Problem 12248
(American Mathematical Monthly, Vol.128, April 2021)

Proposed by A. Dzhumadil’daev (Kazakhstan).

Let n be a positive integer, and let zj;, be a real number for 1 < k < 2n. Let C,, be the 2n-by-2n
skew-symmetric matrix with (i, j)-entry cos(z; — ;) when 1 <i < j < 2n. Prove

det(Cy) = cosQ(acl —Zo+ X3 — X4+ + Top_1 — Tap)-

Solution proposed by Roberto Tauraso, Dipartimento di Matematica, Universita di Roma “Tor
Vergata”, via della Ricerca Scientifica, 00133 Roma, Italy.

Solution. Tt is known that, for any skew-symmetric matrix M, det(M) = pf?(M) where pf(M) is
the Pfaffian of the matrix M. Hence it suffices to prove that

pf(Cr) =cos(x1 — 2o + a3 — x4 + -+ - + Tap—1 — Tan).
We show the above property by induction. It holds for n = 1:
- 0 cos(zy — x2) _
pf(C1) = pf ([ — cos(1 — ) 0 = cos(x1 — x2).

Given n > 1, we assume that the claim holds for any positive integer less than n. For 2 < j < 2n,
let (Cy)1,; be the matrix with both the first and the j-th rows and columns removed, then, by the
induction hypothesis,

2n

DI

J
pf((Cr)1,5) = cos
k= k=j+1

Hence, by using the identity cos(a) cos(8) = 1 (cos(a+ ) + cos(a — B)) and by letting zo,41 = 21,

we find

2n
pf(C) =Y (—1) cos(wr — ;) pf((Cn)1,5)
j=2
n 2j—1 2n
= Zcos(acl — Zgj) COS Z (—1)Faxy — Z (=1)Fay
j=1 k=2 k=2j+1
n 2j—2 2n
- Zcos(xl — X9j_1) COS Z (=1)Fap — Z (=1)Fap
j=2 k=2 k=2j
2j—1 2n+1 27 2n
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— k k k k
= _ZCOS Z 1) ay — Z‘(—l) Tk +§Zcos Z(—l) xp — Z (=1)%xy,
k=2 k=2j Jj=1 k=1 k=2j+1
1 n 25—1 2n+1 1 n—1 27 2n
~3 Zcos Z DFay, — Z‘(—l)kack ~5 ZCOS Z(—l)kxk - Z (=1)*ay
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2n 1 1 2n 2n
= cos zk> + 5 cos (Z(l)kxk> = cos (Z(l)kxk> .
k:2 k=1 k=1



