
Problem 12029

(American Mathematical Monthly, Vol.125, March 2018)

Proposed by H. Ohtsuka (Japan).

For a > 0, evaluate

lim
n→∞

n
∏

k=1

(

a+
k

n

)

.

Solution proposed by Roberto Tauraso, Dipartimento di Matematica, Università di Roma “Tor
Vergata”, via della Ricerca Scientifica, 00133 Roma, Italy.

Solution. Let fn(x) = ln
(

a+ x

n

)

then

n
∑

k=1

fn(k) =

∫ n

0

fn(x)dx +
fn(n)− fn(0)

2
+

1

2

∫ n

0

f ′′

n (x)p({x})dx, (1)

where p(t) = t− t2. Therefore

n
∑

k=1

ln

(

a+
k

n

)

= n ln

(

(a+ 1)a+1

aae

)

+ ln

(

√

a+ 1

a

)

−
1

2

∫ n

0

p({x})

(na+ x)2
dx

= n ln

(

(a+ 1)a+1

aae

)

+ ln

(

√

a+ 1

a

)

+ O(1/n)

because 0 ≤ p({x}) ≤ 1/4, and

0 ≤

∫ n

0

p({x})

(na+ x)2
dx ≤

1

4

∫ n

0

dx

(na+ x)2
=

1

4na(a+ 1)
.

Finally, as n → +∞,

n
∏

k=1

(

a+
k

n

)

=

(

(a+ 1)a+1

aae

)n

·

√

a+ 1

a
· exp (O(1/n)) →















+∞ if a > c,
√

c+1

c
if a = c,

0 if 0 < a < c,

where c ≈ 0.542211420 is the unique positive real number such that (c+ 1)c+1 = cce. �

Proof of (1). If f ∈ C1[0, n] then for k = 0, . . . n− 1, by integrating by parts twice,

∫ k+1

k

f(x)dx =

∫ 1

0

f(x+ k)d(x − 1/2) =

[

f(x+ k)

(

x−
1

2

)]1

0

+
1

2

∫ 1

0

f ′(x + k)d(x− x2)

=
f(k + 1) + f(k)

2
+

1

2

[

f ′(x+ k)
(

x− x2
)]1

0
−

1

2

∫ 1

0

f ′′(x+ k)(x− x2)dx

=
f(k + 1) + f(k)

2
−

1

2

∫ k+1

k

f ′′(x)p({x})dx.

Then, after summing, we obtain

∫ n

0

f(x)dx =
1

2

n−1
∑

k=0

f(k + 1) +
1

2

n−1
∑

k=0

f(k)−
1

2

∫ n

0

f ′′(x)p({x})dx

=

n
∑

k=1

f(k)−
f(n)− f(0)

2
−

1

2

∫

n

0

f ′′(x)p({x})dx.


