Assignment 4: solutions

Qo1

Let us calculate the integral fol 8 %¥dx based on the definition. Let us take I = [0,1], P, =
{[07 %)7 [%7 %)7 e [nT_lv 1]} and f(.’L') =38 "
With n = 3, calculate S;(f, P,) and S;(f, P,).

Solution Note that f(x) = 8% is monotonically decreasing, so when we consider sup and inf,
we can simply take the values of f at the boundary.

3
s 1 1/1 1 1\ 7
S P = 877-7:— — — — —
Si(f, Bs) kzl °T3 3<2+4+8> 24’
3
_ e 11 11\ 7
P =S85 o (14-42) ="
S1(/, Fy) 5T g 3<+2+4> 12

k=1

Q02
Calculate the following definite integral. f02 (23 + 422 — 4)dw.

Solution We have

2 4 3
3 9 x 4z 20
4 —4d)dr = |—+ — —4 = —.
/O(x—i-a: )dx [4—1- 3 x] 3

Qo3

Calculate the following definite integral. fog sin(2(z — m))dx.

Solution We have

/4 sin(2(x — m))dx = L cos(2(x —m)) . %
0 0

Qo4

Calculate the following definite integral. f02 ze® dx.

Solution By substitution,

2 2
1 1 2 1
/ ze” dr = / 2 - e dr = - [e’q = (et —1).
0 2 Jo 2 1% o7 2

Qo5

Calculate the following definite integral. f02 re *dr.
Solution By integrating by parts,

/02 xe %dr = [3; . (—671)](2) - /02(—6x)d:c

=27~ [e*x]z =3¢ 141



Q06

1
Calculate the following definite integral. |2 11_362 dx.

Solution By the change of the variables = sint = ¢(t), ¢'(t) = cost and for the limits of the

1\ _ =«

integral ¢~ 1(0) = 0,7 1(3) = &, we have

J R L —
——dzr = ———cos
0o V1—a? 0 V1 —sin?t
G T
= 1dt = —.
f =3
QO7
Calculate the following definite integral. f;’ ﬁdm.
Solution We have
o 1 _é+ B  Alx—-1)+Br (A+B)Jz—A
22—z xz—-1) =z z-1  z@x-1) zxz-1)

and solving A+ B=0,—-A=1,we have A=—-1,B=1, so

31 371 1
de= | (== d
/Q:UQ—xI /2 <x+x—1> v

= [~ log|z| +log|a — 1]];

4
= (—log3+1log2) — (—log2+logl) :2log2—10g3:10g§.

Qo8

Calculate the following improper integral. floo ze " dx.

Solution This integral is over an infinite interval of a bounded function. So this is by definition,

o0 2 5 2
/ ze ¥ dr = lim ze ¥ dx
1

,8—)00 1
1 (B
= lim —/ —2ze " dx
,6’—)00 2 1
1 B
= lim —— [e*xz}
B—oo 2 1
= Jim 5 (e~ (-eTh) = 5e!

Q09

Choose all convergent improper integrals.
° OOO e "dx
° fooo e*dx

oo 100 ,—x
ofox e Tdx



fooo e dx

fooo e dx

. floo 3 dr
. fol 73 dx

[ Sedr

oo 241

Solution
) fooo e *dx can be directly calculated and is convergent.
° fooo e”dx. e is monotonically increasing, so it cannot converge.

1
10e=35 < C for z

foo 1000=24y Tt holds that 2'%e~3 — 0 as = — 00, therefore, x

—T

sufficiently large. As faoo Ce 2dx is convergent, and z'%%e¢~% is bounded on any bounded

interval, the whole integral is convergent as well.

° foo =%’ dz. We have e=®° < e~ for ¢ > 1, so we have fooo e~ dr < fol e*x2dx—|—f1°° e ldr
and the latter is convergent, thus the former is convergent as well.

° fooo e dr. e is monotonically increasing, so it cannot converge.
3
) floo x~ 2dz can be directly calculated and is convergent.
3 3
° fol x”2dx = lim,_,o+ f; x~ 2dz can be directly calculated and is divergent.

[e.9]

o [T xQdeL’ By noting that

1 oo 1 1 1
QH < -7 and fl —zdx and f—oo —zdx are convergent, and

x%-kl is bounded on [—1, 1], we conclude that the former intergral is convergent as well.

Q10

Using the Taylor formula of cos(2x) as x — 0, determine whether the following improper integral

fO W convergens or leergeS.

Solution We have

2

cosy =1— % + 0(y2)
4z 2 2 2
cos(2z) = 1—7—#0(:5 ) =1—2z"+ o(z*)
Therefore, cos(2z) + 22 — 1 = —22 + o(2?) as z — 0 and
1 1
. z2 x2
2__ 2 2
lim cos(2:r:)_—i-§:r; 1 lim —* —l;og(x ) -]
r—0t xr 2 z—0+ x 2

As fol t=3dx diverges, diverges as well.

fl r2
0 cos(2z)+z2—1



