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Studying von Neumann algebras and inclusions

von Neumann algebra M: subalgebra of B(H), containing 1 and closed
in weak operator topology.

e classification, construction from group/quantum group, subalgebras,
group actions...

subfactor A/ C M: inclusion of von Neumann algebras (with trivial
centers).

@ classification, invariants, representation theory...

e N’ N M is typically “small” and there is a conditional expectation
E:M—N.

Half-sided modular inclusion

There are interesting inclusions ' C M where N/ N M where there is no
conditional expectation from M to N.

Result: new examples from free product, applications to quantum
field theory.
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Tomita-Takesaki modular theory

@ M: von Neumann algebra on H.

e Q: vector in H, cyclic (MK is dense in ) and separating (x2 # 0
for x # 0 for M).

o M'={x € B(H):[x,y] =0 for all y € M}, the commutant of M.
o S: closure of xQ — x*Q. S = JA:Z.

Theorem (Tomita)
ATMA™EC M, IMJ =M.

ot(x) = A®xA~" is called the modular automorphism of M with
respect to €2, and plays a crucial role in the study of (type Ill) von
Neumann algebras.

In conformal field theory, where M = A(R) is a local algebra and Q is the
vacuum vector, ot is the group of spacetime dilations (the
Bisognano-Wichmann property).
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Half-sided modular inclusions

e N C M: von Neumann algebras,
e Q: cyclic and separating for M, N
° Ai{,(: the modular group of M with respect to .
N C M is a half-sided modular inclusion if Ad A’ (N) C N for t <0.

(If AdA(N) C N for all t € R, there is conditional expectation
E: M — N (Takesaki) == M = N. We do not want it)

Theorem (Wiesbrock ‘93, Araki-Zsido ‘05)

If N C M is a half-sided modular inclusion with respect to 2, then
P .= L (log A log A )
= 5 (log Ay — log Ay
is self-adjoint and positive, where Ay is the modular operator of N'. If we

set U(s) = eF, then it holds that Ad A(U(s)) = U(e™?"ts) (the ax + b
group) and Ad U(1)(M) = N.

v
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Free products and AQFT

Algebraic quantum field theory

standard half-sided modular inclusions < (strongly additive) QFT on S.
Construct new examples?

Free product of von Neumann algebras

{M, Qx} = M, M contains copies of My and they are freely
independent.
{Nk C My, Q} = N C M. What can one say about N/ N M?

o Half-sided inclusions (N C M, Q) with N/ N M = C1.
@ There is {Nx C My, Qx} whose free products satisfy N/ N M # C1.
@ Some candidates for new QFT.
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Haag-Kastler net on S?

A Mébius covariant net on St is (A, U,Q), where {A(/)} is a family of
von Neumann algebras parametrized by intervals in S* such that
e Isotony: | C J = A(l) C A(J).
o Locality: INJ = [A(/), A(J)] = {0}.
@ Mobius covariance: U is a unitary representation of PSL(2,R) such
that Ad U(g)(A(1)) = A(gl).
@ Positive energy: the restriction of U to rotations has the positive
generator L.

@ Vacuum: there is a unique (up to a scalar) unit vector Q such that
U(g)2 = Q for g € PSL(2,R) and cyclic for A(/).

Many examples coming from quantum field theory.
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Half-sided modular inclusions and M&bius covariant nets

on St

Let (M C M, Q) be a half-sided modular inclusion. It is standard if Q is
cyclic for M NN,

Theorem (Guido-Longo-Wiesbrock ‘98)

There is a one-to-one correspondence between

@ standard half-sided modular inclusions

o Mobius covariant nets on S' = R U {co} which are “strongly
additive” (A(h) V A(k) = A(l), where I\ {p} = h U h).
Correspondence: M = A(R;),N = ARy + 1), M NN" = A(0,1).

Some problems:
@ Can one construct half-sided modular inclusions “algebraically”?
@ Is there half-sided modular inclusions which satisfy M NN’ = C17?

o Find handy criteria which give standardness.
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Free product of von Neumann algebras

@ K: index set. Kk € K.

@ M,: von Neumann algebras on H,
@ Q: cyclic and separating for M,
o Hy :=H.OQ

Free product von Neumann algebra (Voiculescu ‘85)
° H = CQ@@NZI @ﬁj;ﬁﬁﬂ_l Hzl Q- ®H2n Wlth ch; = H"'@ @CQH

1<j<n—1
o HEH, QK

@ M, acts on H by this identification: A\,
o M(= HMy) = {Au(Mi)}"

M is often a factor, e.g. if one of M, is diffuse (Ueda ‘11).
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Some results on free product

A generic element x € M = ¥, M, can be written as ) x{ * x5 * -

. '*Xr?'
where x? € Hy,, Kk 7 K1 such that (Qy, xg, Q) = 0.
On a vector &1 -+ &p, & € Hy,, X € My, acts as
XI:QH®£1®“'®€H if kK # K1

Xo E1®0- @& =< (X061 — (i, x081) ) o ® - ® &, if k=K1
< K1) H£1>§2 "®£n

Structure of the commutant (Voiculescu '85)

M’ is generated by x{’ - - x x7/, x7 € Mf{k, and they act from the right.

v

Modular automorphisms (Dykema ‘94, Barnett ‘95)

Let ot be the modular automorphism of M,;, Q.. The modular
automorphism ot of M, Q acts as

ot (xy * -k Xp) = oh(x1) * - * 0o (Xn).

\

Y. Tanimoto (Tor Vergata University)

Free products in AQFT 06/07/2018, Timisoara

9/15



Free product of half-sided modular inclusions

Lemma

Let {(N,; C My, Q) }wek be a family of half-sided modular inclusions.
The inclusion of free product von Neumann algebras

N =% N, C M=% M, Q

is a half-sided modular inclusion.

Proof: For xq % -+ % x, € M,
of(xi k- xxn) =0 (x1) * -+ k0 (xn) €N

Question: What about the relative commutant A/ N M?
Answer: it depends on {N,; C M, } and also on |K].
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Half-sided modular inclusions with trivial relative
commutant

Theorem (Longo-T.-Ueda, arXiv:1706.06070, to appear in Ann. Inst.
Fourier)

Let {(N C My, Q) } ek be infinite copies of a same half-sided
modular inclusion (Ny C Mo, Qo).

For the half-sided modular inclusion (N" = %N, C M = % .My, Q), it
holds that N N M = C1.

Notes on the proof:

@ The same result holds for general inclusions of von Neumann algebras

@ For a subset K1 C K and the corresponding subalgebra
My, = %k, My, there is a conditional expectation Ek, : M — My, .
This holds if K is infinite.

e Estimate x°Q, x° € N’ N M using analytic elements
/\,i/(b),fi/ eK \ Ki.
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https://arxiv.org/abs/1706.06070

Nuclearity conditions and split property

({A(N}, U,Q): Mébius covariant net on S!, not necessarily local.
U(pt) = e'tlo where p; is a rotation of SI.

Theorem (Buchholz-D'Antoni-Longo '07)

If ePLo js trace class for some 8 > 0, then for certain inclusion | C 1,
A(l) C A(l) is split, namely, there is an intermediate type | factor

(= B(K)).

Proof: The trace class condition implies that the map

A1) 2 x — (445 0xQ, - Q) € A(T).

is nuclear. Decompose it into normal maps  ¢;1;, so that

xy = (Lu07),.0X2 yQ) = X ¢j(x)¥;(y) is a normal state on N v M.
A(I) are type Il; factors (Gabbiani-Frohlich ‘93). If A(1) ¢ A(T) is split,
then the relative commutant A(/)’ N A(1) is of type llI, in particular,
cannot be trivial.
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Free product inclusion with nontrivial relative commutant

({A.(D}, U, ), & = 1,2: Mébius covariant nets on S* with trace class
property for all 5 (many such examples). In concrete examples,
dim ker(n — Lp) = e*",0 < o < 1.

Theorem (Longo-T.-Ueda)

(A(1) = A1(l)x Ax(1), % U, Q) is a Mébius covariant net without locality.
e PLlo js trace class for some 6> 0.
Consequently, A(I) C A(I) is split and has nontrivial relative commutant.

Proof: U can be written explicitly and Tr e AL can be estimated by
geometric series. Take /3 so that Tre Plio < 1.

This gives a first example of inclusion of free product von Neumann
algebras with nontrivial relative commutant.
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Possible construction of new Haag-Kastler net

Take two Mébius covariant nets and half-sided modular inclusions
(Aj(Ry+1) C A(R4),9Q)),j =1,2.

Problem: finite free product

Take the free product
N=ARy+1)x ARy +1) C M = A1 (R;) x A2(R4),Q. Itis a
half-sided modular inclusion. Is the relative commutant nontrivial?

Good criterion for relative commutant is needed. The trace class
condition is useful for inclusions A(/) C A(T), where I T, but not for
R+1CR.

Similar problem in two-dimensions, modular nuclearity? (used in 2d
Haag-Kastler net, Lechner ‘08, T. ‘14, etc.): For (N C M, Q), if

1
No3x— Ajvt,QxQ

is nuclear, then N’ C M is split.
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Summary and outlook

Half-sided modular inclusion with trivial relative commutant

Inclusion of free product von Neumann algebras with nontrivial
relative commutant

Possibly new Haag-Kastler nets

More techniques to determine relative commutant
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