Call1l.

(1) Q1
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, 1 is accepted but not %), and if it is negative and the

2
answer boxes (such as %) have ambiguity, the negative sign
should be put on the numerator (for example _71 is accepted
but = is not). logz = log, z, not log;, .

Complete the formulae.

sin(3(x—1)) = @-F@(ZB—D-F($—1)2+@(1’—1)3—|—0((ZE—1)3) as x — 1.

[0 v (b} (3 et [0 v} (29 V][ [2 V]

f
(z—1)log(xz+1) +log r-1)+=(z-1)’+=(z—1)’+o((z—1)*) as z — 1.
=

:]O \/‘:]2 \/\:]1 \/\:’2 \/\:]—1 v |
0
sin(2(x—1)%)-(z—1) = +(:17—1)+(x—1)2+@(x—1)3+0((17—1)3) as r — 1.
T [0 ] @ [0 ] @ [0 7)) 2 7]

For various «, 5,7 € R, study the limit:

sin(3(x — 1))+ (x — 1) log(z + 1) — (a+ log B)(x — 1) — y(x — 1)2.

R sn((@—12)- (@ 1)
This limit converges fora:@,ﬁ:@,’y:.
@:]3 \/\@:’2 VIR V]2 V]

In that case, the limit is ik
[t} [=37 v ][u}[16 V]
1




Use the Taylor formula f(z) = f(1) + f'(1)(x — 1) +
(W@ -1)2+ 2Oz -1 +o((z—1)*) as z — 1.
To determine «, 3,7, one only has to compare the nu-
mereator and the denominator and choose «, 8,y in such

a way that they have the same degree of infinitesimal (in
this case, both of them should be of order (x — 1)3).

(2) Q1
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, L is accepted but not %), and if it is negative and the

X a]

answer boxes (such as E) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not). logz = log, x, not log, .
Complete the formulae.

sin(—3(z—1)) = [al+b](z—1)+c)(z—1)*+ (x 1)3+0((z—1)%) as z — 1.
[a [0 /\@11—3 v |[c]: [0 /\@:!9 r[2 v

(x—1)log(z+2) +log r—1)+=(r—1)*+=(z—1)>+o((z—1)*) as x — 1.
=

£ [0 v ][g] [3 /\:]1 HIERlIETa
[} [15 7]

sin((z—1)%)- = [TH{m)(z—1)+m)(z—1)*+0](z—1)*+o((z—1)?) as z — 1.
:mmo [k [0 o) [T V]

For various «, 5,7 € R, study the limit:
sin(=3(z — 1)) + (z — 1) log(z + 2) — (a+ log B)(z — 1) — v(z — 1)?

i sn((@—12) - (z = 1)
This limit converges fora:@,ﬁ:@,’y: .
@:]—3 \/\@:]3 VIR V|sE]3 V]

In that case, the limit is =.



(3) Q1
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, % is accepted but not %), and if it is negative and the

answer boxes (such as E) have ambiguity, the negative sign
should be put on the numerator (for example ’71 is accepted
but = is not). logx = log, x, not log,, x.

Complete the formulae.

]
[0 ][} (3 /e [0 7 [d} [29 7] [2 7]

sin(3(z—1)) = [al+b|(z—1)+Hc](z—1)*+=(z—1)*+0((z—1)?) as = — 1.

(x—1)log(z+4) = +10g r—1)+= (r—1)*+=(r—1)*+o((x—1)*) as x — 1.
=

£ [0 vV [e] [5 /\:]1 ik (3 Vi [=1 V]
[} [50 7|

sin(3(z—1)2)- = [1Hm](z—1)+m)(z—1)*+0](z—1)>+o((z—1)*) as & — 1.
::\0 v |} [0 v [o}[3 V]

For various «, 3,7 € R, study the limit:
lim sin(3(z — 1)) + (z — 1) log(z +4) — (a +log B)(z — 1) — y(z — 1)?
z—1 sin(3(z — 1)) - (x — 1) '

This limit converges for a = @, b= @, v = .

@:’3 \/‘@:’5 \/‘:’1 /‘:’5 \/‘
t
In that case, the limit is .

[t [-113 vV ][} [75 V]

(4) Q2
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, % is accepted but not %), and if it is negative and the
[a]

answer boxes (such as E) have ambiguity, the negative sign




should be put on the numerator (for example _71 is accepted
but }2 is not). logz = log, z, not log, .

Let us study the following series >~ %(x + 1)3n,
with various z.

This series makes sense also for x € C. For x = i, calculate
the partial sum $.°_, %(m +1)% =[a]+ bl

a:[—4 v|[bl[-140 /]

In order to use the ratio test for x € R, we put a,, = (2"(‘7}—2)(22”)' |z+
1)*". Complete the formula.

lim 2L — clldle + @y

n—oo (U

<} [8 7 [d} [T ][} [T 7][E: 3]

Therefore, by the ratio test, the series converges absolutely

for = =

or<:v<

i} (3 ) [: [(2 V[ [T v [2 7]
For the case x = —1, the series

e converges absolutely. v’

e converges but not absolutely.
e diverges.

For the case z = %, the series

e converges absolutely.

e converges but not absolutely.
e diverges. v’



The partial sum means the following finite sum:
Zi:o a, = ag+ai+asq, so one just has to apply n =0, 1, 2
in the concrete series and sum the numbers up. Notice
that 7> = —1. One can compute (1 + )'® by using the
fact that 1+ i = v/2(cos T +isinT).

To apply the ratio test for a positive series > a,, one
considers L = lim,, o, “2*. Note that (2(n+1))! = (2n+
2)(2n +1)(2n)!.

If this limit L < 1, then the series converges absolutely
(for such x), while if L > 1 the series diverges. a,, depends
on z, and this gives us a condition for which the series
converges. That is 8lz + 1[* < 1,or -1 <z +1< 3

If L = 1, one needs to study the convergence with other
criteria. In this case, if x = —%, then a,, diverges, and
the series diverges as well.

(5) Q2
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

1

ample, 5 is accepted but not %), and if it is negative and the

answer boxes (such as %) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not). logz = log, x, not log, .
Let us study the following series >~ %(w — 1)%",

with various z.
This series makes sense also for x € C. For = = i, calculate

the partial sum Zizo %(ﬂf — 1)’ =[a]+ Ez
:]4 \/‘@:]148 \/\
@ —1)(2n)!

In order to use the ratio test for x € R, we put a,, = o |z—

1/>". Complete the formula.

lim 2L = [clldl + @

n—00  (y,

<} [§ 7][d} [T 7 ][e} [T V[T [3 7]

Therefore, by the ratio test, the series converges absolutely

for<:v<.

[Tk 2Rk 3V m [2 V]




For the case x = —%, the series
e converges absolutely.
e converges but not absolutely.
e diverges. v’
For the case x = %, the series
e converges absolutely. v’
e converges but not absolutely.
e diverges.
(6) Q2
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, % is accepted but not %), and if it is negative and the

answer boxes (such as E) have ambiguity, the negative sign

should be put on the numerator (for example %1 is accepted
but = is not). logz = log, x, not log, .
2
Let us study the following series >~ (”(_nl—,))g)w(x — 1)%,
with various z.
This series makes sense also for € C. For x = i, calculate

the partial sum 3°°_, W(x — 1) =[a]+ bl
[a:[-1 v|[bl:[2160 V]
_ (n?2=1)(3n)!

In order to use the ratio test for x € R, we put a,, = W(m—
1)3". Complete the formula.

tim 2 — 6] de + ]l

a

ek [27 Vld: [T V][er[=1 V][E[3 V]
Trefore, by the ratio test, the series converges absolutely

j

<z < .

:’2 \/‘:’3 \/‘:’4 \/‘:’3 \/‘

For the case x = %, the series

e converges absolutely.

e converges but not absolutely.

o diverges. v’

For the case z = %, the series

e converges absolutely. v’

e converges but not absolutely.

o diverges.

for




(M) Q2
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, % is accepted but not %), and if it is negative and the
answer boxes (such as ) have ambiguity, the negative sign
should be put on the numerator (for example ’71 is accepted

but = is not). logz = log, x, not log, .
2
Let us study the following series >~ %(z + 1)3n,
with various z.

This series makes sense also for € C. For x = i, calculate
2
the partial sum 3.°_, W(I +1)% =[a]+ bl

a:[—1 v |[bl:[—2160 V]
_ (n?2=1)(3n)!

In order to use the ratio test for x € R, we put a,, = W(Qﬂ-

1)3". Complete the formula.

tim 1 (e + () 0
:’27 \/‘@:’1 \/‘@:’1 \/‘:’3 \/‘
Therefore, by the ratio test, the series converges absolutely
for <z <
]
:’—4 \/‘:’3 \/‘:’—2 \/‘:’3 \/‘
For the case x = %, the series
e converges absolutely.
e converges but not absolutely.
o diverges. v’
For the case x = —%, the series
e converges absolutely.
e converges but not absolutely.
e diverges. v’
(8) Q3
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, I is accepted but not %), and if it is negative and the

2

answer boxes (such as =) have ambiguity, the negative sign

should be put on the numerator (for example ’71 is accepted
but = is not). logz = log, x, not logy, .



Let us consider the following function

3 —1

fz) = :

X

The function f(x) is not defined on the whole real line R.
Choose all the points that are not in the natural domain of

().

NI= ol DN ot Qo

< S

0
1
2
1
3
2
2
5
2
3
hoose all asymptotes of f(x).
y=-1

y=0

y=1

r= -2

r=-1

r=0 VvV

r=1

T =2

y=u1x/2

y=x/2+1

y=x v

y=x+1

y =2

y=2zx+1

y=—x/2

y=-—-x/2+1

y=—x v

® © 6 © 0 06 06 06 6 0 0 0 06 06 6 6 0 6 6 6 (O o o o 0 0 O O O 0o o o



One has

[ [—1 V]|bl[2 V]E[4 V]

The function f(z) has |d] stationary point(s) in the domain
i

Choose the behaviour of f(x) in the interval (3,5).

e monotonically decreasing

e monotonically increasing v/

e neither decreasing nor increasing

To determine the natural domain of a function, it is
enough to observe the components. For example, ,/y is
defined for y > 0, y%a is defined only for y # a, etc. It
is enought to exclude all such points where the composed
function is not defined. In this case, m3;1 > 0, so both of
x and 22 — 1 are > 0, or both of them are < 0 From this
we get that z < 0 or z > 0.

There can be asymptotes for x — 400, and for x — a,
where a is a boundary of the domain. In this case, one
should check z — 0,1, 00. x — 0 give infinity, so there are
vertical asymptote there. As for z — oo, f(x) diverges, so
there is no horizontal asymptote. To see whethere there

o f(z) _ 3_
are oblique asymptotes, we note that == = +4/%5*

depending on x > 0 or x < 0 This tends to £1 as = —
+00. One can also calculate lim, 1., f(x) — £ = 0,
therefore, the oblique asymptotes are y = +x.

For the derivative, the chain rule (f(g(x))) =

g (z)f'(g(x)) is useful. In this case, f(x) = =L

X
_ S—(2®-1) _ 1 T 2z3+1)
filo) =33 T = 3/
If f'(zg) =0, zg is called a stationary point. In this case,

Ty =, — %)% From the formula above for f'(x), we see

(
that f'(x) > 0 for z € (3,5).

(9) Q3
If not specified otherwise, fill in the blanks with integers (pos-

sibly 0 or negative). A fraction should be reduced (for ex-

ample, % is accepted but not %), and if it is negative and the



10

answer boxes (such as E) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not). logz = log, x, not log, .
Let us consider the following function

s

The function f(z) is not defined on the whole real line R.
Choose all the points that are not in the natural domain of

f(@).
e —3
=
o —2
=
o —1
=
e (0 vV
o% v
o1
o2
o3
Choose all asymptotes of f(z).
o y=—1
.y:
o y=1
o r=—2
o =—
erx=0V
o=
o r=2
e y=zx/2 v
e y=zu/2+1
./y:x
ey=x+1
o y=21
e y=2r+1
o y=—x/2 v
o y=—x/2+1
[ ]
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o y=—x+1
o y= -2

o y=—-2r+1
One has

. [yl
fl(=1) = .
[a) [T Vbl [2 V][ck[8 V]

The function f(z) has |d] stationary point(s) in the domain
d}
Choose the behaviour of f(x) in the interval (=5, —3).
e monotonically decreasing v’
e monotonically increasing
e neither decreasing nor increasing
(10) Q3
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, 1 is accepted but not %), and if it is negative and the

2 )
[b]

answer boxes (such as have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not). logz = log, x, not log, .
Let us consider the following function

=

The function f(x) is not defined on the whole real line R.
Choose all the points that are not in the natural domain of

f(@).

NI= ol DN jot Qo

«\

Dot NN = O



12

°J

Choose all asymptotes of f(x).
o y=—1
.y:

.y:

o r=—

o v =—1
erx=0V

e I =

o =2

o y=u/2

e y=2x/2+1
.y:,fl;

e y=x+1

o y=21 Vv
o y=2r+1
o y=—x/2
o y=—x/2+1
o y=—=
ey=—r+1
o y=-2zr VvV
o y=—-2r+1
One has

&} (=5 7} (2] [T 7]

The function f(x) has @ stationary point(s) in the domain
]

Choose the behaviour of f(x) in the interval (—1,0).

e monotonically decreasing

e monotonically increasing

e neither decreasing nor increasing v’

(1) Q4

If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, I is accepted but not %), and if it is negative and the

2

answer boxes (such as =) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not). logz = log, x, not logy, .
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Let us calculate the following integral.

/0 4o? — 1

3 5 dx.
a0 =2 4 —2
Complete the formula

42 — 1 @(E—FE @

22tz —2 2?2 +[c] x_|_

[l [1 ][b [2 e [T vld]: [3 v]fe} [=2 V]

Choose a primitive of %
arctan(x + 1)

¢ arctan(x)
zarctan(z? + 1)
+log(z? 4+ 1)
tlog(z? +1) v
log(xz(2* + 1))
+arcsin(z? + 1)

4
1

5 arcsin(z? + 1)
e arcsin(z(z? + 1))

By continuing, we get

R |
/ x3_2x2+$_2d;v—i7r+log2—|—log3

[T Ve [2 V) [3 vl [2 vl [=3 V]

The partial fractions of

+1'

fo? can be found first by

factorizing the denominator a® — 222 + 2z — 2 = (22 +
1)(z — 2) and then by puttmg . A4 BprC

x3—2x2472—2 241
The indefinite integral of "5 can be found by the substi-

tution v = 2%+ 1, while one can use f ——dx = arctan z.

2+1

(12) Q4
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, % is accepted but not %), and if it is negative and the

[a]

answer boxes (such as =) have ambiguity, the negative sign

should be put on the numerator (for example ’71 is accepted

but = is not). logx = log, x, not log,, x.



14

Let us calculate the following integral.

/0 32?2 — 2
dz.
o —=2x2+x—2

Complete the formula

3% — 2 @x+@ @

3 —202+x—2 22 +[c| x_|_

& [T 7ok [2 7 [T V][ (2 V) (2 7]
Choose a primitive of
arctan(z + 1)

% arctan(z)
xarctan(z?® + 1)
%igg(wi +1)
plog(a? +1) v
log(r(2? + 1))
*arcsin(z? + 1)
5 arcsin(2? + 1)
arcsin(z(x? + 1))
By continuing, we get

0 32 -2
/1 3 —2x2+x—2dx . log2+10g3

:’1 \/‘:’2 \/‘:’3 /‘ﬂ:’? \/‘:’—2 \/‘

+1'

(13) Q4

If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, L is accepted but not %), and if it is negative and the

2
answer boxes (such as %) have ambiguity, the negative sign
should be put on the numerator (for example ’71 is accepted
but — is not). logz = log, x, not log,, x

Let us calculate the following integral.

/ 0 222 — 3

dx.
a3 =22+ x—2
Complete the formula

22% — 3 @Z‘—FE @

3 —202+x—2 22 +[c] 3;_1_
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&} [T 7]} [Z 7@ [T 7@ [T V@[22 7]
Choose a primitive of

arctan(z + 1)

% arctan(z)

rarctan(z? + 1)

%}Zg(wz +1)

plog(a” +1) v

log(a(2? + 1))

T arcsin(z? + 1)

S arcsin(2? + 1)

arcsin(z(x? + 1))

By continuing, we get

0 222 — 3 (1] |
/_11‘3—2x2+x_2dx i7r+log2—|—log3_

:’1 /‘:’2 \/‘:’1 \/‘:’2 /‘:’—1 \/‘

(14) Q5
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, % is accepted but not %), and if it is negative and the

answer boxes (such as @) have ambiguity, the negative sign

2+1'

should be put on the numerator (for example _71 is accepted
but = is not). logx = log, x, not log,, x.
Choose the general solution of the following differential equa-

tion.
y'(z) =z exp(z)y(z)?
e y(x) = C/((x — 1) expx)
o y(x) =—1/((x — C)expx)
e y(x) = —1/((x =) expz +C) v
o y(r) = —1/((x — 1) exp Cx)
e y(r) = —1/((x —1)expa) +C
e y(r) =(r—1)expz+C
o y(x) = (v —C)expa
o y(x)=C(z —1)expx
o y(z) =(r—1)expCux
Determine C' = [a] with the initial condition y(0) = 0.5

[a} [-1 /]



Choose the general solution of the following differential equa-

tion.
y'(x) —y'(x) — by(z) =0
e y(x) = Cysin(—3z) + Cy cos(2x)
e y(z) = C} cos(—3x) + Cysin(—2x)
e y(z) = Crexp(3z) + Cyexp(—2x) v
e y(z) = Crexp(—3x) + Cyexp(22)
e y(x) = Cysin(1z) + Cy cos(6x)
e y(x) = Cy cos(—1z) + Cy sin(6x)
o y(z) = Cyexp(—x) + Cyexp(6x)
o y(z) = Cyexp(3z) + Cyexp(x) cos(x)
o y(x) = Cyexp(—3z) + Cyexp(—x) cos(x)
o y(z) = C exp(3x)sin(z) + Cy cos(—x)

Choose C = E, Cy =[c]in such a way that y(0) = 5 and
lim, 00 y(x) = 0.

b} [0 V][e [5 7]

The equation 3/ (z) = wexp(x)y(x)? is separable, hence

one obtains the relation —i = [eVdy = [wexp(z)dr +

C=(x—1)exp(x) + C, or y(x) = m.

The second-order differential equation 3" + ay’ + by = 0
can be solved as follows: put 22 + az + b = 0, and solve
this equation. If this has two real solutions z, 29, then
the general solution is y = C1e*'* + Cye®”. If it has two
real solutions zi, 2o, then y = Ce** 4+ Che®”.

The constant can be obtaind by substituting the initial
condition and noticing that lim, ., C; exp(3z) = 0 only

(15) Q5
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, I is accepted but not %), and if it is negative and the

2
[a]

answer boxes (such as =) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not). logz = log, x, not logy, .
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Choose the general solution of the following differential equa-

tion.
y'(z) = z exp()y(z)*
e y(z) = C/((x — 1) exp )
o y(x) =—1/((x = C)expx)
e y(z) = —1/((xr —1)expz +C) v
* y(r) = —1/((x — 1) exp Cx)
o y(r) = —1/((x =) expz) + C
e y(z)=(r—1)expz+C
e y(x) = (v —C)expa
e y(x)=C(zr —1)expx
o y(z) =(r—1)expCux

Determine C' = [a] with the initial condition y(0) = 0.25

[ [=3 V]

Choose the general solution of the following differential equa-

tion.
y'(x) +y'(x) — by(z) =0
o y(x) = Cysin(—3z) 4+ Cy cos(2x)
o y(z) = C4 cos(—3x) + Cysin(—2x)
o y(z) = Cyexp(3z) + Cyexp(—2x)
o y(z) = Crexp(—3x) + Cyexp(2z) v
e y(z) = Cysin(lx) + Cy cos(62)
e y(z) = Cycos(—1x) + Cysin(6x)
o y(z) = Cyexp(—x) + Cyexp(6x)
o y(x) = Cyexp(3z) + Cyexp(x) cos(x)
o y(x) = Cyexp(—3z) + Cyexp(—x) cos(x)
e y(x) = Cyexp(3z) sin(x) + Cs cos(—x)

Choose C = @, Cy = [c]in such a way that y(0) = 5 and
lim, ,. y(z) =0.
(b} (5 ] [e} [0 7]
(16) Q5
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, % is accepted but not %), and if it is negative and the

answer boxes (such as =) have ambiguity, the negative sign

should be put on the numerator (for example ’71 is accepted

but = is not). logz = log, x, not logy, .
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Choose the general solution of the following differential equa-

tion.

SRS

8

e 6 6 06 0 0 o0 o
Cc e ce e
8

P
e N N N N N N

o
<
2

Y (z) = wexp(z)y(r)?

z)=C/((x —1)expx)

= —1/((z = C)expx)
=—1/((x—1Dexpx+C) vV
—1/g(x —1)exp Cx)

—1/((x = 1)expz) +C

=(x—1)expz+C

=(x—C)expx
Clr—1)expx
(x —1)expCx

Determine C' =[a] with the initial condition y(0) = 0.2

[a [-4 /]

Choose the general solution of the following differential equa-

tion.

88 8 8

8 8 8 8

L cc e e e
AN AN AN AN AN NN N
\_/\_/\_/\_/\%/\_/\_/\_/v

y'(x) = 5y'(x) — By(z) = 0

= ( sin(—3x) + Cy cos(2z)
= C} cos(—3x) + Cysin(—2x)
= C) exp(3z) + Cyexp(—2x)
= C) exp(—3z) + Cyexp(2x)
= (ysin(1z) + C; cos(6)

= (' cos(—1x) + Cysin(6x)
= Cl exp(

= (1 exp(3z) + Cyrexp(x) cos(x)
= Cyexp(—

y(z) =

z) + Cyexp(6z) v

3x) + Cy exp(—x) cos(x)
C exp(3z) sin(z) + Cy cos(—x)

Choose C = 7 Cy =[c]in such a way that y(0) = 3 and
lim, 00 y(x) = 0.
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