (@nt 1)) gn(nt1)/2 _ Z 9c < (2n+1)m ) /2,
n=0

On the other hand, by the Jacobi’s triple product identity,

Yo 2 = [T -+ 221+ 272",
n=-—oo n=1

Therefore, since 23 = —1, it follows that

z Z ZAngnnt /2 = 5 H(l —q") 1+ 2%¢")(1 +22¢" )
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