Problem 12105
(American Mathematical Monthly, Vol.126, April 2019)

Proposed by G. Brookfield (USA).
Let r be a real number, and let f(x) = 23 + 2rz? + (r? — 1)z — 2r. Suppose that f has real roots a,
b, and c¢. Prove a,b,c € [—1,1] and

| arcsin(a)| 4 | arcsin(b)| + | arcsin(c)| = 7.

Solution proposed by Roberto Tauraso, Dipartimento di Matematica, Universita di Roma “Tor
Vergata”, via della Ricerca Scientifica, 00133 Roma, Italy.

Solution. If x € {—1,0,1} and f(x) = 0 then r = 0, {a,b,c¢} = {—1,0,1} and the desired arcsin
identity is valid.
We assume now that « € {—1,0,1} and therefore r # 0. If f(x) = 0 for some r € R\ {0} then

flx)y=ar* +2@* - 1)r+a2°—2=0

is a quadratic equation with respect to r and it follows that

%:( 212 —2@d—2)=1-22>0

which implies that |z| € (0,1). It follows that the real roots a,b, ¢ are such that |al, |b],|c| € (0,1).
Moreover,

(22 — a®)(2? = 0*)(2® — P) = —f(2)f(—x) = 2% = 2(r2 + D)2t + (r* + 6% + 1)z — 472
and therefore
A+ b2+ =20"+2), a®?+b2E+ =t +6r2 + 1), a?b?c =42
Hence
(a® + 0% + c*)? +4a?V?? — 4(a*D* + 02 + %) = (P2 + 1)) +4-4r —4-(r* + 612 +1) =0 ().

Finally we show that desired arcsin identity is implied by (x).
Note that since a + b+ ¢ = —2r = —abe and abc = 2r it follows that ¢ = —(a + b)/(1 + ab) and for
0 <lal, o] <1,

arcsin |a| 4 arcsin |b| > arcsin |c| = arcsin a
14 ab

because h(t) = arcsin(tanh(t)) is monotone and strictly subadditive in (0,4o00) (h(0) = 0 and h is

strictly concave in [0, +00)).

We may assume that 0 < |a| < [b] < |¢|] < 1. Thus, by (),

&

(a2 + b2 + 02)2+4(12b2c2 — 4((12172 + b2 + c2a2) =0
& at + b1+t + 4a?b2 A = 2(a?? + b2+ Pa?)
& 4a®b*(1 — a®)(1 = %) = (¢ — a*(1 = b?) — b*(1 — a?))?
& a?(1 =) +b2(1 — a?) + 2a||b]V/1 — a1 = b2 = ¢
SlaVI=B+pVI=a =l v [lalvT=8 - plVI=a| =
= lalV1=02+pV1—a2=c] (0<|a|<[b|<|c|<1)

< sin(arcsin |a| + arcsin |b|) = sin(arcsin |c|)
< arcsin|a| + arcsin [b| = arcsin |¢| VvV arcsin |a| 4 arcsin |b| = m — arcsin |¢|
= |arcsin(a)| 4 | arcsin(b)| + | arcsin(c)| = = (arcsin |a| 4+ arcsin [b| > arcsin |c|)

and we are done.
O



