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(1) Q1
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, % is accepted but not %), and if it is negative and the

answer boxes (such as ) have ambiguity, the negative sign

should be put on the numerator (for example _71 is accepted

but = is not). logx = log, x, not log,, x.
Complete the formulae.

@ @(x—1)2+(x—1)3asx—>1.
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zexp(z—1) =[hHil(z—1)+ . (z—1)%) as v — 1.
i [T (2 )ik (3 v (2 (1) [2 7))
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sin((x—1)%)-(z—1) = @+@(1’—1)+@(m—1)2+(x—1)3+0((x—1)3) as r — 1.
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For various «, f € R, study the limit:

22 —zexp(z —1) +a(z — 1) + Sz — 1)

I
xgljl Sin((x _ 1)2) i (z o 1)
This limit converges for o = , 5

sE[3 V]t [2 V][ [13 VIvE[8 V]

In that case, the limit is .

Wl | =29 v |[x] |48 I/\




Use the Taylor formula f(z) = f(1) + f'(1)(x — 1) +
(W@ -1)2+ 2Oz -1 +o((z—1)*) as z — 1.
To determine «, 3, one only has to compare the nu-
mereator and the denominator and choose «, 8 in such
a way that they have the same degree of infinitesimal (in
this case, both of them should be of order (x — 1)3).

(2) Q1
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, I is accepted but not %), and if it is negative and the

3

answer boxes (such as =) have ambiguity, the negative sign
should be put on the numerator (for example %1 is accepted
but = is not). logz = log, x, not log, .

Complete the formulae.
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(r—1)Pasx — 1.

J 1
zexp(r—1) = +(rc—1)+(x—1)2+

:’1 \/‘:’2 \/‘:’3 \/‘:’2 \/‘:’2 \/‘:
sin((z—1)?)-(z—1) = @+@(w—1)—l—@($—1)2+(x—1)3+0((:v—1)3) as x — 1.
[0} [0 ‘/\@:]O \/\@:]0 VIRl v

For various «, f € R, study the limit:

[k](z—1)*+0((z—1)*) as = — 1.

b —wexp(e = 1) +ale — 1) + Az — 1)
z——1 Sin((q; _ 1)2) . (LU - 1) .

This limit converges for a = , = .
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:’5 \/‘:’3 \/‘:’29 \/‘:’18 \/‘




In that case, the limit is =
Wl [ —49 v |[x}[81 V]
(3) Q1
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, % is accepted but not Z%), and if it is negative and the

answer boxes (such as %) have ambiguity, the negative sign

should be put on the numerator (for example _71 is accepted
but = is not). logx = log, =, not log,, .
Complete the formulae.

3=@+(:c—1)+(1:—1) +(x—1)3asa:—>1.
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:’—1 ‘/‘:’16 \/‘

zexp(z—1) = [hHi](z—1)+ Ix P +o((z—1)%) as v — 1.

:\1 \/‘:’2 \/\:’3 \/\k:\2 /‘:\2 v |[ml]:

sin((x—1)%)-(z—1) = @—l—@(:ﬁ—l)—i—@(ﬂﬂ—lf%—(x—1)3+0((x—1)3) as x — 1.
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For various «, f € R, study the limit:
. zz—zexp(z—1) +afz — 1)+ Bz — 1)
lim - .

r——1 sin((x — 1)2) - (m - 1)

This limit converges for o = .

iaaraln) e/l «\--18 7]
In that case, the limit is .

Wl [ =35 v |[x}[48 V]
(4) Q2




If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, % is accepted but not %), and if it is negative and the

[a]

answer boxes (such as E) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not). logz = log, x, not log, .

Let us study the following series Y 573 (z — 1)*", with
various z.

This series makes sense also for z € C. For z = iv/3 , calculate

the partial sum 22 4"—1(3; 1) = 4 %}@Z

n=0 9n4+7

[} [—153 v |[bl: [88 V|[c} [87 v |ld]: [3 vV ][e]

In order to use the ratio test for x € R, we put a,, =
1)?". Complete the formula.

4"—1
947

G

L 2t [£]« +|
n—o0o @y, N

£l [4 V[g} [=1 V[hk[2 V[l [9 V]
Therefore, by the root test, the series converges absolutely
for <z < .

i} [T} (2 [T (5] [} [2 7]
For the case x = —1, the series

e converges absolutely.

e converges but not absolutely.

o diverges. v’

For the case z = %, the series

e converges absolutely. v’

e converges but not absolutely.

o diverges.




The partial sum means the following finite sum:
Zi:o a, = ag+ai+asq, so one just has to apply n =0, 1, 2
in the concrete series and sum the numbers up. Notice
that i> = —1. One can compute (—1 + iv/3)% by using
the fact that —1 + iv/3 = 2(cos %” + ¢sin %”)
To apply the ratio test for a positive series > a,, one

considers L = lim,,_, azzl. Note that for any p > 1,k €
R it holds that limy, e, % = 0, and limy, P’;;t’“ =1 ete.
If this limit L < 1, then the series converges absolutely
(for such «), while if L > 1 the series diverges. a,, depends
on z, and this gives us a condition for which the series
converges. That is Azl 1, or —% <r—1< %

If L = 1, one needs to study the convergence with other
criteria. In this case, if x = g, then a, tends to 1, and
the series diverges.

.

(5) Q2
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, % is accepted but not %), and if it is negative and the

answer boxes (such as %) have ambiguity, the negative sign

should be put on the numerator (for example ’71 is accepted
but = is not). logz = log, x, not log, .

Let us study the following series Y " 57 (x 4 1), with
various .

This series makes sense also for z € C. For z = iv/3 , calculate

I e R e .%]@z.

the partial sum ), &z

[l [—153 v |[b} [88 v |[c: [=87 v |[d}[3 Vv [e]

In order to use the ratio test for x € R, we put a,, = 3:;; (x+
1)?". Complete the formula.

lim 2L (e + [g 2.
n—0co -

£l [4 V[g} [T vk [2 ViE[9 V]




Therefore, by the root test, the series converges absolutely

fOI‘<£L'<.

i} (=5 vk 271} [Ty (2 7]
For the case x = —1, the series
e converges absolutely. v’
e converges but not absolutely.
e diverges.
For the case z = %, the series
e converges absolutely.
e converges but not absolutely.
e diverges. v’
6) Q2
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, 1 is accepted but not %), and if it is negative and the

x a]

answer boxes (such as E) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not). logz = log, x, not log, .

Let us study the following series >~ Z:—jr;(x + 1)?", with
various x.

This series makes sense also for z € C. For z = iv/3 , calculate

the partial sum 22 O_liz 1) = % X %@z

n=0 4742

ak [=344 vV |[bl [9 V][c: [-296 v |[d} [3 V][e]

In order to use the ratio test for x € R, we put a,, = ZZ—;;(x—l—
1)?". Complete the formula.

(e g
n—o0o Ay
£ [9 V[g}[1 Vnl 2 Vil [4 V]

Therefore, by the root test, the series converges absolutely

Hpgny

for
i} 5 7]k} 370 [CT 7 (5]

For the case x = —1, the series




e converges absolutely. v’
e converges but not absolutely.
e diverges.
For the case x = —%, the series
e converges absolutely. v’
e converges but not absolutely.
e diverges.
(7) Q2
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, % is accepted but not %), and if it is negative and the

answer boxes (such as ) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not). logz = log, x, not log, . .
. . o0 n__ 2 .
Let us study the following series " 7o (v — 1)*", with
various .
This series makes sense also for x € C. For z = /3, calculate

. C
the partial sum Y3, figg (v — 1) = =+ i'

442

) [—344 Vv |[b}: [9 vV [c: [296 v ][d} [3 V][e]
In order to use the ratio test for x € R, we put a,, =
1)?". Complete the formula.

Cann el
lim =
n—0o

:’9 \/‘:’—1 \/‘:’2 \/‘:’4 \/‘

Therefore, by the root test, the series converges absolutely
for <z <

m]

ik [Tkl B3Rk [ vml[3 V]

For the case x = —1, the series

e converges absolutely.

e converges but not absolutely.

o diverges. v’

For the case x = %, the series

e converges absolutely.

(e




e converges but not absolutely.
e diverges. v’
(8) Q3
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, L is accepted but not %), and if it is negative and the

y B

answer boxes (such as E) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not). logz = log, z, not log, .
Let us consider the following function

4
&=\ mr s

The function f(x) is not defined on the whole real line R.
Choose all the points that are not in the natural domain of

f(z).
o —6

&
ANENENENEN

Eo ot o b

oose all asymptotes of f(z).
~ -5
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o
e z=1/5
exr=>5

o y=ux/2
ey=x v
oy =21

o y=—x/2
ey=—x Vv
o y=—2r
One has

& (22 7][B} [7 (e} [ 7]

The function f(x) has @ stationary point(s) in the domain
]

Choose the behaviour of f(x) in the interval (—8, —7).

e monotonically decreasing

e monotonically increasing

e neither decreasing nor increasing v’
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To determine the natural domain of a function, it is
enough to observe the components. For example, |/y is
defined for y > 0, ﬁ is defined only for y # a, etc.
It is enought to exclude all such points where the com-
posed function is not defined. In this case, #2_5 >0,
sox =0, or 2 +4x —5 > 0 (because x* > 0). As
22 +4r —5 = (z+5)(x —1) > 0, we have z < —5 or
r>1orx=0.

There can be asymptotes for x+ — +oo, and for z — a,
where a is a boundary of the domain. In this case, one
should check x — —5,1,00. = — —5,1 give infinity,
so there are vertical asymptote there. As for x — oo,
f(z) diverges, so there is no horizontal asymptote. To
see whethere there are oblique asymptotes, we note that

@ — ;|:,/m depending on z > 0 or z < 0

This tends to +1 as © — £oo. One can also calculate
lim, ,1o f(z) — £ = 0, therefore, the oblique asymp-
totes are y = .

For the derivative, the chain rule (f(g(z)))’
g'(z )f/( (z)) is useful. In this case, f(z) =

f/( ) _ 2244x—5 4x3(x2+4x75)7:p4(2z+4) o
x2+4z 57 x4 (z2+4x—5)2 o
1/ z2+4z—5 223 (a2 —690—10)
2 A (z2+4x2—5)2 -

If f'(zg) = 0, x is called a stationary point. In this
case, rog = 0,—3 + v/19. Note that, z = 0 is an isolated
point in the domain, so = 0 is not a stationary point.
As f'(=8) > 0, f(=7) < 0, f is not monotonic in the
interval (—8, —7).

(9) Q3

If not specified otherwise, fill in the blanks with integers (pos-

sibly 0 or negative). A fraction should be reduced (for ex-

ample, % is accepted but not %), and if it is negative and the

[a]

answer boxes (such as =) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not). logz = log, x, not logy, .
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Let us consider the following function

4
@ =\ 75—

The function f(x) is not defined on the whole real line R.
Choose all the points that are not in the natural domain of

f(z).
e —(

=-1V

I
ETC

I
8 Ot
N

® © 0 0 0 06 06 06 0 0 0 0 0 0 0 0 0 0 0 0 (YO 0o 0 0 0 0 0o 0 0 o o
R 8888 88RS8 <
I I
—_



12

(10

One has

[ [—12 Vbl [7 V][ [49 V]

The function f(z) has |d] stationary point(s) in the domain
0]

Choose the behaviour of f(x) in the interval (7, 8).

e monotonically decreasing

e monotonically increasing

e neither decreasing nor increasing v’

) Q4

If not specified otherwise, fill in the blanks with integers (pos-

sibly 0 or negative). A fraction should be reduced (for ex-

ample, % is accepted but not %), and if it is negative and the
i

answer boxes (such as have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but =5 is not). logz = log, x, not log;, x.
Let us calculate the following integral.

2
/ 22(2? + 1) log(x? + 1)dz.
1

Let us change the variables 22 +1 = t. Complete the formula

/2 22(2? + 1) log(x® + 1)dx = /E #el log(t + @)dt

) [2 7)ok [5 ] [ek [T 7][d} [0 7]
This integral in ¢ can be carried out by integration by parts.
We get

:
92(22 + 1) log(2? + 1)d ——+.1 +
/1

Where.
1—21/ (4 V[g} [=2 v]nk [2 Vil
!25 \\5/\! 4




13

By substitution z? + 1 = ¢, we need to consider % = 2z,
or formally 2xdx = dt. Accordingly we need to change
the limits of the integral.

After the change of variables, the integral becomes

f25tlogtdt. Ast = (%)/, we have [tlogt = _t21;gt —

[ Ldt = 'SQIT““ — % + C by integration by parts.

(11) Q4
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
1 - 2 cf oty s .
ample, 5 is accepted but not %), and if it is negative and the

[a]

answer boxes (such as @) have ambiguity, the negative sign

should be put on the numerator (for example _71 is accepted
but =5 is not). logz = log, z, not log;, z.
Let us calculate the following integral.

2
/ 22 (2 + 1) log(x* + 1)dz.
V2

Let us change the variables 22 +1 = t. Complete the formula

: b]
/\/i 22(x* + 1) log(a® + 1)dx = /@ fel log(t + @)dt

&} [5 7]} [F Ve [T V][ [ 7]
This integral in ¢ can be carried out by integration by parts.
We get

2 log log
/ ¥

27 (2 + 1) log(2® + 1)dx =[e] +

v

where [g] < .
e} [—4 v} [=9 Ve [3 v |hk[2 Vi [25 V]
:]5 /\:]2 v
(12) Q4
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, L is accepted but not %), and if it is negative and the

X B

answer boxes (such as E) have ambiguity, the negative sign




should be put on the numerator (for example = is accepted

2
but = is not). logz = log, x, not log, .
Let us calculate the following integral.

V3
/ 22(x? + 1) log(2? + 1)d.
V2

Let us change the variables 22 +1 = t. Complete the formula
V3 b]
/ 22(x? + 1) log(x® + 1)dx = / #el log(t +[d])dt
V2 [a]
) [3 (b} [4 V] [ek [T 7][d} [0 7]

This integral in ¢ can be carried out by integration by parts.
We get

[i]log]j]

/\/3 27(x* + 1) log(x® + 1)dr = = + log +
%

where [g| < .
:’—7 \/‘:’4 \/‘:’16 \/‘:’2 \/‘:’—9 \/‘
:’3 \/‘:’2 \/‘
(13) Q5
If not specified otherwise, fill in the blanks with integers (pos-

sibly 0 or negative). A fraction should be reduced (for ex-
ample, % is accepted but not %), and if it is negative and the

[a]

answer boxes (such as E) have ambiguity, the negative sign

should be put on the numerator (for example _71 is accepted
but =5 is not). logz = log, z, not log; z.
Consider the following improper integral for various o € R.

o° 2
/ e dx.
0

Choose all values of a such that the improper integral is con-
vergent.
-5

&
SNENENE NP

o 00 0 0 0 0
|
)



15

GCTO 3 N o

Among the correct options above, take the smallest value of

ol

« and calculate the improper integral: @

(1 v |[bl[10 V]

Choose the values of 8 such that the following integral con-

verges.
o0
.3
/ Pe " dx.
0

TTO N N O
DIRNENENENENEN

The function f(z) = e**” diverges as z — oo if & > 0, is
equal to 1 if & = 0 and tends to 0 very fast as © — oo
if a < 0. Therefore, the integral fooo ze™ dx converges
only if & < 0. By the substitution ¢ = 22 this can be
calculated.

As for fooo 2P~ dz, the part © — oo is convergent for any
value of 8 as in the previous case. The problem is x = 0,
and we know that e 9" = 1, hence this is convergent if
and only if 8 > —1 by comparison with fol zBdx.

(14) Q5
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If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, % is accepted but not %), and if it is negative and the
answer boxes (such as %) have ambiguity, the negative sign
should be put on the numerator (for example ’71 is accepted
but = is not). logz = log, x, not log, .

Consider the following improper integral for various o € R.

& 2
/ ze T dx.
0

Choose all values of « such that the improper integral is con-
vergent.

e —0

D N N RO

D
(\

Among the correct options above, take the largest value of «

o]

and calculate the improper integral: E

[T v|[bl[12 V]

Choose the values of 3 such that the following integral con-

verges.
& 3
/ 25 e " da.
0

o 00 0 0 0 0o
|
)
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