1 Taylor expansion and limit

Problem. For various «, 8 € R, study the limit:

lim 23+ a(z — 1) log(x?) — 1 — Bz — 1)
a—1 log(z) - (exp(x —1)—1)-(z—1)

Solution. First note that this is a limit of type 8. So we need to study the behaviours of

the numerator and the denominator as x — 1. We calculate the Taylor formula of both the
numerator and the denominator. The general formula (to the 3rd order, see below why the 3rd
order is enough) is

F&) = @) + F@)a —a) + 5 f @) - ) + 5 /O @)e ) +o(x — a)) as 0.
We take a = 1.
e 13 =1+3(x—1)+3(x—1)2+ (z — 1) (this is an identity as a polynomial)

e In general, if g(z) = a + b(z — 1) + c(z — 1)* + o((z — 1)?), then we have (x — 1)g(z) =
a(x—1)+b(z—1)2+c(x—1)3+o((x —1)3). That is, the Taylor formula can be multiplied.
This can simplify some calculations.

e Similarly, if g(x) = a + bz — 1) + o((x — 1)), h(x) = ¢+ d(x — 1) + o((x — 1)), then
g(x)h(z) = ac+ (ad + be)(x — 1) + o((x — 1)).

e (z —1)log(x?) can be calculated either using the general formula, or the above technique.
We have log(2?) = 2logz and and log(0 + 1) = 0, (log(y + 1))’ = y+1, (log(y +1))" =
—m. Use that log(z) = log((z — 1) +1) =0+ (z — 1) — 3(z — 1) + o((z — 1)?).

By multiplying them, we have (z — 1) log(z?) = 2(z — 1)? — (z — 1)3 + o((z — 1)3).
e logz =0+ (xz— 1)+ o((x — 1)), (x —1) =14 (x — 1)+ o((z — 1)) since exp(y) =

ex
1+y+ 39>+ ... Orexp(x—1)—1= (z—1)+o((z —1)). By multiplying them,
log(z) - (exp(z —1) = 1) - (z — 1) = (96 — 1)’ +o((z—1)%).
Now we have that the denominator is (z — 1)3 + o((z — 1)3) as # — 1, and the numerator is
(x—1P2+3x-12+3@ -1 +1-al2@x—-1)?—(z—-1)%) —1-8(x—1)+o((x —1)*)
— (B A1)+ (3—2)(@— 1+ (1 +a)@— 1 +of(z — 1)?)
To have a finite limit of limg,_,; (3_5)(x_1)+(3_2(‘;K31”)§22&;1_+1§2)(x_1)3+0((x_1)3), we must have

3— 8 =0,3—2a =0, because otherwise the limit diverges. Therefore, § = 3,a = , and the
given limit is

o((z—1)3
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Note: lim,_,q @ 1)3 converges if and only if @ = 0 (otherwise diverges). Similarly, we have

lim, a?b(ﬁ);) converges if and only if a = b = 0 (otherwise diverges).

The symbol g(z) = o((z — 1)3) means that hmm_ﬂ( (1))3 = 0. In particular, we have

_1)3 _1)3 a+70((x_1)3 )
limg_,1 a(z—1)°+o((z—1)%) _ lim,_, 1 @13 _
T— (@—1)3 T— T

Examples of Taylor series: e = 1+ x + %2 + %3 +o(z®) asx — 0, logz = 0+ (z — 1) —
L;DZ + 7(35_31)3 as x — 1.



2 Series

Problem. Calculate the finite sum for x = 7 in Zn —0Fn +n2 (x4 1)3" and study the convergence

of the infinite series y_° W(m +1)3", with various .

Solution. The finite sum is Y 2_; a, = ao + aj + ay. In the case at hand, we have (i + 1)% =
(V2(cos T +isin T)3 = 2v/2(cos 3T + isin 2T) = —2 4 24, (i + 1)5 = 8(cos & + isin &) = —8i,
and

2 pd . 03 o 13 ; 93 ;
;)SM @t )T = ) g U ) g (1)
—94i -8-8 2 —177
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As for the convergence, we use the ratio test. The ratio test tells, for a series Y a, with
a, > 0, that if lim,,_, aZ:1 = L < 1, then the series >~ 7 a,, converges, and if L > 1, then the
series diverges.

To apply the ratio test to our case, for z € R, we set a,, = ﬁ\x + 12" (need to take the
absolute value), and see if L > 1 or L < 1, depending on x.

To calculate the limit,

__(n+1)® 3(n+1)
L e
1 1+ s 1 )
_nll)oogl—i_ (gﬂg\ +17° = gle+1]

Therefore, the ratio test tells that, if §|z+ 1> < 1, the series Y 07 ) = +n2 |z + 13" converges,

or in other words, > % & +n2 (z + 1)®" converges absolutely. The condition is equivalent to

< (x+1P <8 or2<r+1<20or-3<w<l
For any specific value of x, one has to consider whether —3 < z < 1 or not. If x = 1, the
3 3 3
ratio test does not apply, but the series becomes » > 8”+n2 230 — > #’ and as 1”n2
E

]8T

diverges, also the sum diverges.

Note: a series Y a, is a new sequence obtained from the sequence a,, by ag, ag + a1, a0 + a1 +
as,---. For example, if a, = 2%, then Zivzoan are % = 1,1—1—%,14—%—1—%,1—#%—1—%—4—%,”-
(N =0,1,2,3).



3 Graph of functions

Problem. Study the graph of the function f(z) = log zzf}l
Solution.

e Domain. logy is defined only for y > 0. In this case, we should have x3+}1 >0, 22-4#0

r2—
should hold. A fraction is positive if and only if both the denominator and the numerator

have the same sign.

— 22 4+1>0and 22 —4 > 0. This is equivalent to 23 > —1,22 > 4, or —1 < z and
T < —2,2 < x. The intersection is 2 < x.

— 23+ 1< 0and 22 —4 < 0. This is equivalent to 2® < —1,2% < 4, or —1 > z and
—2 < x < 2. The intersection is -2 < x < —1.

The domain is (=2, —1) U (2, c0).
e Asymptotes.

— Vertical asymptotes. As x — —2, the denominator tends to 0, while the numerator
tends to 9, and logy diverges as y — 00, so there is a vertical asymptote there. As
x — —1, the numerator tends to 0 (negative), while the denominator tends to —3,
and logy diverges as y — 0, so there is a vertical asymptote there. As x — 2, the
denominator tends to 0, while the numerator tends to 9, and log y diverges as y — oo,
so there is a vertical asymptote there.

— Horizontal asymptote. As x — 0o, note that, if > 3, then log ;31‘}1 > log2? = 3log x,

and this diverges, hence f(z) diverses. There is no horizontal asymptote.

. .. log £yt
— Oblique asymptote. The limit =1 <
oblique asymptote.

log(223) _ log2+3logx

— 0. There is no
X X

e The derivative. We can use the chain rule: if f(z) = g(h(x)), then f'(z) = h'(x)g’(h(x)).
In our case, g(y) = logy and h(z) = Ll and ¢'(y) = i, B (x) = 802 (22 —4)20(e%+1) _

(z2—4)2
3
x(:v($2 1%1:;2 2) 7 1

2241

gyt —da(a® - 122 -2)  x(a® - 12z - 2)
Jla) = w341 (22 -4)2 (23 +1)(22—4)

e Stationary points. They are points x in the domain where f’(x) = 0 holds. As we have
computed f'(x), the condition is that z(23—12z—2) = 0, and « is in the domain. First, x =
0 does satisfy the condition, but is not in the domain. The equation g(z) = 23 —122—2 =0
has three solutions: It has one solution in [3,4] because g(3) < 0, g(4) > 0. Other solutions
are again outside the domain (they are in x < —2 and in [—1, 0], by the same reasoning as
above). Therefore, there is only one stationary point.

e Behaviour of the graph. Recall that the function f is monotonically increasing in an interval
if f/(xz) > 0 there, and is monotonically decreasing in an interval if f'(z) < 0.
If z € [4,5], f'(x) is positive: g(4) =64—48—-2 >0, and ¢’(z) = 32> —12 > 0 in x € [4,5],
therefore, g(x) is monotonically increasing in [4, 5]. Therefore, f is monotonically increasing
in [4,5].

Note: the graph of a function f(z) is the collection of points (z, f(x)) where  is in the domain

of f.



4 Integral

Problem. Calculate the integral

3 1
dz.
/2 20 14+ 3(2-2)""

Solution. We change the variables by 2¢ = t. This is equivalent to x = 11355, or % = @. and

formally replace dx by @dt, and substitute 2” by t, while the limits of the integral becomes
22 = 4 and 23 = 8, therefore,

3 8
1 1 1
/ — — dx:/ — dt
9 27 4+443(27%) 4 t+4+3t"1tlog2

8 1
:/ ~ dt
, log2(£2 + 4t + 3)

To carry out this last integral, we need to find the partial fractions: as t2 +4t +3 = (t+1)(t +3),

A(t+3)+B 1 . .
we put m = t%—k% = %, or 1 = (A+ B)t +3A + B. By solving this,

—-A=DB,1=2Aand A= %,B = —%. Namely, m = %(F%l — H%S) Altogether,

3 1 8 1
/ — — dx:/ 5 dt
5 27444 3(277) 4 log2(t2 + 4t +3)

[ e (1 -7)
= — dt
4 2log2 \t+1 t+3

1 8
= I 1) —1
2Tog 2 [log(t + 1) — log(t + 3)],

1 9 5 log@
= (log = —log2) = 5255
2log 2 (Og 18 7> 2log 2

Note: other useful techniques are substitution (example: [ ze® dx by putting t = z?) and
integration by parts (example: [ ze®dx by noticing that (%)’ = e*).




5 Differential equations

Problem. Find the general solution of

N

Y () = 62% exp(a®)y?.

and a special solution with y((log 2)%) =0.

Solution. This is a separable differential equation, because the right-hand side is a product
of a function of x (622 exp(z?)) and a function of y (y%) The solution is given by integrating
separately y_% and 622 exp(z?), that is

/y_édy = /6x2 exp(z3)dz + C, Qy% = 2exp(a?) 4 C,

and this is equivalent to y(x) = (exp(z?) + %)2

If y((log 2)%) =9, then 9 = (exp((log?2)
3=2+¢, hence C' =2, -10.

Problem. Find the general solution of the following differential equation.

W=

)3+ %)2 = (explog2 + %)2 =2+ %)2, and

y"' () + ¢ (x) — 6y(z) =0

and a special solution such that y(0) = 4 and lim,_, y(x) = 0.

Solution. This second order linear differential equation with constant coefficients can be solved
by finding the solutions of the equation 22 +2z—6 = 0, that are z = 2, —3. With them, the general
solution is y(z) = C} exp(—3x) 4+ C2 exp(2x). The term C} exp(—3x) diverges as © — —oo, while
the term Cyexp(3x) diverges as x — oo. The only possible value of a such that :i—i tends to a
non-zero limit as x — —oo is a = 3 (for other values, it is either co or 0).

Note: the meaning that y is the solution of the differential equation is that, if we take y(z) =
Cre 3% + Cqe?®, then it holds that y”(z) + ¢/(z) — 6y(x) = 0. Indeed, ¢/(z) = —3C1e™3% +
2092y (1) = 9C1e73% + 4C2e?* and hence

y"(z) +y'(z) — 6y(x)
= 90167336 + 4026290 — 3016731 + 2C262w — 6(01673@ + 026236)
=0.

Similarly, if we take y(z) = (exp(z3) + %)2, it satisfies y/(z) = 62> exp(xg)y%. Indeed,
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