Problem 11234
(American Mathematical Monthly, Vol.113, June-July 2006)

Proposed by J. Brennan and R. Ehrenborg (USA).

Let ay,...,a, and by,...,b,_1 be real numbers with a1 < b; < as < -+ < ap_1 < bp_1 < a,, and
let h be an integrable function from R to R. Show that

/O:o " <(a(cx—b?)1? . éz—bfff)) du = [ 0; h(z) da.

Solution proposed by Roberto Tauraso, Dipartimento di Matematica, Universita di Roma “Tor
Vergata”, via della Ricerca Scientifica, 00133 Roma, Italy.

It suffices to prove that the Lebesgue measure A is an invariant measure for the function 7'
(x—a1) - (z—ap)

(x—b1)- (& — bo)

that is A\(T~1(A4)) = A(A) for all measurable set A.

We consider the complex extension of our rational function,

T(x) :=

(z—a1) (2 —an) Cy Ch—1
T = = P - - -
(Z) (Z*bl)"'(2’7bn,1) z+ﬁ+2*b1+ +Z*bn,1
where 8 and C4,...,C,_1 are real numbers. Since a1 < by < a3 < --- < ap_1 < bp_1 < a, then

every coefficient C} is negative

positive factors n — k negative factors
. (by —a1) - (b — ax) (b, — axy1) -~ (bx — an)
Ciy=lim (z—=0b)-T(2) = < 0.
dim (== 0) - T) = 3 (oo — becs) (b — ber1) -~ (b — bn1)
positive factors n — 1 — k negative factors

This property implies that if Im(z) > 0 then

— Tm(s nlm G\ _ (s nil_ic’“
Im(T'(z)) =1 ()+1€ZI (z—bk> I ()<1+;|Z—bk|2>>0

=1

and therefore also the open upper half-plane H is an invariant set for 7.
The harmonic measures on H, which is conformally equivalent to the open unit disc, are the Cauchy
measures on R defined by the densities

dd};Z (z) = %Im <x i z) - % (@ — Re(Ij)l)(; )+ Tm(z)2 % % arctan <x Im%gZ))

and therefore for any z € H and x € R
P.oT ' = Pr(,.

Now, for any measurable set A

t
i ) -1 — 1 v _ -1
. 1121 7wt P (T~ (A)) . hr_'p t /TI(A) S dx = N(T~"(4)).

On the other hand

. L Im(7'(it))
it Prin (4) = lim ¢ /A (@ Re(T(it)))? + Im(T(i0) 2

because Im(7'(it))/t — 1 and |Re(T'(it))|/Im(T'(it)) — 0 (oo is a fixed point of T' and T'(it) tends to
oo non-tangentially). Since Py (T~ '(A)) = Pr(;)(A) then A(T~1(A4)) = A(A). a

x = A\A)



