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Abstract

Two-dimensional full conformal field theories have been studied in various mathe-
matical frameworks, from algebraic, operator-algebraic to categorical. In this work, we
focus our attention on theories with chiral components having pointed braided tensor
representation subcategories, namely where there are automorphisms whose equivalence
classes form an abelian group. For such theories, we exhibit the explicit Hilbert space
structure and construct primary fields as Wightman fields for the two-dimensional full
theory. Given a finite collection of chiral components with automorphism categories
with vanishing total braiding, we also construct a local extension of their tensor product
as a chiral component. We clarify the relations with the Longo—Rehren construction,
and illustrate these results with concrete examples including the U(1)-current.

1 Introduction

Two-dimensional conformal field theories (CFTs) have been studied extensively [DMS97]
and have attracted the interest of mathematicians for their algebraic, analytic and geometric
structures. In particular, the conformal symmetry in two-dimensional Minkowski spacetime
is described by the diffeomorphism group of the lightrays, therefore it is infinite-dimensional.
This allows to study first the theories that depend only on one of the lightray coordinates
(the chiral components) and then their two-dimensional (full) extensions.

From the operator-algebraic point of view (Haag—Kastler axioms), a general quantum
field theory can be formulated as a net of von Neumann algebras associated with the open
spacetime regions [Haa96]. The relations between the full theory and the chiral components
have been obtained, e.g., in [Reh00], and they resulted in classification schemes for certain
classes of two-dimensional CFTs, see, e.g., [KL04b], [BKL15]. In this course, it was important

*adamoms@ms.u-tokyo.ac. jp
Tgiorgett@mat .uniroma2.it
ihoyt@mat .uniroma2.it



that from two copies of a single chiral theory and a family of charged sectors, one can
construct two-dimensional theories as extensions of the two-dimensional theory obtained just
by combining the chiral components, and then extended it by introducing non-chiral (bulk)
fields. Among such extensions, the most studied ones are the “diagonal” extensions, obtained
by letting the chiral theories act simultaneously on a direct sum of copies of their vacuum
representation, and then introducing “charged” fields that mix the different components.

Since [LR95], in the operator-algebraic setting, the (finite index, i.e., “relatively small”)
extensions can be equivalently well be described by Q-systems (i.e., C*-Frobenius algebra
objects) in the unitary braided tensor representation category of the net that one wants to
extend. Locality of the extension can also be characterized by means of a commutativity con-
dition on the associated Q-system. In the operator-algebras context, the Q-system associated
with a finite index “diagonal” extension is called a Longo—Rehren Q-system.

It is worth mentioning that the method of Q-systems apply both to chiral and to two-
dimensional theories (in fact even in four-dimensions), and that similar ideas (commutative
Frobenius algebra objects in tensor categories) emerged independently in other algebraic
approaches to CF'T, such as vertex operator algebras [HKL15], [KO02], both in one and two
dimensions, see, e.g., [FRS02], [HK07], [Kon07], [RFFS07]. In the unitary VOA [CKLW18],
[DL14], [Gui22] and unitary tensor category context [GLR85], [DR89], [LRI7|, these notions
(Frobenius algebras, C*-Frobenius algebras, Q-systems, to describe extensions) have been
recently shown to be equivalent [CGGH22].

The relationship between chiral and full two-dimensional CFTs (not restricted to a single
Minkowski spacetime) can also be cast and studied [BGS22] in the more general categori-
cal/operadic framework of locally covariant AQFT [BFV03], [BSW21].

Let us note, however, that most of the purely algebraic frameworks, see, e.g., [HK07],
are designed particularly for conformal field theories, and do not apply, as they are, to
massive theories. On the other hand, it is natural to expect that a two-dimensional full CF'T
can be described in a more traditional framework for quantum field theory, the Wightman
axioms [SW00]. Wightman fields are operator-valued distributions on a Hilbert space, and a
reasonable description of such fields and the Hilbert space would be desirable.

Having explicit Wightman fields is not just interesting on its own, but could be a starting
point for constructing non-conformal field theory, e.g., by perturbing the dynamics of the
CFT by these fields. Such an idea is presented in [Zam89], where certain massive integrable
fields are associated with charged fields in CFT. Perturbing the dynamics of the free field
on the same Hilbert space has been carried out on the de Sitter space [BJM23|. Therefore,
developing a theory of Wightman fields in two dimensions will be a basis for rigorously
studying the relations between CFT and massive models [JT].

In this paper, we study full two-dimensional CFTs whose chiral components admit a
(finite or infinite) collection of automorphisms (invertible objects in the language of tensor
categories) among their irreducible representations (superselection sectors). We will define
and construct both two-dimensional conformal Haag—Kastler nets and two-dimensional con-
formal Wightman fields explicitly in terms of the Hilbert space of the chiral components and
of their charged sectors. We introduce charged primary fields as operators between different
charged sectors of the chiral components, and combine them to obtain local bulk fields.

To be more specific, let A;, and Ag be chiral conformal nets on S admitting a family of
automorphisms (including the defining vacuum representation) among their charged repre-



sentations (in the sense of Doplicher-Haag-Roberts [DHR69a], [DHR69b], [DHR71] [DHR74],
but in one and two dimensions instead of four) respectively denoted by k1,(¢g) and rgr(g), and
parametrized by the same abelian group G. These automorphisms are defined on the same
Hilbert spaces, but we denote them as ’HE(Q ), ’Hg(g) to distinguish the representation. On the

Hilbert space €9 e Hf(g) ® ’Hg(g), the chiral observables A;, ® Agr act diagonally. We will
add charged fields that shift the sectors in the direct sum, under some condition on their
braiding (which is satisfied in many cases, see, e.g. the end of Section 6) and obtain full
two-dimensional conformal nets and conformal Wightman fields. Moreover, with a similar
technique, we construct some (presumably new) local conformal nets on S' by combining
and extending a family of conformal nets, in such a way that a certain (total) braiding van-
ishing condition is fulfilled. This generalizes the well-known extensions of a single chiral
U(1)-current net [BMT88], and it can be seen as a variation of the “gluing” construction due
to [CKM22] for VOAs.

We describe explicitly the fields for the U(1)-current algebra. Charged primary fields of
a single chiral component are given as formal series between charged sectors [TZ12], [TLI7].
We expect that our construction works for loop group nets (for a simply-laced simple, sim-
ply connected compact group) at level 1 as well [Was98], [TL97]. With a more involved
combination of left and right chiral components, it should also be possibile to generalize it
to other completely rational nets (when the charged fields are available), in the presence of
irreducible representations with statistical dimension greater that 1 (i.e., in the non-pointed
tensor category case).

This paper is organized as follows. In Section 2, we recall the fact that two-dimensional
conformal field theories extend to the Einstein cylinder, then set out the operator-algebraic
formulation of the chiral components and of the full two-dimensional CFTs. We also collect
some facts about representations and charged fields of chiral components, in the case of
automorphisms. In Section 3, from a family of chiral components equipped with a collection
of automorphisms and satisfying certain conditions on the braiding, we construct an extension
of their tensor product on S*. In Section 4, we take a pair of left and right chiral components
with a collection of automorphisms and assume that their braidings cancel in a certain sense,
and we construct a full two-dimensional CFT extending the tensor product of the chiral
components. In Section 5, we study the case where the charged primary fields are given as
formal series. Under similar assumptions on the braiding and assuming energy bounds, we
exhibit the Wightman fields responsbile for the extensions at the level of nets constructed in
the previous sections. In Section 6, we consider the explicit example of the U(1)-current. We
exhibit its charge structure, their braiding and charged fields, and we show that they fit in
the general construction of the previous sections. In Section 7, we summarize our outlook.

Notations

In order to keep uniform notations throughout the paper, we label chiral (one-dimensional)
objects, while we use symbols without a label for two-dimensional objects.

o A &, ¥, AL, Ar, ¥R, Y1 chiral net/chiral fields/chiral charged fields.

o Ay, 1k chiral extension/chiral charged local fields.



o A: two-dimensional net.

o A @Z: two-dimensional net/two-dimensional charged local fields.

2 Preliminaries

2.1 Einstein cylinder

Four-dimensional conformally covariant Wightman fields have been shown to extend naturally
to the Einstein cylinder [LM75]. Moreover, the conformal group acts on the Einstein cylinder
in a natural way and the fields are covariant with respect to its action. In two dimensions,
an analogous procedure can be carried out with one more step because the two-dimensional
Einstein cylinder is not simply connected. To state these results, let us first discuss the
conformal geometry. We follow [KLO04b], and start the discussion with the lightrays R in
R1+1.

The Mobius group PSL(2,R) = Mob acts on the one-point compactification S! of R,
where R is identified with S'\ {—1} through the stereographic projection. Hence, by lifting
such action, its universal covering group Mob acts on R, the universal covering of S*. The
original lightray R is identified with the interval (—m, ) in R as the universal covering of S.
For an interval I such that I C (—m,7), there is a neighborhood U of the unit element in
Mob such that if v € U, then - I C (—m, ). In this sense, the group Mdb acts locally on
the lightray.

The two-dimensional Minkowski space R'*! has the metric (a,b) = agby — a1by, where

a,b € R With the lightcone coordinates (a_,a;) = (“0;\/5“1, %), the Minkowski space
is the product of two lightrays R'™ = R x R (in the lightcone coordinates, not the (ag, a;)-
coordinates) and the metric can be written as (a,b) = a_by +a;b_. A conformal transforma-
tion of R*! is, by definition, a transformation of R'*! that preserves the metric up to a scalar.
From the above expression, it is clear that a product of any pair of orientation-preserving
diffeomorphisms of lightrays is a conformal transformation.

The diamond Dy = {(a_,a;) : —7 < ax < 7} can be mapped to the Minkowski space
R by the conformal transformation (a_,a.) — (tan(3a_), tan(3a,)). Through this trans-
formation, R'*! can be identified with Dy. On Dy = (—m, 1) x (=7, 7), the group Mob x Mob
acts locally in the sense above.

Let R; be the lift of the rotation by ¢ in Mdb. In a two-dimensional conformal field
theory, the correlation functions are invariant under the local action of Mob x Méb, and
moreover, the spacelike 2m-rotations R := {Ropr X R_onr : 1 € Z} are often trivial. If this
holds, the field theory can be extended to the Einstein cylinder! £ = R /9. In the most
favorable case, the theory extends to £ and there is also a local action of the conformal

group ¢ = Diff, (S1) x Diff, (S1) /.

IThis is topologically equivalent to S' x R, but the product structure is different from the lightray
decomposition.



Figure 1: The Minkowski space R!™!, depicted as the diamond. When the spacelike rotation
Ry, X R_o, is trivial, the dotted lines are identified and it is a subset of the Einstein cylinder

£.

2.2 Chiral components and representation theory
2.2.1 Conformal net on S!

Among conformal fields, there are those that do not depend on one of the lightray coordinates.
They are called chiral fields, and can be restricted to the lightray, then extended to the
circle S by locality. We put the index  to the objects in this section, although we study a
single chiral component. This convention will be useful later when we combine various such
components, while we denote two-dimensional objects without index.

Let us start with a net on R, and see how it extends to S'. Note that if a unitary
projective U, representation of Diff (S') on a Hilbert space H, is restricted to the semisimple
subgroup M&b, there is a unique true (non-projective) representation whose quotient in
PU(H,) coincides with U,. In this sense, we can consider the spectrum of U, restricted to
MGob without ambiguity [Bar54, Theorem 7.1].

We call a triple (A,, Uy, Q) a conformal net on R if A, assigns to each open non-dense
non-empty interval / C R a von Neumann algebra A, (/) on a Hilbert space H,, U, is a
unitary projective representation of Diff, (S') and Q, € H, such that

(1dCN1) Isotony: if I} C Iy, then A ([;) C Ax(ls).
(1dCN2) Locality: if [; and I, are disjoint, then A, (1) C A(ls)'.

(1dCN3) Diffeomorphism covariance: For a bounded interval I C R, there is a neigh-
borhood U of the unit element of Diff, (S') such that if v € & then v-T C R
and

Us(A(DUx(7)" = As(7 - ).
Furthermore, if supp 7 is disjoint from I, then Ad U, (y)(x) = x for x € A, (I).

(1dCN4) Positivity of energy: the restriction of U, to the translation subgroup R C M&b
has the spectrum contained in R .



(IdCN5) Vacuum and the Reeh-Schlieder property: there exists a unique (up to a
phase) vector Q, € H, such that U, (g)S2; = Q. for g € Méb and A, (1)Q2 = H,.

If we assume only the covariance with respect to Mdb, we call it a Mobius-covariant net.

If U, factors through Diff, (S') as a projective representation, that is, if Ux(Ranx),n € Z
is a scalar, then A, can be extended to a net defined on the set Z of non-dense, non-trivial
open intervals on S' and it satisfies the usual axioms of conformal net on S*, that is a
triple (A, Uy, Q.) satisfying isotony, locality, Diff, (S*)-covariance, positivity of energy and
the vacuum properties. See, e.g., [KL04a, Section 2.1], [CKLW18, Chapter 3].

We also recall that U, can be made into a unitary multiplier representation (rather than
projective) of Diffy (S1), that is, Us(71)Ux(72) = c(71,72)Uk(1172) for some ¢(vq,7,) € C
[Car04, Theorem A.2], [FHO5, Proposition 5.1]. Such c is called the cocycle of the multiplier
representation.

Proposition 2.1. Let (A, Uy, Q) be a conformal net on R. Assume furthermore that
Us(Rox) = 1 (in PU(H,)), that is, the lift of 2m-rotation is trivial. Then (A, Us, )

extends to S*.

Proof. 1f U,(Ry,;) = 1, then its adjoint action is trivial, and the natural extension of A, on
(—m, ) to R (the universal covering of S') is periodic, hence we can regard it as a net on S*.
It is known that the positivity of energy restricted to the rotation subgroup and that to the
translation subgroup are equivalent (see e.g., [Wei06, Lemma 3.1]). The remaining axioms
of [KL04a, Section 2.1] follow easily. O

The assumption U, (Rs,) = 1 is necessary, but we do not know whether this follows from
more general assumptions (cf. the Bisognano-Wichmann property is necessary and sufficient
[GLW9S8, Theorem 1.4], but we are not aware whether it is automatic for conformal nets on
R).

There is an example of a net on R with a weaker covariance and not extending to S*
(U, is only a projective representation of the group generated by translations, dilations and
diffeomorphisms of R with compact support): the U(1)-current net with the perturbed stress-
energy tensor [BSM90], see also the discussion in [MT18, Section 5.2].

2.2.2 Representations of chiral conformal nets

A representation of a conformal net A, (or more precisely of (A, Uy, 2)) on S! is a family
of representations p = {p;} of {A.(I)}1ez on a single Hilbert space H?, which is compatible
in the sense that if Iy C Iy, then pp,|a,. 1) = pr,- If HZ is equal to H,. and pr(A. (1)) = A.(1),
equivalently if the C*-tensor categorical or statistical dimension d, equals 1, we say that p is
an automorphism of A,.

Let us summarize the observations (cf. [MTW18, Section 6]):

e Any automorphism is irreducible, hence diffeomorphism covariant in the following sense
(cf. [DFK04, Theorem 6] for projective representations, [CDVIT21, Section 3.2] for
local multiplier representations): there is a local unitary multiplier representation U?
of a neighborhood U of the unit element of Diff, (S') with the same cocycle as that
of U, such that Uf(vy) = p(Ux(y)) if suppy C I for some I and AdUL(v)(p(x)) =



p(AdU(7)(x)) for x € A,(I) for some I, v € U (the last restriction is why we call it
a local representation). U’ extends to Diff, (S1) as a projective representation because
Diff, (S1) is simply connected. Moreover, its restriction to MGb is a true representation
and it has automatically positive energy [Wei06, Theorem 3.8]. Therefore, the lowest
eigenvalue of the generator of lift rotations Lf is uniquely determined, and we denote
it by h2. This is called the conformal dimension. As the 27-rotation is trivial, the
spectrum of Lf is contained in h? + (NU{0}). By the first part of the proof of [FHO5,
Theorem 5.1], the representation U? extends to a unitary multiplier representation of
Diff, (S1).

If p,p’ are two representations of A, and there is a unitary V' € U(H,) such that
Vpr(z) = pi(z)V, for every € A,(I) and for all I € Z we say that they are unitarily
equivalent. We also say that V' is a unitary intertwiner between p and p'.

An automorphism is said to be localized in I if p; = id, where I’ is the interior of
ST\ I. In this case, p; maps A, (I) to itself, i.e., it is an endomorphism (in this case
an automorphism) of A, (I), by Haag duality on S*. Given p localized in I, one can
always find a unitarily equivalent automorphism localized in another interval I,. If
I, U I, is not dense in S', one can take a proper interval I that contains I; U I», and
by Haag duality on S!, the unitary operator V implementing the equivalence belongs
to A, (). Such a V is called a charge transporter.

The operator z, ,(7) := Ux(y)UL(7)* for v € Diff; (S?) is a charge transporter between
p and p?, where p? := Ad U, () o po AdU,(y!) is localized in v - I if p is localized in
I. We call z, ,(7) the covariance cocycle, or just cocycle, of p.

The DHR tensor product of representations p; and ps is defined by the composition
of the associated endomorphisms (automorphisms in this case) localized in each I. In
symbols, (p1); ® (p2)r := (p1)1 © (p2)1, or just (p1);(p2)s, for short. The resulting
representation is denoted by p; ® p, or just by p1ps. See, e.g., [GF93, Sections IV.2].
For strongly additive conformal nets on S', or equivalently for conformal nets on R that
satisfy Haag duality on R, the tensor product can be defined globally, see, [KLMO1,
Appendix B], [GR18], which is closer in spirit to the original definition of Doplicher—
Haag—Roberts [DHR69a], [DHR69b)].

Let p1, po be two automorphisms localized in I. In order to define the DHR braiding
[DHRT71], [FRS89] between p; and ps, let us choose a point on S', identified with the
point at infinity by means of the corresponding stereographic projection onto R. Take
p1, p2 localized in Iy, I, respectively, such that Iy NIy = 0, I}, I are away from infinity,
and take charge transporters Vi, V5 between p; and pi, po and ps, respectively. The
operator €, = po(V;*) V5 Vip1(V3), where + depends on whether [; is on the left or
right of I, is a unitary intertwiner between p;ps and pyp; with all the properties of a
unitary braiding in a unitary tensor category. It does not depend on the choice of p1, pa
or Vi, V5 under the same configuration of I, I, or on the chosen point at infinity, see,

e.g., [GF93, Section IV 4].



e Let p be an automorphism localized in I. The conjugate automorphism p of p is the
automorphism localized in I’ given by j o po j, where j = Ad J; and J; is the modular
conjugation of A, (I) with respect to the vacuum. It follows that pop = id, see [GL92,
Theorem 8.3], [GL96, Theorem 2.11].

Let (B, U, Q.) be a conformal net on S and let {A,};cr be a family of von Neumann
subalgebras A, (1) C B, (I) satisfying covariance with respect to U,. Then, on the subspace
Ha, = Urer A, (Axlpa, - Uklra, - ) is a Mébius-covariant net with respect to U,
because U (7)zQ = Ad U, (7)(x)82,; € A(y - 1)) for x € A, (1), thus Uk(7y) preserves H.a,..
The restriction of Uy|y, to Mob often extends to Diff, (S') and Ay, is covariant with
respect to it, in which case we say that A, is a (conformal) subnet of B, and write A, C B,
for simplicity. In this case, we say that B, is an extension of A,.

2.2.3 Charged fields associated with automorphisms

Let {(A,, Uy, Q.)} be a conformal net on S*. In this section, we assume that among its irre-
ducible representations there are non-trivial automorphisms, cf. [DHR69b], [Bau95, Chapter
3] in the four-dimensional context with symmetric tensor categories. In the language of tensor
categories, the representations of A, contain a (braided) pointed tensor subcategory.

Fix an interval I € Z. Let A, be a choice of mutually inequivalent automorphisms of A,
localized in I, one for each unitary equivalence class, including the trivial automorphism id
(the defining vacuum representation) of A,. Under the present assumption, the equivalence
classes of automorphisms form a discrete (finite or infinite) abelian group G under class
multiplication [p][o] = [po] (where po is the composition of automorphisms) and inversion
[p]™' = [p7!]. Let us assume that G is finitely generated, whose elements we denote by
g,h,g7 ', ..., and we denote by ¢ the identity element. Let x(g) € A, for every g € G, be
the previously made choice of automorphisms of A,. We assume that x(:) = id. Without
loss of generality, by suitably changing the localization of the automorphisms inside I, we
may assume that x(g)k(h) = k(h)k(g) for every g,h € G. Note that we are not assuming
k(g)k(h) = k(gh), as A, need not be closed under composition and inverses. For every
g,h € G, let V9" be a unitary intertwiner in A, (I) between k(gh) and r(g)r(h) realizing
the equivalence [k(gh)] = [r(g)][x(h)]. Namely, V9"x(gh)(z) = k(g)(k(h)(x))V9" for every
z € A.(I). We may assume that V9" = V"9 and that V9* = V4l = 1.

For each g € G, we define the operator ¢ acting on the Hilbert space H,. = @gGG Hﬁ(g),

where HE® = ‘H,. the vacuum Hilbert space of A,., by setting
(WI0), = VI (T) g,
for every U € H,.. We call the 19 charged field operators. They satisfy the following:
e BFach %Y is unitary on H,. and it maps HEP o HEGR) for every h € G.

o Consider the representation #(z) := @, . £(h)(x) of x € A, (I) on H,.. Then

(W2 ()W), = VO (R(2)W),,
= Vo' k(gh)(z) (¥),,,

8



for every ¥ € H,., where we used that x(h) and x(g) commute in the 4th equality.

Therefore, we have the “charged field intertwiner” property (in the sense of Doplicher—
Roberts [DR72]) together with its conjugate (by substituting x with x(g)~!(z*)):

UiR(x) = k(k(g) (@) ¢, (2.1)
() #(x) = k(k(g) (@) (1),

for every = € A,(I), as operators on #,.

8

The covariance cocycles zq)(y) for v € Diff, (S1) are unitary charged transporters
between x(g) and (g)7, and they fulfill the following tensoriality property. See [Lon97,
Appendix A], [DG18, Section 7], [MTW18, Proposition 6.1]. Tensoriality of cocycles:

Z(9) () E(9) (Zin) (7)) = Zu(g)nny(7), or equivalently z.ig)(7) ® 2un) (V) = Zi(g)@nm) (7)-

Let Uy(y) := D, Ur® (7) be a representation of Diff, (S1). As in [DG18, Theorem
7.7], [MTW18, Section 6], we get

(Ue()PL0 (7)), = UEW () (U () V),
= UM () Vo (U, <> W) g
= UM () VIPUEI (1) (0) g1
= UM (U0 () VIR (W),
= U ()UFY () UF () UFO" ) (1) VI (W)

= 2oy () 2 (nys(e) (N VI () g
= () (2a(@)(M))V" (¥)gn
= (R(2x(g) (7)),

for every U € H,.. We used that Us' (v) = k(g)(U.(7)) if supp ¥ C I in the 4th equality
(see Section 2.2.2), the definition of z,)(y) in the 6th equality, and the tensoriality of
the cocycles in the 7th equality.

Therefore, we have the following “covariance property” of the charged fields: for every
v € Diff (S1), as operators on H,,

AdU (M) = Bza(e) (MY (2.2)
Ue)((82)7) = &lzu(e)-1 (D) (@2)",

where we used that (12)* A (2. (¥ ) F(2Zi(g) -1 (7)) (W9)" = E(2ug)-1 (7)) (¥2)* by the

charged field intertwiner property of (¢9)* and the tensoriality of cocycle

9



Remark 2.2. Note that the charged fields constructed above are highly non-canonical, as they
depend, e.g., on the choice of V9" for every g, h € G. Note also that we are not demanding
neither 9" = 9" nor ¢9* = wf(l for g,h € G, i.e., the charged field operators need
not form a group, cf. [Reh90, Section 3]. Nevertheless, by the intertwiner and covariance
properties, for every choice of V9", they give rise to relatively local extensions of A,.

Later we shall need the condition ¥%)" = ¢")9 on the charged fields just defined, in
order to produce local extensions of tensor products by “gluing” conformal nets. Note that
YIPh = Mhpd. alone, does not mean locality of the extension. Note also that the group
multiplication condition ¥91" = ¥9" would imply the commutativity condition ¢91h = )9,
as (G is abelian.

Proposition 2.3. In the notation of this section, suppose that G = Z, whose elements we
label by {0,1,...,n — 1} modulo n, and let « € A, be an automorphism localized in I such
that o* € A, and [a"] = [id]. Choose a unitary V € A.(I) intertwining id with o™, i.e.,
Vz = a"(x)V for every x € A.(I). Let the V9" g h € G, be defined by VI .= V if
g+h>n, where g,h € {0,1,--- ,n — 1} are thought of as representatives, and by V9" := 1
if g+ h < n. Then vyl = Y02 and (U2)"w = Wh(WE)* for cvery g,h € G.

Proof. Only in this proof, we use the additive notation g + h for the group operation.

We first note that with our choice V9"k(g + h) = k(g)x(h)V9". By taking the represen-
tative g,h € {0,1,...,n — 1}, this can be checked by cases depending on whether g +h > n
or g+ h < n and using that x(g) = x(1)9.

From the definition, it is straightforward that ¢! (where the upper index 1 is the group
element, not the exponent) is the product of a shift on @, HY = P geq He as a Hilbert
space followed by 1 or V, and that 9 = (¢0})9, again with g € {0,1,...,n — 1}. From this
it is clear that 9, (1)9)* and " commute.

O

Now let GG be a finitely generated abelian group. Then it is isomorphic to a finite product
of cyclic groups Z, or Z. Let us assume that A, is a choice of mutually inequivalent auto-
morphisms of A, localized in I and their equivalence classes form G as a group. For each
of the finite cyclic groups Z, in G, we can choose a generator in A, localized in a smaller
interval I C I. For each of these generators, we choose V"9 € A(I) as in Proposition 2.3,
constructing the operator " for such h, g € Z,. We can make this choice for each copy of Z,
by choosing finitely many mutually disjoint smaller intervals inside I, obtaining commuting
operators ¥ 19 where g, h are in different finite cyclic groups in G. For each of the copies of
the infinite cyclic group Z, we can take a generator 1 and we may assume that x(g) = x(1)¢
for all g € Z, thus we can set V9" := 1 and Iy = 9" for every g, h € Z. Altogether, we
obtain charged fields 1" for every h € G, satisfying ¢9 = p9y)h.

Remark 2.4. Even if G is not finitely generated, if there is a choice of A, such that k(g)x(h) =
#(gh), then one can construct ¥ satisfying 199" = 9" = )9 as in [MTW18, Section 6],
thus (¢9)* = wffl and the rest of our construction works as well. This happenes with the
U(1)-current net with G = Q or R.
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2.3 Two-dimensional conformal nets

In [KLO4b], it was shown that any Haag—Kastler net on R*! that is locally conformally
covariant extends to the Einstein cylinder, using a slight modification of the conformal spin-
statistics theorem [GL96], [MT18, Theorem A.5]. To state this result precisely, let us start
with a net on R*!. We call a triple (A, U, Q) a conformal net on R'*! if A assigns to each
open region O C R'! a von Neumann algebra A(O) on a Hilbert space H, U is a unitary
projective representation of Diff, (S1) x Diff, (S1) and Q € H satisfying

(2dCN1) Isotony: if O C Oy, then A(O;) C A(Os).
(2dCN2) Locality: if O; and O, are spacelike separated, then A(O;) C A(O2)'.

(2dCN3) Diffeomorphism covariance: For a bounded region O C R, there is a neigh-
borhood U of the unit element of Diff, (S') x Diff; (S') such that if v € U then
v-0 C Rt and

UMAO)U(y)" = Aly - 0).
Furthermore, if supp v is disjoint from O, then AdU(v)(x) = z for A(O).

(2dCN4) Positivity of energy: the restriction of U to the translation subgroup R? C
Mob x Méb has the joint spectrum contained in the closed forward light cone
Vi ={(ag,a;) € R"™' : a2 —a? > 0,a9 > 0}.

(2dCN5) Vacuum and the Reeh-Schlieder property: there exists a unique (up to a
phase) vector 2 € H such that U(g)Q2 = Q2 for g € M6b and is cyclic for any local
algebra, namely A(O)Q = H.

If there is a conformal net on R'*! as above, we can consider it as a net on the diamond D, =
(—m,m) x (—m, m) as in Section 2.1. With this identification, the group Diff (S1) x Diff; (S1)
acts on R x R, and we can extend the net A by covariance. However, this extension is not
very natural. Indeed, it often happens that the conformal net extends to £ rather than to
R x R. We say that (A,U, () is a conformal net on & if A is defined for regions in &,
covariant with respect to U along the natural action of Diff; (S1) x Diff; (S') and local in the
sense that A4(O;) and A(O,) commute whenever there is a translation v of the cylinder such
that Dy contains v - O1,7 - O2 and they are spacelike there. A sufficient condition is given
in [MT18, Theorem A.5] (the Bisognano—Wichmann property for wedges), however, it is not
immediate to check it in the examples we construct. Instead, the following is easier to check
and gives immediately the desired extension.

Proposition 2.5. Let (A,U,Q) be a conformal net on R Assume furthermore that
U(Ryr X R_5;) =1 (in PU(H)), that is, the spacelike 2m-rotation is trivial. Then (A, U, )
extends to a conformal net on .

Proof. This is parallel to Proposition 2.1.

As U(Ry, x R_5;) = 1, the representation U factors through the group ¢ (see Section
2.1). Furthermore, as U(Ra; X R_o;) = 1, for any region O, A(O) and A(Rz; X R_a; - O)
coincide. Therefore, we can identify any point x on R x R and Ry, X R_5, - x, and obtain the
Einstein cylinder £. Covariance follows by definition, and locality in the sense above follows
from covariance and locality in Dj. O]
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In the situation of Proposition 2.5, our net (A, U, <) is equivalent to a local conformal
net in the sense of [KL04b, Section 2.

Rehren introduced the maximal chiral nets of a two-dimensional conformal net (A, U, Q)
that extends to £ [Reh00]: let I, x I be a diamond in R, Define A" (I) = A(I, x
Iz) NU (v x Diff; (S1))’, where ¢ is the unit element of Diff; (S1). Then AP* is a priori a
conformal net on R defined on the Hilbert subspace H;, = AP**(), and satisfies the condition
of Proposition 2.1, therefore, it extends to S*. Similarly, one can define AZF*™ on Hg. The
original full net A contains the tensor product AP @ AF* on the subspace Hy, ® Hr C H
(more precisely, there is a natural injective homomorphism from AP ® AR* into A). In
this sense, a generic two-dimensional conformal net A is an extension of the tensor product

net Amax @ Amax

3 Omne-dimensional gluing from vanishing total braid-
ing

In this Section, from a family of conformal nets on S! satisfying certain conditions, we con-
struct local extensions of their tensor products. Let us start with a finite collection conformal
nets {(Ax, Us, Q) trere on St labelled by k € K, |K| < oo. We fix an interval I € Z. We
assume that each A, admits a (not necessarily finite) collection A, of mutually inequivalent
and commuting automorphisms localized in I, containing the trivial automorphism id,,, and
whose fusion rules (up to unitary equivalence) are isomorphic to the same abelian group
GG, as in Section 2.2.3. This group G should be either a finitely generated abelian group,
or we assume that we can choose elements in A, and charged fields ¥ as in Section 2.2.3,
fulfilling the conclusions of Proposition 2.3 (for each k € K). Denote also by k : G — A, a
bijection (not necessarily an isomorphism, as each A, need not be closed under composition
and inverses), such that x(¢) = id,, for each K € K. Here k is used as an index as well as a
map, with a slight abuse of notations, hence x(g) is an automorphism of A4,. Furthermore,
we assume that, for all g1, g2,9 € G,

+ _

o [l = b
+ _

° HH €rlgr) 1 r(g2) — L,

o« > ez,

where the choice of + above is common for all x, and we denoted by the same symbol e-

#(91)r(92)
the phase multiple of 1 (the trivial intertwiner between x(g;)r(g2) and itself) associated with

the braiding of k(g;) and x(g2). This makes sense by the commutativity assumption on A,
namely k(g1)k(g2) = k(g2)K(g1)-
Now we construct a conformal net Ay on S' as follows.
e The Hilbert space for our net is Hr = @, cq @ ex H59 On this space, we let
any operator of the form @), 2, € @, Ax(I) act? as @ o R, k(g)(,). Denote this

2To clarify the notation once more, % in z, and A, works as an index to distinguish different tensor
components, while k£ in k(g) indicates the choice of automorphism in A, labelled by g € G. Therefore,
k(g)(x,) is a bounded operator on HY. In general, x works as an index except for x(g).

12



representation of the tensor product net ), A, by K.

We also consider an auxiliary tensor product space Hy := @, D,cc HE S Hy
The representation of the element ), z,. on this space is denoted by K (X, xx). We
have K(Q),. zx)|ux = K(Q),. k).

The vacuum vector of the net we are defining Ax will be Qg = Q). Q2 € Q. ’H,fm,
the (-th component of Hy.

The covariance is given by Ux(7y) = @, &, Ur@ (7), which is a unitary multiplier

representation of Diffy(S'). By the condition that ), hil9 e Z, Uk satisfies the

assumptions of Proposition 2.1 and is a unitary multiplier representation of Diff, (S1).
Thus by ignoring the phase, it is a unitary projective representation of Diff, (S1). This
also extends naturally to Ux on Hp.

For each element g € G, we introduce the charged field operator ¥4 as follows. Our
Hilbert space Hy = @gea . HE9 s a “diagonal” subspace of the auxiliary Hilbert

space Hig = @, He = Q. D, 29 in a natural way, where recall that H, was
defined and used in Section 2.2.3. Let

Vi = Qv

where 19 are charged fields acting as in Section 2.2.3 on H,., hence Y acts on Q). H,
but preserves Hy. Now, for the 1)¢ we make the choice of the V9" leading to the
conclusions of Proposition 2.3 and comments thereafter. Namely, we choose charged
fields such that 91" = "9 and (1p9)*" = P (p9)* for every g, h € G.

From the charged intertwiner property (2.1), it follows that

LR - K (®n<g><xﬁ>> " G.)

K

R () - K (®m<g>—1<m,@>) Wy 62)

K

The local algebras are given as follows. For the interval I fixed above, we set

Ax(l) = K ((X) An(1)> VA{vk (Wk) See:

For any other interval v - I C R given by the action of a diffeomorphism v, we set
Ag(y - I) = AdUgk(7)(Ag(I)). We will show below that this net is well-defined,
diffeomorphism covariant, local, and it extends to S*.
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Theorem 3.1. Let {(A,, Uy, Q) }rex as above and assume that {A}eek, their braiding and
hit9) satisfy the conditions stated at the beginning of this section. Then the net (Ax, Uk, Qk)
satisfies (1dCN1)—-(1dCN5) and the condition of Proposition 2.1, hence provides a conformal
net on S, extending the chiral tensor product net @, A,.

Proof. Although the calculations will be similar to those of [MTW18, Section 6], the setting
is different because we construct a chiral net on S*, instead of two-dimensional on £. Let us
present the proofs to exhibit why this works for |K | tensor products.

Let us first Compute on the auxiliary Hilbert space @, H, with Ux(7) == ®,. U.(7),
where U, (y) = Dy Uk 7~ () was defined and used in Section 2.2.3. Using the covariance
property of charged fields (2.2) (i.e., the formula for the adjoint action of Uﬁ(v) on ¢ acting
on each H,.), we get

Ad Uk (7) (@ Zu(e) (Y ) Uk,
AdUx(N)((@%)7) = K (@ zn(grl(’y)) (¥k)

Furthermore, we also have %% = k)9 (@ZJK)*%”( YR (¥9.)* by the commutation con-
dition we imposed on the charged fields 19, ¥, and (1)9)*.

We have to make sure that Ak (v-1) is well- deﬁned that is, the definition does not depend
on the choice of 7. This question reduces to whether Ad Uk (7)(Ag(I)) = Ax(I) if v- 1 = 1.
This is true because we can check the inclusion for v with compact support and generating
elements of Ak (I):

AUl ((@))_ <®AdU >6AK<>

Ad Uk (v) ((X)zn )¢K6AK( ),
AdU(1)((W%)") = K ((X) zf@(g)—l(v)) (Vi)™ € Ax(1).

because 2.5 (7) € Ax(I). As a general v can be written as a product of diffeomorphisms
with compact supports, this gives the inclusion Ad Uk (7)(Ax (1)) C Ag(I), and the converse
inclusion is obtained by applying this to v~ 1.

With this well-definedness, the first part of covariance (1dCN3) follows by definition.
Concerning the second part, if supp~y is disjoint from 7, then Ugk(y) commutes both with
K (®,. A«(I)) by covariance of A,. Furthermore, U () commutes with 1% because com-
ponentwise ¢, is a product of the shift and an element in Q) A.(I), while Ux(y) €
K (®, A.(I')) and this commutes with the shift because the x(g) are localized in I.

Positivity of energy (1dCN4) follows because Uk is a direct sum of positive-energy rep-
resentations. The vacuum  is invariant under Uk |y, because it is the tensor product of
the vacuum vectors of A,. It is cyclic for Ax (1), where I; C I', because Ak (I1)Q2x spans
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Q.. H.. due to the cyclicity of the vacua of A, and the whole H, since Ak (I;) contains the

shifts K (z,(7))1% (up to a unitary on the left). From the assumption 3, hi9 € 7, for each
g € G, we can apply Proposition 2.1.
As for locality, we take v such that -1 is disjoint from /. We have to show that generating

elements K(Q, ), ¥f! of Ax(1) and AdUx(7) (K (@, ) ), AdUx(y) (652) of Axc(y - )
commute. This is easy except the one involving % and Ad Uk (y)(¢3%). As we have seen,
AdUk(7) (W) = K (Q,, zx() (7)) ¥%. Therefore, to compute the commutator,

®AdUK(7) (%) = VR K <®Zn(92)(7)> i

K

:k(@dgn(zn(m») g,

K

and

AdUK( )( K) g(% :K<®Zﬁ(92)<’}/)) 1/1%? %

K

Now observe that zn(g2)(7)*5(g1)(2n(g2)(7>> = ej(gl),n(gz) (the DHR braiding, a scalar in the

case of automorphisms k(g;) and k(g2)) where the 4+ sign depends only on whether v moves
I to the left or to the right, and the choice of :I: is common for all /<a) Hence the two left
hand sides above are equal if and only if HK €lg)mlen) = = 1 and Y7 = YRy for every
91,92 € G. The commutation between (¢%)* and AdU K( )(132) follows too by replacing

k(g1) by r(g1)"" and using the condition ], € fgl () = 1 and (P p2 = %2 (h7h)*.
Locality for general intervals follows from the prev1ous paragraph and covariance. O

If all A, are strongly additive, that is, A, (I3) = A.(I1) V A, (I2) where I, I5 is obtained
by removing one point from I3, then A is strongly additive, too. This can be seen by taking
I; = I, then Ag([3) is generated by the same ¢}, € Ax(I) and K(Q), zx), T € Ax(l3) =
-An(]) \ AH(IQ)

This construction can be carried out even if there is only one index &, if the the condition
ej(glm(%) = 1 is satisfied. When applied to the U(1)-current net, this gives the extensions
considered in [BMT8S], cf. Section 6, where G = Z, the map & is a group isomorphism, and
k(g1), k(g1) are powers of the same fixed automorphism x(h) having ef(hm(h) = 1 (bosonic

automorphism).

4 Two-dimensional conformal field theory arising from
braiding-cancelling map
With an idea similar to that of Section 3, we construct conformal nets on R!™!. Here we

start with left and right chiral components, take their tensor product as a two-dimensional
conformal net, then find extensions of it.
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4.1 Extensions with pointed tensor category

Let us start with a pair of conformal nets Ap, Agr on S'. We fix an interval I C S*. As
in Section 3, we assume that A;, and Ag admit, respectively, a family A, Ar (finite or
infinite) of mutually inequivalent and commuting automorphisms localized in I, containing
the trivial automorphism idy,,idg, and whose fusion rules (up to unitary equivalence) are
isomorphic to the same abelian group G, cf. Section 2.2.3. This group G should be either
finitely generated, or we assume that we can choose elements in Ay, Ar and charged fields
Yf b with the commuting property as in the conclusions of Proposition 2.3 (for £ = R, L)
and comments thereafter. We assume that

e A; and Ag contain the trivial automorphisms idy,, idg of A, and Ag.

e Denote by L, R the bijections from G to Arp, Ar, respectively, corresponding to the
choice of automorphisms, with abuse of notations. Let L(¢) := idp, R(¢) := idg.

- T I
o Forevery g1, 92 € G, it holds that €f ) 1 (5,) = €Rgy) r(ga) 22 €T2)0002)1 = Regn) i)
(braiding cancellation), and h9) = hR) for every g € G.

In this section, we denote by the same symbol ef(gl) L(gs) the phase multiple of 1 (the

trivial intertwiner between L(g1)L(g2) = L(g2)L(g1) and itself) associated with the
braiding of L(g;) and L(gz). Similarly for R(g1) and R(g2).

Remark 4.1. Let A, = Ag. If G is cyclic, then the braiding cancellation is automatic if
we take A, = Ag and L(g) = R(g)™! for every g € G. Indeed, in general, for commuting
automorphisms, it holds that ef(glm(”) = 65(92),17L(91),1. Now, for automorphisms L(g),
L(g2) that are powers of the same L(h), namely L(g;) = L(h)", L(g2) = L(h)™ for n,m € Z,
. —+ + nm __ + . .

it holds er, 110 = (ELmynm)™ = €Ligs) L(e) (Ramely, the nm-th power of the statistical
phase of Li(h)). Hence ¢g; and go can be exchanged and we have braiding cancellation.

With this input, we construct a conformal net A on R as follows.

e The full Hilbert space is H = @geG Hi(g) ® Hlp{(g). On 7:Z, any operator of the form
zr, @ 1R € AL(lL) ® Ar(Ir) acts as @, L(9)(z1) ® R(g)(2r) (see the footnote 2 for
this notation). Denote this representation by 7.

e The vacuum vector of A is Qp, ® Qg € HILJ(L) & ’Hﬁ(”-

e The covariance is given by U(y, X r) = D, U9 (1) © URY (yg), which is a

unitary projective representation of Diff, (S') x Diff, (S1). By the assumption that
hM9) = pR) 1] satisfies the condition of Proposition 2.5.

e Note that H can be seen as a subspace of Hy, @ Hy := (@gec Hlﬂ(g)> ® (@ge(; Hﬁ(g))
in a natural way. We denote L := D, cc L(9), R:= D, cc R(9)-

e Let ¢, 9% be as in Section 2.2.3, with the V9" chosen as in Proposition 2.3. For each
g € G, we introduce the charge operator 9 as follows

V9 =) @ Ph € B(HL) ® B(Hr). (4.1)
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It is then clear that 1;9 preserves H.
From this definition and by (2.1), it follows that

~

VL(r) © Rizr) = LL(9)(x1)) @ R(R(9)(xr))¥", (4.2)
just as in (3.1).

e The local algebras of A are given as follows: For the diamond I x I, we set /T([ x1):=
T(AL(I) ® Ar(1)) V {99, (¢?)*}4eq. For any other diamond ~yg, - I X g - I, we set

Ay - I xyg - I) :== AdU (v, x yr)(A(I x I)).

Theorem 4.2. The net (A, U,Q) satisfies (2dCN1)-(2dCN5) and the condition of Proposi-
tion 2.5, hence provides a conformal net on &, extending the two-dimensional conformal net

A ® Ag.

Proof. The most of the properties, well-definedness of A, (2dCN1)—(2dCN5) except for
(2dCN2) and the condition of Proposition 2.5 can be verified as in [MTW18, Section 6],

using the assumption (9 = B As for locality, in the proof of [MTW18, Section 6], it is

only important that ef(gl)’L(QQ) = 6§(g1),R(g2) as scalars, which we assume. The commutation
(62)" Therefore,

between (19)* and Ad U(y1, X vr)(19) follows from ef(gl)_l o) = ei(gl)_l Rz
the proof of locality (2dCN2) works as well. O

4.2 Comparison with Longo—Rehren extensions

In this section, we review the so-called Longo—Rehren extensions introduced in [LR95, Propo-
sition 4.10], see also [Mas00], [KLMO01, Appendix A], [BKLR15, Section 3.3] and references
therein, and we interpret them as “generalized shift constructions”. Later, we shall relate
them to the extensions presented in the previous sections.

Let A/ be an infinite factor (e.g., N' = A,(I) a local algebra of a conformal net on S').
Let C be a unitary fusion category (not necessarily braided, for the moment) realized
as a full subcategory of End(/N), the set of normal injective unital *-endomorphisms of N
For the preliminaries on unitary fusion categories (realized, without loss of generality, as
endomorphisms of von Neumann algebras) we refer, e.g., to [BKLR15], [EGNO15]. We use
the notation Home(p, o) for the spaces of intertwiners V' € N between p and o objects in C,
namely Vp(z) = o(x)V for every x € N, the arrows in our subcategory of endomorphism.

For every unitary equivalence class of irreducible objects in C, choose one representative
pi,i=0,...,n, with py = id, and denote A := {pq, ..., pn}. Note that, if C,D C End(N) are
two unitary fusion categories, then the Deligne tensor product CRKD [BKO01, Definition 1.1.15]
can be realized in End(N®N), where N @A is the spatial tensor product® von Neumann
algebra. Next, let J : N/ — N¥ be an antilinear isomorphism of von Neumann algebras,
where NV := J(N), e.g., the natural involution J : z — z*, where NV =2 N°PP. Consider
the unitary fusion category C7 C End(NY) with objects p7 := Jopo J~t € End(NY),
where p is an object in C, and with arrows t7 := J(t), where t is an arrow in C.

3In this section, we denote by ® the spatial tensor product of operators, in order to distinguish it from
the categorical tensor product functor ®, which we shall employ below on intertwiners.
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The Longo—Rehren extension of the spatial tensor product von Neumann algebra
N@NY (an irreducible finite index unital inclusion of factors NQNY C M) is specified by
the irreducible Q-system (Orr, Wir, Xir) in CRCY C End(NQNY) defined as follows. Let

@LR = @ pz®p;7 € End(]\f@f\fj)

1=0,...,

The direct sum is defined by choosing a family of n+1 isometries T;; € NN, i =0,...,n,

“mutually orthogonal” in the sense that 15Ty = 0;#1, and “complete” in the sense that

Hence, by definition, T}, € HomcgcJ(Pz‘®p;7, Opr) for every i = 0,...,n. Note that neither

the endomorphism O1r nor the isometries 7;; are “simple tensors” in C X C7, unless n = 0.
Let Wig := T € Homeges (id ®1id, ©pr) be the unit of the Q-system and let

,,,,,

g = Z %(Tm ® TJJ)(XV: VeVI)Ty, € Homeges (OLr, Ofr)

be the comultiplication of the Q-system, where V' € A runs in a chosen orthonormal basis of
N, (= the multiplicity of pi in p;p;, possibly 0) isometries of Home(px, pip;) (whose dimen-
sion indeed equals ij) for every fixed 4,5,k = 0,...,n, with respect to the inner product
t*t" = 0, 1. The definition of Xir is independent of this choice because J is antilinear.
Note that T;; ® T} ; denotes the tensor product of arrows in the category of endomorphisms,
and that both X7 and Wi belong to N®NY. The normalizations read WigrWir = 1 and
XipXir = (32, d(pi)?)1. Being (Orr, Wir, X1Lr) a Q-system, see [LR95, Proposition 4.10]
for the proof and cf. [BKLR15, Definition 3.8], [BKLR15, Proposition 3.19], then by [Lon94]
Orr € End(NQNY) is a dual canonical endomorphism of an irreducible finite index unital
extension N@NY C M realized on the Hilbert space H@H7 if N and N7 are respectively
realized on H and H7. The beginning of the Jones/canonical tunnel, see [LR95, Section 2.5],
reads

M_y CM_y CNRNT Cc M,

where M_, = O r(N@NY) is the image of Orgr, and M_; = (OLr(NONY), X1R) is
the von Neumann algebra generated together with Xpg. The two subfactors M_o C M _;4
and NONY C M are spatially isomorphic. The Q-system (Orr, Wir, X1r) also specifies a
(unique, by irreducibility, normal faithful) conditional expectation E from M onto NQN7
with Jones projection e € M; (the Jones extension of M with respect to F), or equivalently
E_ () := Or(Wi'g - Wir) from M_; onto M _, with Jones projection e_s := WigrWfg.

Remark 4.3. Choosing a state w on NN (e.g., the vacuum state in the QFT context) and
working in the GNS Hilbert space of (M, wo F) yields the more common description in QFT
of the extension NONY C M with a vacuum vector © (cyclic and separating for M and
inducing an E-invariant state) such that e = [NQN7Q], cf. the proof of [LR95, Theorem
1.9].

Let v := Orr(T;;) XLr € M_4, for every j = 0,...,n. Each ¢;; has the “charged field
intertwiner” property on M_s C M _; in the sense of Doplicher—Roberts [DR72], i.e.,

V;;OLr(z) = OLr(p;@p) (), =€ NONY.

18



We refer to the 1;; as the charged fields of the Longo-Rehren Q-system (Opr, Wir, Xir).
Such charged fields can be defined for every other Q-system of endomorphisms.
As Xir =i 0 Our(T) )¢, because > . T;;TF; =1, it holds

Mfl = <M727 w0,0a ce >wn,n>'

Note that 77000 = @LR< 0 U)XLR @LR(WER)XLR = IL
Setting H; ; :=1T1) T": HRH, for every j =0, ...,n, yields an orthogonal decomposition

HoH' = P Hjy (4.3)

j:07"'7n

Note that H is the range of the Jones projection e_y = T070T0*70 = WirWiR.
Moreover, by definition of Xy and T;; ® T} ; = O1r(Tj ;)T ,, it follows

Vi = Z ,0] T ZV‘X)VJ Tkka

1,k=0,..

where the first sum runs over all 4, k such that Hom(py, pip;) # (0) for fixed j, and the second
sum runs over V' in the chosen orthonormal basis of isometries in Home (pg, pip;). Note that,
while M _5 acts diagonally on H@H by the very definition of Oy, the charged fields ; ;s
mix different components.

Remark 4.4. In the special case of pointed unitary fusion categories C (in particular, d(p;) =
d(pj) = d(px) = 1 and the fusion ring is a finite group), then all vector spaces Home/(py, pip;)
have either dimension 1 or 0. In this case each v;; operates as a “right 5! shift operator”
on the grading of H®H’, mapping each subspace Hy, k = 0,...,n, to the subspace H,;,
such that [px] = [pip;], 1-e., [pkpj’l] = [pi]. Moreover, for every j,j' =0,...,n,

V505 = Z Ti,i(v®vj)T1:,k Z E’,i’(V/®VIJ)T;',k/

— ! /I —
1,k=0,...,n i/ ,k'=0,...,n

where 4, k, 7', k" are such that dim(Home/(px, pipj)) = 1 and dim(Home(pyr, pirpjr)) = 1. Note
that, as A is fixed, the V, V' are both unique up to a phase factor, and 7 is antilinear,
hence the irrelevance of their choice is immediately evident in the pointed case. If we could
choose A to be a group (or closed under multiplication), then using 7}, Ty »» = d#1 and
VV" € Hom(py, pipjpy) = Hom(pw, pipn) for some p, € A such that p;p; = py, then it
would follow that v, ;¢ o = ¢y . If we chose the inverse (i.e., a conjugate in the case of
automorphisms) of some p; to be some p; € A, together with py = id, then vii =i

If C is in addition braided, not necessarily pointed, then the Longo—-Rehren Q-system
is commutative. See the discussion following the proof of [LR95, Proposition 4.10] and cf.
[BKLR15, Proposition 4.21]. Let e;ti’pj be the braiding in C and its opposite, then the com-

mutativity condition reads %LR,GLRXLR = Xig, i.e., for every i,5 =0,...,n,
+
Epi7pj p,“p] Q/Jl le j wj,jd%,h (44)
where €, , ®e, 7 is the braiding between pi®p and p;@pf in C K C, the irreducible

summands of OR.
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Remark 4.5. 1f C is braided and pointed, then each braiding epih p; is & phase multiple of any
fixed unitary intertwiner U € Home(p;p;, pjpi) (both p;p; and p;p; are automorphisms hence
irreducible). Thus €,  ® e, = 1®1 for i = j, by taking U = 1 and by the antilinearity of
J . Equivalently, the statistical phase of each pz@pf is +1 (all bosonic automorphisms in C X
C7) being equal to the (phase associated with the) self-braiding in the case of automorphisms.
If, in addition, p;p; = p;p; for every i # j as automorphisms of N (e.g., by spacelike
localization in the case of DHR automorphisms and N' = A, (1), or if p; and p; are different
powers of the same automorphism as for cyclic groups), then one can take U = 1 as well, and
-

€, pj® epiijgj = 1®1 for every i,j = 0,...,n. In the latter case of commuting automorphisms,

the commutativity of the Longo-Rehren Q-system for braided pointed fusion categories reads
Viithjg = Vibia-

If we take C to be the representation category of a (completely) rational conformal net
on R or S then C is necessarily unitary fusion (finitely many sectors) and braided (also
modular, see, e.g., [BKO01]), equipped with the DHR braiding, by a result of [KLMO01]. Then
the Longo—Rehren Q-system provides an irreducible finite index local (by the commutativity
property (4.4)) and “diagonal” extension Apg of the tensor product conformal net A, &.47 on
R (with equal left and right chiral components), by choosing NON7 = A (I)®@A.(1)7,
where [ is an interval on R symmetric around the origin, and J the modular conjugation
with respect to A,(Ry), Q. (with this choice, py = p;, hence in particular p/ = p; ! in the
pointed case). See [LR95, Theorem 4.9], cf. [DG18, Theorem 6.8], for the general construction
of extensions from arbitrary QQ-systems in the representation category of a local net, and the
comments after the proof of [LR95, Proposition 4.10] for the Longo—Rehren Q-system.

5 Conformal Wightman fields from charged primary
fields

5.1 Conformal Wightman axioms

Here we show that to some of the extensions we discussed in Sections 3 and 4 we can associate
conformal Wightman fields, as we define below. It is natural to expect that such Wightman
fields on R'*! also extend to £ as conformal nets do, and hence we formulate Wightman
fields on &.

For simplicity, let us start with chiral fields on S!. Let us see S C C and the counter-
clockwise direction as the lightlike direction when S! is seen as the one-point compactification
of R as in Section 2.1.

A conformal Wightman field on S! with conformal dimension D is a quantum field
that transforms as the tensor field f %®D_l under diffeomorphisms as (1dW2) below, and
such a field is called a primary field: For D € N,~ € Diff (S') and f € C>(S!), we set
(cf. [RTT22])

X () 1= i log(1 ("))

BoN)(2) = (Xy(v ()P (v (=)
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Note that v is orientation-preserving, hence X is strictly positive and (X, (y7*(2)))P~! is
bounded by some positive number for a fixed ~.

A conformal Wightman field theory on S! is a family of operator-valued distributions
{0} (k is a fixed label, while j indexes the family) on S, closed under the conjugate ((;SLJ.
is also in the family), with corresponding conformal dimensions {D,, ;} defined on a common
invariant dense domain 2 C H,, a unitary projective representation U, of Diff | (S') and a
vector €2, € H,, such that

(1dW1) Locality: for f,g € C*°(S") with disjoint supports, [¢x j, (f), ¢x.j»(9)] =0 on 2.

(1dW2) Diffeomorphism covariance: U,(y) preserves 2 and it holds that
AdU(7)(¢ri(f)) = érj(Bp,,(1)f),  for v € Diff (7).

(1dW3) Positivity of energy: the spectrum of rotations of U, is contained in N U {0}.

(1dW4) Vacuum and the Reeh-Schlieder property: there exists a unique (up to a
phase) vector Q, € H, such that U,(7)$, = Q. for v € M&b and vectors of the
form ¢, j, (f1) - G, (fe)Q, where fi, -+, fp € C°°(S), are dense in H,.

As fields ¢, ; are operator-valued distributions, they can be smeared with functions
¢,(0) = e™ to give their Fourier components ¢, ., = ¢, (¢,). Let L, o be the generator of
U.(Ry), where R, € Mob are rotations. We assume that 2 = C™(Ly ) := (), Dom(LY o).
Furthermore,

(1dW5) Polynomial energy bounds: there are 7, s;,C' > 0 such that, for ¥ € C*(L, ),

16050 < CO+ ) [|(Lo + 1)¥ 0|

According to [CKLW18, Section 6], polynomial energy bounds allow one to define the
smeared fields. For f € C*(S') whose Fourier components are f, = o= [ f(e"™?)df, we
define

Gei(f) = fabrijm-

neL

This is convergent on any vector ¥ € C*(L, ) and ¢, ;(f) preserves the domain C*°(L, ).
We know from (the proofs of) [CKLW18, Proposition 6.4, Theorem 8.3] the following:

Lemma 5.1. Let {¢.;} satisfy polynomial energy bounds with p; < 1. Then it holds that

AdU(7)(¢x,3(f)) = 0w, (Bp,.;(V)(f)) and ¢, (f) and ¢y 3,(9) commute strongly for f, g with
disjoint supports.

A general two-dimensional conformal field is not chiral and depends on both lightlike
variables. There are fields called primary fields and they are characterized by the confor-
mal weights (Dy,, Dg), where Dy, Dg > 0 and can be non-integer. We set Bp, p,(7) =
B, () B (Yr) for v = 41, x g € Diff (S!) x Diff; (S'). This can be extended to ¢ if
Dy, — Dy € Z, which we always assume. Let H be the generator of {R, x R, : t € R} in U,
which plays a similar role to that of Ly in chiral fields.
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A conformal Wightman field theory on & is a family of operator-valued distri-
butions {¢;} on &£, closed under conjugation, with corresponding conformal dimensions
{(D1,j, Dr )} defined on a common invariant domain & C # consisting of vectors of the

form ;, (f1) - ¢, (fn)S2, a unitary multiplier representation U of € and a vector Q@ € H
such that

(2dW1) Locality: for f,g € C*>°(€) with spacelike separated supports, [le(f)7'(;bvj2 (9)] =0.

(2dW2) Diffeomorphism covariance: U(7) preserves & and it holds that
AdU)(W5(f)) = 45(Boy ;.0n, (1)) for v € €

(2dW3) Positivity of energy: the joint spectrum of the translation subgroup of RY! in
U is contained in the closed forward light cone V), = {(ag,a;) € R : a2 — a} >
0, ag > 0}

(2dW4) Vacuum and the Reeh-Schlieder property: there exists a unique (up to a
phase) vector Q € ‘H such that U(y)Q = Q for v € Méb x Mob/R and H is spanned

by vectors of the form 1, (f1) - - - v, (fi)S2.

(2dW5) Polynomial energy bounds: ¥ = C*°(H) and there are s;,C' > 0 such that, for
U e C™(H),
[0, (N)W < Crl[H> P[],

where C'y depends only of f.

As is well-known, linear energy bounds (s; = 1) assure that the conformal Wightman
fields commute strongly.

Lemma 5.2. Let {1;]} satisfy the bound ||1Z](f)\I/H < Cy,;||HY||. Then {/;jl(f) and 1Zj2(g)

commute strongly for f, g with spacelike supports.

Proof. As H is the generator of the one-parameter group R; x R, in Mdb x Mdb, we have
[H, @Z](f)] = z'vzj(f’) as in [CDVIT21, (3.7)], where f’ is the derivative of f with respect to
translations R; X Ry of the cylinder £. Furthermore, we have ||[H, Jj(f)]\IJH = H%(f’)\IJH <
Cypl[HY]. By applying commutator with H, [|6*(2;(f)) || = [[¢;(f*) W] < Cpe ;|1 HP]],
k = 2,3, where 6(A) = i[H, A]. Therefore, 1 (f) and ts(g) satisfy the asspumption of
Theorem A.2 with H as the reference operator and they strongly commute. O]

5.2 Formal series of operators

Let A, be a family of operators parametrized by s € R. By a formal series we mean a
symbol of the form )" A,2°, where the summation actually has no meaning. We refer to
A, as Fourier components of a formal series. One can consider sums and scalar multiples
of such formal series: >  A;2° + > Bsz® = > (As+ By)2®, ), Asz® = > cAz°. The
product of two formal series is not always defined, but in some cases there is a natural
product. We define the product of > A,2® and ), B,z® as the formal series ) Cs2z° with
the coefficient C; = ZteR A,_;B;, whenever these sums make sense.
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Similarly, we consider formal series in two or more variables. If we have two formal series
in two different variables z,w, the product Y Asz% Y Bw' = D st AgBiz*w! makes always
sense. A product of such formal series in two variables is defined similarly as above.

A typical case we use in this paper is when the vector spaces are graded as V7 =
@teN+hj V7, where j = 1,2, h; € R and A, are operators V;' — V;2_ and they are nonzero
only for s € Z+ D for some D € R and t —s € N+ hy. We also consider the situation where
V=@, V7’ and > A, is a formal series on V, that has the form for each pair V7, V72 as
above (and D, j, may depend on ji, ja).

Let >, As2%, >, Bsz® such two formal series with [As,, Bs,] = 0 for all 51,5, € R. In
the situation of the previous paragraph, we can define the product )  A2*>", Bz® =
> 2% >, A4 By (this is a special case of normal product, see [CTW19, Section 2.1]): indeed,
for each vector ¥ € V' the sum over t is finite because either A,_;¥ or B,V vanishes for large
|t|. Therefore, the sum >, A,_;B; defines an operator on V' and this is a formal series on V.

5.3 Charged primary fields

We continue studying a single chiral component, but we omit s from certain parameters that
do not appear later.

We assume that a conformal net (A, Uy, ) on St is generated by conformal Wightman
fields {¢y,;} which commute strongly when smeared with test functions with disjoint supports.
Unitary operators e'#=i/) with compactly supported f are represented in a representation p
as a unitary operator, and the question arises whether the operator p(¢, ;(f)) makes sense
and whether it is the generator of p(ew“’j(f )). This property is called strong integrability, and
veryfing it in examples is a non-trivial problem (although it holds in interesting examples
[CWX, Gui20]). Furthermore, we can also consider localized unbounded intertwiners between
representations and there is the problem whether the commutation relations between them
hold strongly [Gui20], see also [Ten19b, Ten19a].

We avoid these problems by assuming necessary properties in general discussions, and by
taking explicit examples where these properties can be checked. Let k(g) be an automorphism
of the conformal net A, for g € G as in Section 2.2. We consider the Fourier components of

chiral fields and that they have corresponding operators gbﬁ(Jg )(n) on the representation spaces

Hr@ )’ﬁn, where Vit denotes the linear span of eigenspaces V; = ker(L, o—t) of L, o, where L, g
is represented on V as an unbounded operator. We denote the algebraic direct sum of QSZS-’ ) (n)

by ¢n;(n) defined on the (algebraic) linear span @ZlegG o iy D,cc HEOE - Similarly,

we denote ZA},W = ®g€G Lﬁfﬂ), where Lﬁfﬁ) is a representation of the Virasoro algebra on
H;(g)7ﬁn‘

Let (A., U, Q) be a conformal net on S' generated by fields {¢, ;} with conformal
dimensions {D;} (with an abuse of notation, D¢ (with index ¢ € =) are the conformal di-
mensions of ¢"(¢,-), while D; are the conformal dimensions of ¢;) as above and a group
of automorphisms A, to which there is a homomorphism x from a group G. A charged

primary field ¢! associated with h € G is a family of operators {¢"(€, s)}ser ¢c= on the do-
main @glegG HEO with the associated formal series Y€, 2) =2 g V(& s) 277 P8, closed
under conjugate, such that
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o (¢, s) maps Ha™ to HEM and there is £, , € R such that 1" (€, s) # 0 only for
S € gh,g + 7.

o (primarity) [Lym, ¥(E,5)] = ((De — )m — s)¢1(E,m + s).

o (relative locality) [b,;(m), (€, s)] = Yo X jél " m + s), where Xﬁg, e C.

e As formal series, the braiding relation holds:

(1 . i)a(hl’hQ)wa(hl’hQ)l/JZl (él, w)¢22 (527 Z) — (1 _ E>a(hl’h2)2a(hl’h2)w22 (517 Z)¢Ql (527 UJ)

where a(hy, hy) € R and (g) = BB=D-(Bntl) Cand as a formal series (1 — u)? =

ano (5) (_u)n
We further assume polynomial energy bounds:

e for each h, there are r¢, pe, Ce > 0 such that [[1"(&, s)W|| < Ce(1+ |s])"¢||(Lyo+ 1)Pe V||
for W.e C*(L,p).

This allows us to define smeared fields of charged fields: For f € C*(S!\ {1}), we put
fo=5 " f(e?)e™*0df and

VRE F) =D k(S 9),

seR

and this defines operators on C*(L, ) (the sum makes sense because 1 (£, s) = 0 except for
countable s on each ’H,:(f D.

Let Ef:,hg = limgesg 1 ¢“™M2) ) where ¢ is the imaginary part of ¢, we(h2) =
e(hih2)losw and we take the branch of logw on C\ (—oo,0] such that logw € R on (0, 00).

Lemma 5.3. Let f,g € C°°(S*\ {1}) with disjoint support, and supp g is ahead of supp f in
ST\ {1} in the counterclockwise order. Then ™M (&1, f)yh2(&, g) = 5;1,h2¢h2 (&, )M (&, f).

Proof. Let zy € S', 29 # —1 such that argsupp f < argzy < argsuppg, and I, be the
interval on S* from 2 to —1 (counterclockwise) while I_ be the interval on S* from —1 to
%o, hence we have supp f C I_,supp g C I (see Figure 2). and put f, = 5= [ f(e")e %40,
9= 5= 7 _g(e®)e™dh. As f, g are smooth, these coefficients are rapidly decaying.

The product ¢ (&, w)y"2(&,, 2) is a formal series in w, z. When we take the scalar prod-
uct with finite-energy vectors Wy, Uy in some e 2alo i (g (g )l (&, 2)Uy)
can be considered as a formal series in w, z with coefficients in C, and these coefficients of w®z*
vanish for s large and ¢ small, because each H 0 gy positive-energy representation of
the Virasoro algebra. By polynomial energy bounds, it can be seen as a distribution in w, z.
Let us denote this distribution by ¢;(w, z). Then it holds that ¢1(f,g) = > ¢i(s,t) fsge,
where (s, t) is the coefficient of the formal series ¢ (w, z) of w®z' (with a slight abuse of
notation).

Let a < 1 and b > 1. This time we see the formal series as actual series with w, z € C.
Then ©9°(z,w) = (¥q, M (&, bw)p? (€&, az)¥s) has only finitely terms with negative powers
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in z and those with positive powers in w, therefore, it is a convergent series for |z| = |w| =1
again by the polynomial energy bounds. Now it can be seen as a function on I_ x I, thus
defines a distribution and ¢{"°(f, g) = 3 ¢%"(s,t) fsg:, in the sense above. Furthermore, as
a — 1,b — 1, this converges to ¢1(f,g).

The formal series (1 — %)a(hl””) has only negative powers in w and positive powers in z,
therefore, the product

<\Ij17 (1 - i)a(hl’hﬂwzl (617 w)w? (527 Z)\I]2>

makes sense again as a formal series (see the remark on formal series above). Again by
polynomial energy bounds, these coefficients grow only polynomially in s,t. Therefore, it
can be seen as a distribution with two variables w € I_, z € I, which we denote by ¢s(w, 2).
Define also 3% (w, 2) = @a(bw, az). Asa — 1,b — 1, each coefficients converge, and ©2°(f, 9)
converge as distributions to @s(f, g) by polynomial energy bounds.

Note that the expansion (1 —u)? = > _, (Z)(—u)” converges for |u| < 1, and can be
analytically continued to C \ [1,00). This expansion coincides with the definition (1 —u)? =
ePlosl=u) ag an analytic function in u € C \ [1,00), where logw is defined on C \ (—oo, 0]
and logw € R when w € (0,00) (the last condition fixes a branch of logw uniquely). We
use the same continuation for logw when w? = e#1°8% is considered as a function. If we
consider (1 — %)o‘(’“’h?) as a function in w, z, we can multiply it to the above distribution
¢1 and obtain a distribution in /_ x I, which we denote by p3(w,z). We also introduce
03" (w, z) = @s(bw, az). Then ©4°(f,g) converges to ws(f,g) as a — 1,b — 1 because both
1’ (w, z) and (1 — bwyahih2) converge as distributions and smooth functions on I_ x I,
respectively.

This shows that ¢a(f,g9) = ¢3(f,g). That is, (1 — i)a(hl’h”wzl(fl,w)?,ﬁ?(f%z) can be
seen as the operator-valued distribution multiplied by a smooth function (1 — i)a(hh}”) on
I_x1,.

sSupp g

20

supp f
w

Figure 2: The circle, the point of infinity (—1) and two functions with disjoint supports.

Similarly, (1—2)*Mh2)glz (£ 2)1h" (&, w) can be seen as an operator-valued distribution.
Therefore, by the braiding relation of the primary fields, we have the equality

(1 — 2)alhha)qpathvha)yha (¢ ap)ephe(&y, 2) = (1 — L)alhha) pathiha)gpha (£} ) (€, w)
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in the sense of operator-valued distributions, under the restriction on the supports of f and
g. Seen as functions, the quotient of (1— %)‘“(hlvh?)za(hl’hz’) by (1— i)o‘(m’h?)wa(hl’hZ) is exactly
limgesocs—1 C“1"2) . Therefore, by dividing the equation by the former factor, we obtain

¢Zl (517 U))Q/JZQ (527 Z) = 621,h2¢22 (517 Z)wzl (527 w)
as desired, as operator-valued distributions. O

The following is essentially due to [CKLO8, Section 6.3], where the case D = % is treated,
see also [CKLW18, Proposition 6.4], [TL99].

Lemma 5.4. Assume that a charged primary field " has conformal dimension D and sat-
isfies polynomial energy bounds as above (we omit the dependence on £). Then it is dif-
feomorphism covariant, that is, with U, the projective unitary representation of Diff, (S1),

AdUM @A) = w(Bo(N)(f))-

Proof. Let us sketch the arguments of [CKLO8, Section 6.3]. Note that ZA},M is a repre-
sentation of the Virasoro algebra on the dense domain 7:12“ in the Hilbert space H,. By
polynomial energy bounds they extend to C"’O([A/,{’o). Furthermore, on this domain we have
the commutation relations

i[La(f1), VE(f2)] = V(D f fo — fifs).

From this, the following relation follows:

U B exp(t)) )limo = (), ()]

Again by energy bounds for IA/,W, it holds that U, (exp(tf)) preserves the domain C*°(L, ).
For U € C*°(Ly), we can consider two vector-valued funtions of ¢t € R

U, (t) = ¥ (Bp(exp(tfi) f2)Us(exp(tfi))V,
Wy(t) = UK(eXp(tfl))wZ(fz)\P,

and they both satisfy the differential equation W/(t) = iL,.(f)¥(t). As they satisfy the
same initial condition W1(0) = Wy(0) = (f2)¥, they must coincide. Therefore, we have
AdU(exp(t£1)) (U (£2)) = v (Bp(exp(t 1)) fo).

Recall that Diff, (S') is algebraically simple [Thu74] while the subgroup generated by
one-parameter groups is a normal subgroup of Diff, (S'). Therefore, they must coincide.
This implies that any element in Diff, (S1) is a product of elements in some one-parameter
groups and an element in the center {Ro.,}.

Now the relation holds for all v € Diff,(S!) which is a product of elements in one-
parameter groups, and it is straightforward to verify it for Rs,, therefore, we have the desired
covariance. n
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5.4 One-dimensional Wightman fields arising from vanishing total
braiding

Let us first assume that there are two conformal nets A;, A; on S* and charged primary
fields 11,1, of these nets (here we omit the dependence on h € G and ).

Lemma 5.5. Let ¢,(2) ® 1, 1 ®1)2(2) be charged primary fields satisfying polynomial energy
bounds with respect to an operator Lo @ 1+ 1 ® Lg. Then 11(z) ® 19(2) satisfies polynomial
energy bounds.

Proof. Let us assume polynomial energy bounds: there are r;,p; > 0, for j = 1,2 such that
193 ()W < C(1+ [s)"7[|(Lo + 1)" W]
for ¥ € C>(Ly). Note that

(Lo + 1)tho(t — s) = [Lo, ot — )] 4+ 1o (t — s) Lo + Ua(t — s)

=(s—t+ Do(t —s) + ot — s) Lo
= ot — ) (Lo + (s —t + 1)),

hence (Lo + 1)%y(t — s) = ¥o(t — s)(Lo + (s —t +1)1)%. Then, for a fixed s and ¥ such that

A ~

HVU = (¥ where H =Ly ® 1+ 1 ® Ly,
1D (s =) @ ()] < D CL+ s — )™ |(H + 1)" (1@ ¢s(t) V]|
t t
<D C+ s =) |(H + )P @ o (1) ¥
t
<D O+ s =) (L@ ws(t)(H + (t+ 1)1) "1
t
=D C(L+]s =)™ (£ + (¢ + 1)L @ ¢ () V|
t
<D CRLA s =) L+ )=+ (t+ 1) P|(H + 1) v
t
< C2<1 + |8‘)2T1+7‘2+fp11||(H + 1)T1+7’2+2fpﬂ+p2\11”7
where [p] is the smallest integer larger or equal to p, in the last line we estimated 1+ |s—t| <
L+ 1s|+¢ < (1+]s])(1+¢) because (¢1(s—t)@1L)¥ =0 whent < —s— L or (L ®19(t))¥ =0
when ¢ > /.

For a general W = >, Wy, > 1)1 (s —t) ®1,(t) ¥, are orthogonal for different ¢. Therefore,
a polynomial energy bound follows from for 1;(2) ® 19(2). ]

Clearly, this estimate is not optimal. It can happen, as we will see with concrete examples,
that a product of two charged primary fields whose Fourier components are bounded |[|1(s)]| <
C has again bounded Fourier components.
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Lemma 5.6. Let ¢(z),¢9(2) be charged primary fields for nets (Ay, Uy, 1), (Az, Us, Q2)
with polynomial energy bounds. Then 1 (z) ® V(2) is diffeomorphism covariant with respect
to U1 X UQ.

Proof. By Lemma 5.5, 1(2) ® 1)9(2) satisfies polynomial energy bounds with respect to
H=Ly®1+1® Lyy. Then the diffemorphism covariance follows from Lemma 5.4. O

As in Section 3, let {(Ax, Uy, Q%) }xex be a finite family of conformal nets on S* generated
by fields { ¢y j }rex, with a collection A, of localized automorphisms in some interval, with a
common (finitely generated) abelian group structure G and a family of bijections k : G — A,
for every index k € K. Let {¢!(&, 2)}wexnecees,. be a family of charged primary fields
satisfying the conditions of Section 5.3.

We assume that ], E:(hl),n(hz) = 1 for all pairs hy, ho € G, as in Section 3. Let us pick &,
for each . Then we consider the formal series ¥} (2) := @), " (&,, z) acting on the auxiliary
space @), H,.. This is a (normal) product of two commuting formal series, hence this makes
sense as a formal series, see Section 5.2. It follows from Lemma 5.5 that it makes sense as
an operator-valued distribution if each of the fields satisfies polynomial energy bounds.

Theorem 5.7. The fields V%, h € G, together with chiral fields ¢, ;, is a conformal Wight-
man field theory acting on the Hilbert space Hyx = @QGG . HEW, If, in addition, %

satisfies linear energy bounds with respect to ) 1®---®1® Li®l® --®1 forallh € G,
Kk-th

then {¢% : h € G} generates a conformal net on S*.

Proof. The formal series 1} is defined on the Hilbert space @), H,.. Tt generates vectors in
Hi = Dyec Q. H9 from the vacuum. Then the ¢, ;(f) generate a dense set of vectors in
each of these summands. On the other hand, no other vector is generated from % and ¢, ;
acting on the vacuum.

Let us prove locality. For two test functions fi, fo with supp f; ahead of supp fo, we have
by Lemma 5.3

1OV (f2) = TT €k o 12 (F2)05 (f1)

K

= ?{2(]3) ?{1(]01),

giving locality as operator-valued distributions. The fields ¢ and ¢x,; are relatively local.
The representation Uk is a tensor product of positive-energy representations, therefore it has
itself positive energy.

If we assume linear energy bounds, then the fields strongly commutes and generate a
conformal net on S' by Theorem A.2. ]

Remark 5.8. We expect that the conformal net on S' in Theorem 5.7 generated by the
conformal Wightman field is unitarily equivalent to the net extension Ag constructed in
Theorem 3.1. This should follow by a similar argument as in [KLO04b, Section 4, Example
4.5] using the absence of symmetric 2-cocycles for a finite abelian group G. See the proof of
Theorem 5.9.
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5.5 Two-dimensional Wightman fields through braiding-cancelling
map

From a pair of charged primary fields with the braiding satisfying certain conditions, we
can construct a two-dimensional conformal Wightman field. This is in particular the case
if we take two copies of the same conformal net A;, = Agr, with a pointed braided fusion
subcategory of automorphisms whose fusion ring is isomorphic to a finite abelian group G,
and we combine the left charged fields ¥} and wf_l, where h € G, similarly to (4.1), namely
WM =t @ ph ! acting on Hy, @ Hy.

If we assume that the braidings cancel in the sense* that 6E(g),L(h) = €R(g)R(n) W€ can
prove locality of the combined Wightman field. We show that this corresponds to a (finite
index) Longo—Rehren extension with respect to a pointed braided fusion category, [LR95],
see Section 4.2.

Let {(Ap/r, UL/r, Q) } be a pair of conformal nets on S generated by fields {¢r g ;},
with a collection Ap g of (mutually commuting inequivalent) localized automorphisms in
some interval (and closed under composition and inverses up to unitary equivalence), as in
Section 4, with a common finite abelian group structure G and bijections L/R : G — Apg.
Let {¢7 /R(f ,2) theG ez, e a family of primary fields satisfying the conditions of Section

5.3. Denote et := e;f(g)’L(h) and € = €R(g)R(h)’ for short. Then our braiding cancellation

assumption reads et = e~. For z,w € S'\ {~1},argw; < argws,

O (Eu, w) U (€, we) = e UL (En, wa) Y] (&, wr),
U (Ers w2) VR (Ery 1) = €y mon Vi (Ers w1) VR (Er, w2)
= €+¢R(§R; wl)wR(éR, w2)-

Let us introduce a two-dimensional formal power series by

O (w, z) = Y (6, w) ® U (6r, 2),
acting on Hy, ® Hr (we omitted the dependence on kr, kg).

Theorem 5.9. The ﬁeld wh zs a two-dimensional conformal Wightman field on the Hilbert
space H = @hea HL ® HR . If the field satisfies a linear energy bound with respect to

Li®l+1® Lo, then it generates a two-dimensional conformal net. If G is finite, the net
coincides with A (up to unitary equivalence) constructed in Theorem 4.2 in the case Aj, = Ag.

Proof. The field Jh satisfies two-dimensional locality: the point (wy, z1) is spacelike to (ws, 22)
if argw; < argwy and argz; > argzs (or the reversed relations, and in this case, with

+
€= LnyLig)

" (wy, 7)Y (wa, 22) = VI (EL, wi) @ YR (€r, 21) - Vi (€, wa) @ 1V (Er, 22)
- 6+€_+ngJ(§L7 w?) ® ¢1%(€R7 22) : wﬁ(gLa wl) & ¢§(5R> ZQ)

“Here, instead of assuming additionally that e L(g)-1,L(h) = =e€x R(g)-1,R(h) &5 We did in Section 4, we assume
that the set of charged primary fields is closed under conjugate and each of them satisfies the braiding relation.
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= Pf (&, we) @ Vh(Er, 22) - V1 (En, w1) @ VR (ER, 22)
= "2 (wg, 22)Y" (w1, 21).

It is a two-dimensional operator-valued distribution because it is a tensor product of two
one-dimensional operator-valued distributions. Other axioms, positivity of energy, diffeo-
morphism covariance, the cyclicity of vacuum in H, can be proven as in Theorem 5.7. If we
assume linear energy bounds, strong commutativity of smeared fields follows.

Let G be finite. As the decomposition of the vacuum representation H = D HL

’HR with respect to the action of A, ® Ag is the same as the decomposition of the vacuum
representation of the Longo-Rehren extension Apg (4.3), and the former determines the dual
canonical endomorphism of the extension we constructed, by [LR95, Proposition 3.4], the
latter endomorphism must be unitarily equivalent to the Longo-Rehren endomorphism ©Opr
As we are in the braided pointed fusion case with finite abelian group G, the uniqueness
of the associated Longo—Rehren extension (among finite index local extensions) provided by
[KL04b, Section 4, Example 4.5] proves the last claim. O

6 Examples: the U(1)-current

We construct examples of a conformal net on S!, collections of sectors and charged primary
fields associated with the U(1)-current.

Here we use the symbols H, A, U, Q, L,, J,,, Y, for a chiral component, differently from
the previous sections where we used the index . .

6.1 The field and the net

In literature, several constructions of the U(1)-current appeared. One can use the lowest
weight representation with the lowest weight 1 of PSL(2,R), and the associated net stan-
dard subspaces, then by second quantization the local algebras of the U(1)-current net are
generated by the Weyl operators, cf. [BGL93].

The construction of the U(1)-current that we illustrate here relies on the so-called current
algebra, namely the complex Lie algebra generated as C-linear space by the family of symbols
{Jn : Jn : n € Z} and a central element ¢ that verify [J,,, J,] = md,ime. The vacuum
representation of the current algebra is given as a Verma module (with the lowest weight 0,
hence Jy€2 = 0), which is the linear span of the symbols

J—i1-'-<]—im97 0<11§z2§§2m€N,mEN

where, by abuse of notation, .J,, are interpreted as operators with the Lie brackets given for
an associative algebra, Ji{) = 0 for £ > 0 and one defines the actions of J, for n € Z by
using the commutation relations. There is a unique inner product satisfying J* = J_,, and

<J_i1 N J_imQ, J—ll “e J—ZSQ> = <Q, Jim “ee sz J—ll e J_lsQ>, (61)

and we extend it by linearity. Its completion is isomorphic to the Bosonic Fock space with
the one-particle space spanned by {J_,Q : n € N}, see e.g. [KR87, Proposition 2.1].
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Using Sugawara’s formula to define new generators L,, as

1
L, = 52  Jeindn s, NEZ
kEZ

where : - : is the Wick product, one defines a projective unitary representation of the Virasoro
algebra with the central charge ¢ = 1. In particular, the conformal Hamiltonian L, acts
as

LOJ—il ce J—imQ == (Zl + ...+ im)t]—il .o J_z‘mQ,

for 0 <4y < ... <1y, € N. Therefore, Ly extends to a positive self-adjoint operator.
Moreover, as .J,, can be regarded as an annihilation operator for n > 0, we have the following
bound: for every n € Z and every ¥ in the Verma module

17 < (n+ 1)[(Lo + 1)2 ¥,
13 3
| LWl < 4/ 35+ 0l (Lo + D)W

From this, the representation {L, } of the Virasoro algebra integrates to a projective unitary
representation U of Diff " (S1).
Moreover, the current

J(f) = Z fana

ne”Z

for a test function f € C*°(S!) is an essentially self-adjoint operator on Dom(Lg). Therefore,
J(f) for f € C>=(S') is well-defined on the dense Verma module and J(f)¢ € D(Lg). We
have

1[Zo, JHIEN = IT(£EN < apll(Lo+1)2 0],

so by Theorem A.2 is essentially self-adjoint and it can defined on D(Lg). In this way, if
f,g € C°°(S1), then the commutator [J(f), J(g)] is well-defined on D(Ly) and

[J(f), J(9)l€ = . f'®g(t)dt - ¥, ¥ € D(Ly).

Moreover, by Theorem A.2, if the support of f and g is disjoint, then J(f) and J(g) commute
strongly, i.e., [e/() ¢*7(9)] = 0. One can also show that Ad U(p)(e"/()) = ¢i/(foe™),

For any A € R, and denoting the lowest weight vector by €2\, one can construct a Verma
module such that the representation .J? is of the form explained above, except that J){2, =
A. The same commutation relations and similar estimates holds for A € R.

To every non-empty non-dense open interval I C S!, one associates the following von
Neumann algebra

Avy(I) == {P) : suppf c I}

The triple (Ayay, U, Q) is a conformal net on the circle S*, see [BMTSS].

31



6.2 Representations of the U(1)-current

Let us fix an open non-empty non-dense interval I C S! and a function h € C*(S') with
supph C I. Then, we define a map on the Weyl operators W (f) := /) for f € C*(S")
supported in [ in the following way

on1(W(f)) = ' Jst OOty (f),

The map 05,7 can be extended to a representation of the local algebra Ay)(Z) on the
Fock space. Indeed, for every interval I; and a function g € C*°(S%), 0}, 1, is implemented
by AdW (H), where H = h on I; and supported on another interval I,. Therefore, oI,
extends to a representation of the local algebra Ay1)(1;). If I, € S is another interval such

that I; C I, then a function H supported in an interval I D I, such that H = h on I,
and oy, 1, (W(f)) = AAW(H)(W(f)). Therefore, one can define a representation o, of the
net Ay as the family {0y, 1, }1, for I C S* as above, verifying the compatibility condition
Oh.1| Auy () = g1y whenever I; C I, are two non-empty non-dense open intervals of S*.

The unitary equivalence class of the representations is determined by the value [, h(t)dt.
In particular, when | g1 h(t)dt = 0, then oy, is unitary equivalent to the vacuum representation.
Let o = |, 1 h(t)dt. Although the representation oy, is defined on the vacuum Hilbert space,
we denote it H, in order to distinguish the representation. Analogously, the lowest weight
vector in ‘H,, is denoted by €,. See [BMT88] for these results.

6.3 Fusion relations and braiding

Let hy, hy € C°°(S'). Then the maps o,, o5, are automorphisms of the U(1)-current net
Auvq). Let Iy € T and consider the local algebra Aya)(ly). Then, o, 15, 0ny 1, are represen-
tations of the local algebra Ay)(lo) such that o4, 1, © Ohy 1y = Ohyqhs,1o- Since the interval
Iy is arbitrary, we have

Ohy ©Ohy = Ohy4ha-

Let I € Z be fixed. Consider two functions hy, hy € C*(S) with supp(hy),supp(hy) C I
and let o5, and o3, be two automorphisms of the net Ay). Next, let Iy € Z such that I C I
and choose I, Iy C Iy in Z such that Iy stays in the future of I;, and I, I, [ are pairwise
disjoint.

Let i = 1,2 be fixed, and let g; € C*(S") such that suppg; C I; and [ gi(t)dt =
Jg1 hi(t)dt. Then there exist H; € C*(S") supported in Iy such that AdW (H;)op, = oy,.
Moreover, for the mutual position of I; and I, H; and H, have to be of the form H] = —hy,
H) = —hyon I, H = g; on I; and a constant elsewhere. As the conditions on h;, g; show, H;
are constant in the union of intervals (1 U;)°N 1, (see Figure 3). In particular, if the intervals
are between [§ and I or between I§ and I., then H; is defined as 0, since H; is continuous.
On the rest, and for the same reason, H; = f[ hi(t)dt = fIi g:(t)dt := «;, where «; is the so
called charge.

The braiding is given by the following formula

6(0h17 UhQ) = Copy 0y = Tha,lo (W<H1)*)W<H2)*W(Hl)UhlJo(W(HQ))'
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Figure 3: An example configuration for the intervals I, Iy, I; and Iy. The choice of “future”
and “past” is fixed by considering the point —1 as the point of infinity for the lightray, and
choosing I that does not contain it.

Therefore, we have
6(O-fllvo-fm) = th,fo(W(Hl>*>W(H2)*W(H1>Uh1,fo(W(H2))
efifsl H1(t)hz(t)dtw(Hl)*W(H2)*W<H1>eifsl hl(t)Hg(t)dtw<H2)
— fifl Hl(t)hQ(t)dtW(H )*W(HQ)*W(Hl)GlfI hl(t)HQ(t)dtw(H2)
— sz[hl YHo(t)—Hi(t)ha(t) dtW(H ) W<H2)*W(H1)W<H2)

— i Sy [ (8) Ha(t) = H (t)ha(t))dt %Im(Hl,H2>W(_H1 _ H2)6—31m<H1,H2>W(H1 + Hy)
_ Zf[[hl VHo (t)—H1(t)ha(t )]dtei1m<H1,H2>.

If one recalls that Im(Hy, Ha) = [, Hy(t)Hj(t)dt, then

m@%@ﬁ:m/m@ﬁ+/m@m@ﬁ:m%+/ ha (£) Ha (t)dt.

St I I vl
Therefore, the braiding is

e(ahl, th) _ 61'fI[hl(t)HQ(t)—Hl(t)hg(t)]dteiIm<H1,H2>

— i Jilm () Ha(t)—Ha (t)hg(t)]dt€a1a2+fw11 hy (t)Ha(t)dt

— ei fI hi (t)HQ(t)dteia1a2 )

If we take h; = a;h for a single function h such that f 1 t)dt = 1, then Hj is proportional
to a function H on I such that H = —h on I. Therefore, by integration by parts,

/hl(t)HQ(t)dt = alag/h(t)H(t)dt = a0y ([—HQ]I — /h(t)H(t)dt)

I I I
implying
1009
/m@m@ﬁ:—Z.
I
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Hence we conclude that in this case

.9

E(goqhagazh) =2 )

with the configuration above. In particular, it holds that €(cq,n, Tasn) = €(Tashs Tayn)-

6.4 The charged field

The U(1)-current net has charged primary fields in the sense of Section 2.2.3. We equip R
with the scalar product (o, ) = . They are the formal series Y, (2) = > g Ya,s2 57,
where D = (a,a)/2 and each coefficient Y, s is a map ?—[gn H6+a (on each ’Hgn,ﬁ € R,
only Y, s with s € Z + (a, ) — D are non-zero). Explicitly, let ¢, be the unitary charge shift
operator 'Hgn — "ngjra defined by coJ_pn, -+ J_n, Q5 = J_p; - - T, Q31a, n; > 0. Following
[TZ12] (a(n) there is identified with a./,, in our notation, cf. [TL97, Chapter V (3.2.1)]), we
define, as formal series,

Ei(a, z) = exp (ZF Z %ZW) ,
n

n>0

Yo (2) = caB (o, 2) B (v, 2) 2™, (6.2)

where aJy = {«, 8) is a scalar on each Hz. The formal series of the exponential in E*(a, 2)
is defined without problems, because, when expanding it into a Taylor series the coefficients
of 2" are finite sums of operators on Hi™. As for Y,(z), the coefficients of the product
E~(a,2)E*(a, 2) are infinite sums, but they still make sense as operators. Indeed, for each

n, the coefficient E, of 2™ in E¥(a,z2) is a linear combination of J, ---Ji, such that

fnzl kyn = n, k, > 0, and there are only finitely many such combinations. The series
E~(a,2) has a similar structure. As any vector ¥ in H.® has finite energy M and J,,
lowers the energy by m, W is annihilated by any product Jy, ---Ji; if Y5 kn > M, that
is, ¥ is annihilated by EF, if n > M. The coefficient of 2" in E~(«a,2)E"(a, ) is the sum
> jez, Ean- JEJr Therefore, on each ¥ only finitely many terms contribute, and this sum

defines an operator on H{". Its restriction Y, (z)|s, has the form

( |Hﬁ ZYan+aﬁ D|H5 b

neL

Braiding By [TL97, Chapter VI (1.2.2)], it holds that

z

(1 - —)_W> E*(a, w)E~(8,2) = E~(8, ) E* (o, w)

w

where (1 —u)* =} (¢)(—u)™. Note that the left-hand side makes sense, because (1 —
%)7@,5) has positive powers in z and negative powers in w, while £~ (3, z) has positive powers
in z and E*(a, w) has negative powers in w. Similarly,

E~(a,w)E*(8,2) = (1 - 9)_“’6) E*(8,2)E(a, w).

z
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Therefore, if we introduce the pre-vertex operators Y, (z) = E~(a, 2) ET(a, 2)2*7 (it is Y, (z)
without ¢, ), and using that E*(«, 2) and E*(8,w) commute (when + coincide), we obtain

(1-3) “r@ye = (1-9) " vevaw). (6.3

Here again, the equality is understood as the equality between the coefficients of 2"("™ on
each fixed vector ¥ € Hfn.

Now we take @D, p Hi" (algebraic direct sum). Using cy 2270 = z=wratradocy - and
the fact that ¢), commute with E™(«, z), E~ (o, w), we obtain

—<O£,,8> _<a1/8>
(1-5) e M) = (1-2) TS OMeaw). (64)
w z

Relative locality Here again we consider Y, (2) as a formal series on @, g HE". On each
of these summands, L,, and J,, act naturally as a representation. We denote their direct
sum on €, p Hi* by L, Jm, Tespectively.

The commutation relation [J,,, Ya(2)] = a¥,(2)2™ can be checked easily from the defini-
tion of Y, (z). This is equivalent to [jm, Yaos] = Yo ms.

Primarity As we will see, the conformal weight of Y, should be D = 0‘72 Note that

Y, (2) = 271V, (2) aJ0~I—Zz =lay,(z —i—Zz I Y (2)

7<0 7>0

On the other hand, Y, being primary is equivalent to [Ly,, Ya(2)] = 0Ya(2)z™t! + D(m +
1)Y,(z). Therefore, we need to show

[im7Ya(z)]

= (7YYo (2)ady + Z 2 Y, (2)J; + Z 2 g Yo (2)) 2™ 4+ D(m4 1)V, (2) 2™

j<0 §>0

(6.5)

It holds that jjca = ca(jj + ad;). From the Sugawara formula L, = %Zk c Jed ke, We
have L,,c, = ca(f)m + ajm) for m # 0 and Loc, = ca(ﬁo +ady + %2)

We want to verify directly that Y,(z) is primary in the sense above. To do this, recall
the commutation relations

[I:mv jj] = _jjj-i-m'
In the definition of E*, the order of product does not matter, hence
Hexp ( Jz’j) E™ (a,z) = Hexp (—O‘T‘.ijz’j> .
7>0 7<0

Using the formula [A, BC| = [A, B|C' + B[A, C], we calculate
(L, Ya(2)] = [Lm, ca] B (av, 2) B (cv, 2) 270 (6.6)
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+ Ca[Lm, B (o0, 2)|ET (@, 2)2°% + co B (at, 2)[ L, BT (v, 2)] 2.

Let us consider the three cases separately. We illustrate our strategy for the simpler case
of m = 0.

e m = 0. In this case, (6.5) becomes the following and thus we have to show

(Lo, Ya(2)] = (27 Wal2)ady + Zz_j_laij + Z 27 aY,(2)J;)z + DY, (2)

Jj>0 j<0
= Y, (2)ady + Zz_jaij Z 2)J; + DY,(2),. (6.7)
j>0 j<0
As [LO, Co] = Ca(D + Jy), the first and the last terms in (6.7) are obtained. By noting
(Lo, J;] = jJ], it is straightforward that

[Lo,exp ( Jj'z_J)} = ozjjz_j exp (—aT‘jjz_j>

and hence [Lo, E*(a, 2)] = > 50 2 aJ;E*(a, 2). Inserting them in (6.6), they yield
the second and the third terms of (6.7).

e m >0, odd. In this case, there is no j such that —2j = m. Using [L,, jj] = —jjm+j,

we have
- aJ; i 1 - al; —j k
s (257)] =S o (289

K

k=0
o0
. a 2 k—1
. 1 kjodmyj —j ( aJj —j>
Lo J
k=1
~ e 1 s A k-1
_ = _adj —j
= iy % E :(k—l)! ( i~ )
k=1

A . afs
= a2 exp <—T]Z J)

and hence [L,,, E*(a, 2)] = > 50 2t ;E*(a, z). The contribution from the case
j = —m in (6.6) gives exactly the term 2z~ 'Y, (2)aJoz™ " in (6.5).

If m+j5 < —j, we need to bring the factor Jmﬂ past exp( Jm—mJ” mtj ) Recalling

that [, J;] = j, and hence [exp(e],), Jj] = Ym0 A5 ] = cjexp(e])), w

get a contribution o?2™Y,(z) for each such j. There are m—l such cases and it is

(m — 1)§sza(z).

Finally, from [Ly, cal B~ (v, 2) ET (0, 2)2°% = ], Yo(2) = 27 e, Ya(2)2™ L. As
m > 0, we need to bring the factor J,, through E~(a,z), from which there is an
additional contribution a?2™Y,(z). Altogether, we obtain a contribution of (m +
1)%2sza(z) which is the last term of (6.5) and the term corresponding to j = m.
This completes the proof of the case m > 0 odd.
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e m > 0, even. In this case, there is j such that —2j5 = m. We calculate the commutator
[L 2 exp( @i =i )} slightly modifying the argument above for m > 0 odd

g (- fw)} =S b (-2 ]

k=0
o k
J 1|7 aJ; —
= ——=[L_q;, Jj] + g i {LQJ, <_TJ J) ]
k=2
(o]
. —j 1 (=Dkakz=I% j2k(k-1) 2
=z J,]—I—E = o 3 Jj
k=2
o0
E : 1 (=Dkakz—Ik k—1
k=2
[o.¢]
2 . ko k—2,—j(k—2)
_ J o —2j 1 (=DFaF227) k—2
az '+ 5 g = = Jj
k=2
o0
E : 1 (—l)kakz ik k—1
k=2
. e.)
— a2, =2 ~2 )+ Y (=D Lk eI D gy g
=22 eXp( 2 + = T Ji

Y afi s
= G2 7 exp (—sz ]) + exp (—TZ ) J_j
and then moving jj+m = j_j, we obtain an additional term of
2 _9; ad; i\ a2 al; i
G2 exp <—TJZ J) = G 2"exp <——z ])

and this gives the contribution %QZmYa(Z).

From j with m 4+ j < —j, we get a contribution in (6.5) a?2™Y,(z) for each such j as
before, and as m is even there are =5= such cases and together with the contribution
from the previous paragraph we obtain ™= 2 mYa( ) as before.

The rest is the same as in the case where m is odd.

e The case m < 0 is obtained by taking the conjugate and substituting a by —a.

Energy bounds By [TL97, Proposition VI.1.2.1], [|[Y,(n)|| < 1if (a, @) < 1. In particular,
Y,, satisfies the linear energy bound for such a. It is also shown that for any «, Y, (z) satisfies
a polynomial energy bound.

Wightman fields Let GG be a subgroup of R. Then, for a fixed function h with supph C I,
we can choose a family of automorphisms o, parametrized by o € G such that, by omitting
the dependence on h, 0, 0 05 = 0415. Their braidings satisfy €t(o,,05) = €f(04,0,) =
¢ (0_n,0_3). Therefore, if we take rp(a) = 04, kr() = 0_4, they objects satisfy the
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conditions of Section 4. We can also take k1(a) = 0q, kr(Q) = 0, /q2547 for any £ € Z such
that a? + 4m¢ > 0.

Instead, let G = Z and K = {1,2,--- | K|} be a finite set. For j € K, we take o such that
> ek @5/2 =1, then ;(n) = onq, satisfy the conditions of Section 3, obtaining extensions
of (Au(1))®’ as conformal nets on S*.

On the other hand, we have checked that the charged primary fields Y, satisfy the con-
ditions of Section 5.3 (without the index £). Moreover, if there is & € G, < 1, then Y, ,
are bounded, and hence the two-dimensional Wightman field as constructed in Section 5.5
satisfies a linear energy bound, and generate the conformal net on £. If G is a subgroup
without such «, the extension given by G can be embedded with a larger net, where the
field satisfy a linear energy bound. From this, it follows that the fields for @ > 1 strongly
commute when smeared with spacelike separated test functions by an analogue of [CTW21,
Lemma 3.6].

7 Outlook

This construction should apply also to loop group nets at level 1 [Was98|, [TLI97]. The bosonic
construction of charged primary fields of [TL97] should give two-dimensional Wightman fields
by our construction.

There are a few works on two-dimensional extension of CFT in a language similar to
that of vertex operator algebras, e.g. [HK07], [CKM22], [Mor21]. We plan to investigate the
construction problems of Wightman fields with more generality, in particular, for loop group
nets with higher levels and for Virasoro nets [KLO04b].

In principle, our fields should be Wick-rotated to an Euclidean theory, that should corre-
spond to the works above. It would be interesting to understand these Euclidean models in
terms of Hilbert spaces and operators, cf. [FFK89).
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A On strong locality

Let us prove a simple criterion for strong commutativity of operators satisfying linear energy
bounds which follows from [GJ87, Theorem 19.4.4]. The arguments here are due to Sebastiano
Carpi.

Let H be a positive self-adjoint operator, A a symmetric operator on Dom(H ) and assume
that, [|AV|| < Cl|HY|,|I[H, A]Y|| < C|H¢|. R(N) = (H+ A+ D1 R = R0) =
(H +1)71,6(A) = i[H, A],0*(A) = 9(0(---(0(A)---))). By the proof of [GJ87, Theorem

-~

19.4.1], we have times
re =2 [T Ropan
AR = [T RONU + O+ DDA (H -+ (A DDAROA )
=2 [T RO RO

Note also that [[(H + 1)R(N)|| = [|[RA)(H + 1)|| < 1, [|[RN)] < HLA and [|[R7IR(\)|| =

H
I oiill < 57 < 1. Therefore, we find that

. 1 [ A2
1[4, R2]|| < ;/0 1JFAHé(A)R(A)HcM

1 [ A2
< = _
< 7T/0 T /\||5(A)RH d\
= |I6(A)R]|.

This implies that
AR — Rz AR || < ||[A, R2]|| - || R= | < [|6(A)R].

In particular, if || AR|| is bounded, it follows that |R2 AR2|| < ||AR||+ ||6(A)R)|. If we apply
this to §(A) and §%(A) = —[H, [H, A]] instead of A, we obtain ||R26(A)Rz| < ||6(A)R|| +
162(A)R|| and ||[R262(A)R2|| < ||62(A)R)|| + ||63(A)R||, respectively.

Let us cite [GJ87, Theorem 19.4.3] with n = 1 and [GJ87, Theorem 19.4.4]:

Theorem A.1. The following hold.

e Let H, A, R as above, and suppose that R%(S(A)R% and AR are bounded. Then A is
essentially self-adjoint on any core of H.

e Let H, A, B, R as above, and suppose that R%(S(A)R%, R%(S(B)R%, AR, BR, R%(SQ(A)R%,
R262(B)Rz2,5(A)R, 8(B)R are bounded. Suppose furthermore that AB, BA are defined
on Dom(H) and AB = BA. Then A, B are essentially self-adjoint on any core of H
and their closures commute strongly.
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Combining these observations, we have the following result.
Theorem A.2. The following hold.

o Let H, A as above, and suppose that the operators ||[AV]| < C||[(H + 1)V, [|[H, A]¥| <
Cl[(H + 1)¥|, |[H,[H, A]Y|| < C||(H + 1)¥||. Then A is essentially self-adjoint on
any core of H.

o Let H A, B, R as above, and suppose that the operators

— A 0(A) =i[H, A],6%(A) = —[H, [H, A]],63(A) = —i[H, [H, [H, A]]]
— B,d(B) = i[H, B]’52(B) = —[H,[H, B]],(Sg(B) = —i[H,[H, [H, B]|]

are defined on Dom(H) and

— [|AY| < Cll(H + D)¥|, [6"(A)¥] < CI(H + )Y,k =1,2,3
— IBY|| < C(H + 1)®||, [|6°(B)¥]| < CI(H + 1)¥[,k =1,2,3

Suppose furthermore that AB, BA are defined on Dom(H) and AB = BA. Then A, B
are essentially self-adjoint on any core of H and their closures commute strongly.

Proof. By the hypothesis ||AV|| < C||(H + 1)¥|], ||6(A)¥|| < C||(H + 1)¥||, we have that
IAR|| < C,||6(A)R]|| < C, therefore, by the observation above, |RzARz|| < 2C. Applying
the same argument to §(A) with the hypothesis ||§2(A)¥| < C||(H + 1)¥||, we obtain
IR26(A)Rz|| < 2C. This and the first assertion of Theorem A.1 (with C' replaced by 20)
complete the proof of the first assertion.

As for the second assertion, we use [|6*(A)R|| < C to infer that the boundedness of
R262(A)R2, which is in the assumption of the second assertion of Theorem A.1. We have

analogously the bounds for operators involving B, therefore, the second assertion of Theorem
A.1 applies. O

This should be compared with some other formulations of the commutator theorem, e.g.,
[RS75, Theorem X.37] which assumes that ||Ay|| < C||Hvy|| and |(¢, [H, Al)| < C(, HY)
(these assumptions are very similar to that of Theorem A.1, the first assertion) and proves
that A is essentially self-adjoint on any core of H. In general, for a closable operator B,
| By|| < C||Hw| for all 1 does not imply® |(v, By)| < C(1), T1), therefore, we cannot infer
the essential self-adjointness of A from just from ||AV| < C|HY|, |[H, AlY| < C||(H +
1)¥||, but we need a bound on the higher commutators.

It is also possibile to have weaker assumptions on the commutators, for example assuming
bounds as quadratic forms [DF77], but then one must be careful with the domains, see [Tan16,
Appendix C].

1 0 1 4 1 1 1
5 2 - _ _ 1 1 _
Acounterexampleon(CwH—(O 4>,B—\/§<_1 4)—\/§<_1 I)H,w—(l)
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