Assignment 1: solutions

Qo1

Let A = {0,1,2,3,4,6,7},B = {n € Z : there is m € Z such thatn = 2m}. Determine the
elements of AU B and AN B in {0,1,2,3,4,5,6,7,8,9}.

Solution B is the set of even numbers, that is, B = {---,—4,-2,0,2,4,6,8,10,--- }.

A U B is the union, the set that contains the elements of A and B and nothing else. Thus,
in {0,1,2,3,4,5,6,7,8,9}, AU B contains 0,1,2,3,4,6,7,8.

AN B is the intersection, the set that contains the elements that belong both to A and B
and nothing else. Thus, in {0,1,2,3,4,5,6,7,8,9}, AU B contains 0, 2,4, 6.

Q02

Let A={x € R:2? — 62+ 8 > 0}. Write A as a union of intervals.

Solution The condition for A can be written as follows:

22 —6x+8>0

S (x—-2)(z—4)>0

< (x—-2>0andrz—4>0)or (zr—2<0andx—4<0)
& (r>2and z>4) or (r <2 and z < 4)

& (x>4)or (x<2)

&z e (—00,2)U(4,00)

QO3

Let A={z € R: 23— 2? — 2z > 0}. Write A as a union of intervals:

Solution The condition for A can be written as follows:
23— 22— 22 >0
S (x+1D)z(z—2)>0
One can proceed as before, but it is more convenient to consider the following cases:
e v < —1. Then (z + 1)z(xz — 2) < 0, so  does not belong to A.
e z =—1. Then (z + 1)z(x — 2) = 0, so x does not belong to A.
o —1<x<0. Then (z + 1)z(z —2) > 0, so = belongs to A.
e £ =0. Then (z+ 1)z(x — 2) = 0, so = does not belong to A.
e 0 <x <2 Then (z+ 1)z(x —2) <0, so z does not belong to A.
e £ =2. Then (z+ 1)z(x —2) = 0, so = does not belong to A.
e 2 <z. Then (z+ 1)z(x —2) > 0, so = belongs to A.

Altogether, we have A = (—1,0) U (2, 00).



Figure 1: Solution to Q2. = € A if and only if the graph of 23 — 62 — 8 is above the z-axis.
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Figure 2: Solution to Q3. = € A if and only if the graph of 2% — 22 — 2z is above the z-axis.

€ RxR :y = 22+ 1}. Choose all (x,5) € A among the following.
1

Solution For each of (x,y), one should chech whether y = 2! + 1 holds or not. The answer is
(—1,2),(1,2),(2,5).

Q05
Let A = {(z,y) € RxR : y < 2 —1}. Choose all (x,5) € A among the following.
(—2,0),(_2,3),(—1,2),(—1,4),(0, _2)7(07_1)7(172)7(173>7(27 _2)7(275)7(37())-

Solution For each of (x,y), one should chech whether y < 2% — 1 holds or not. The answer is
(Ov _2)7 (27 _2)a (27 5)) (35 0)~

Q06

Let A= {x € R: 23 —22—22 > 0}. Determine whether A is bounded below or above. Determine
inf A (if it exists).

Solution This is the same set as in Q03, and we know that A = (—1,0) U (2,00). This is
bounded below, for example, by —1. But it is not bounded above. —1 is inf A, because for any
number x > —1, there is a number a such that —1 < a <z and a € (—1,0) C A.
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Figure 3: Solution to Q4. One should pick the points on the graph of y = z? + 1.

Figure 4: Solution to Q5. One should pick the points below the graph of y = 2% — 1.



Qo7

Let A = {22:1(%)k € R:n € N}. Determine sup A =[a] and inf A = .

1r_(1lyn
Solution We saw in the lecture that > 7_,(3)* = 2(17(3)) = 1— (3)". Therefore, A =

1—3
{1—(3)":neN}t={L3 ...} Thesequence 1 — ()"

converges to 1. Therefore, inf A = %, sup A = 1.

is monotonically increasing and

Qo8

Compute the sum. Zizl(n2 +1).

Solution This is
4
D) =T+ D)+ @2+ 1)+ +1)+ (@ +1) =245+10+17 = 34.
n=1
Qo9

Compute the product. Hizl(l - 2%)

Solution This is

Q10
Expand (2x + y)*

Solution Using (a+b)" = >}, (Z)akb"_k with a = 22,0 = y,n = 4, we get

4

o) =3 () ety

k=0
=yt +4-200° + 6 (22)%% 4 4(22)%y + (22)*
= 162" + 3223y + 2422y + 8x1® + y*.



