Calll.
(1) Q1
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, % is accepted but not %), and if it is negative and the

[a]

answer boxes (such as @) have ambiguity, the negative sign

should be put on the numerator (for example _71 is accepted
but =5 is not).
Complete the formulae.

§=+E(1‘—1)+(x—1)2+0((:c—1)2) as r — 1.

[a] |1 /‘@:\1 v [ck |1 \/\@:\2 v |

- 93—1 33—12 o((z —1)%) as z 1
Vo @+E( )+!( )"+ o((z —1)%) — 1.

ey [T VltE [T Vg [2 V) [=1 V]l [8 V]

log x :—i-(x - 1)+ (:C — 1) +o((x —1)%) as x — 1.
:’0 \/‘:’1 \/‘:’—1 \/‘:’2 ‘/‘
For various o € R, study the limit:
22y«
lim -
=1 logx — (x — 1)
This limit converges for a =[n].

m} [T 7]

In that case, the limit is @
P]
[0} [ -3 /\@:]2 v |

Use the Taylor formula f(z) = f(1) + f/(1)(x — 1) +
2" (1)(z—1)?+0((z—1)?) as x — 1. To determine «, one
only has to compare the numereator and the denominator
and choose a in such a way that they have the same
degree of infinitesimal (in this case, both of them should
be of order x?).




(2) Q1
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, 1 is accepted but not %), and if it is negative and the

3

answer boxes (such as E) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not).
Complete the formulae.

§:+@(a¢—1)+<x—1)2+o((x—1)2> as 7 — 1.

[T Vbl [T Ve [T vV]ld:[2 V]

(2)3 :—I—(x— 1) +(;c— 12+ o((z — 1)?) as z — 1.

ek [T Ve [T e} [3 vk [=1 V[l [9 V]

: 2 2
1 =ljl+lkllz—1)+ = —-1)"+o((x—1)°) as z — 1.
ogz =[i]+ [Kie 1) + (@~ D +of(@ - 1)
:’0 \/‘:’1 \/‘:’—1 \/‘:’2 ‘/‘
For various o € R, study the limit:
¥ %—3(@%—@
ol logx — (z — 1)

This limit converges for a =[n].
@

In that case, the limit is %

o} [=5 V[ [3 7]

(3) Q1
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, I is accepted but not %), and if it is negative and the

2

answer boxes (such as =) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not).



Complete the formulae.

§=+E(a¢—1)+(x—1)2+0((:c—1)2) as x — 1.

r [T Vbl [T V]Er[1T vV]ld:[2 V]

()7 :+(x— 1) +(:1:— 12+ o((z — 1)?) as © — 1.

@:’1 \/‘:’1 \/‘:’4 \/‘:’—3 \/‘:’32 \/‘

logx = —i—(x —-1)+ (:1: — 1) +o((x —1)*) as x — 1.
G0 k[T VR [T vV mE[2 V]
For various a € R, study the limit:
lim % — 4(1:)% — Oé.
v—1logr — (v — 1)
This limit converges for a =[n].

M} [-3 V]

In that case, the limit is %

@:’—7 \/‘@:’4 \/‘
(4) Q1
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, % is accepted but not %), and if it is negative and the

answer boxes (such as ) have ambiguity, the negative sign

should be put on the numerator (for example _71 is accepted
but =5 is not).
Complete the formulae.

%z@+@(£—l)+(m—1)2+0((x—1)2) as © — 1.

[T} [T e [T V][ [2 7]

(x)5 :+(:c—1)+(:z:—1)2+0((a:—1)2) as © — 1.

S



[e]: |1 \/‘:’1 \/‘:]5 \/‘:]—2 \/\:]25 v |

logz = +(x —1)+ (m — 1) +o((x —1)*) as x — 1.
k[0 k[T VAR =1 VmE [2 V]
For various a € R, study the limit:
lim % — 5('%)% — Oé.
z—1logr — (x — 1)
This limit converges for a =[n].

[mk[—4 V]

In that case, the limit is %

@:]—9 \/\@:]5 \/\
(5) Q2
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, I is accepted but not %), and if it is negative and the

2 )
[b]

answer boxes (such as have ambiguity, the negative sign

should be put on the numerator (for example _71 is accepted
but = is not).

Let us study the following series >~ 2n),x , with various
x.

This series makes sense also for x € C. For x = i, calculate

the partial sum 3.7, (n)° " @ .
n=0 (2n)! IE @

:’5 /‘E:’(ﬁ /‘:’1 \/‘@:’2 \/‘
In order to use the ratio test for x € R, we put a,, = ("
Complete the formula.

lim (p41 .‘ ’
n—oo Ay

:’1 \/‘:’4 \/‘

Therefore, by the ratio test, the series converges absolutely

for
e all .
e —l<ua<

DN [ = [ =

1
.—§<l’<



x = 0.

—-l<z<l

—2<r <2

—Ad<zr<4d Vv

none of x.

For the case x = —4, the series
e converges absolutely.

e converges but not absolutely.
e diverges. v’

For the case z = —%, the series
e converges absolutely. v’

e converges but not absolutely.
e diverges.

The partial sum means the following finite sum:
Zi:o a, = ag~+aj+as, so one just has to apply n = 0, 1,2
in the concrete series and sum the numbers up. Notice
that % = —1.

To apply the ratio test, one considers R = lim,, “TZ—:‘”
Note that (n 4+ 1)! = (n + 1)n! etc.

If this limit R < 1, then the series converges absolutely
(for such z), while if R > 1 the series diverges.

If R = 1, one needs to study the convergence with

other criteria. In this case, if + = 4, then CLZ—:l =
1) —(2n+2 G .

%(—4) = én’fl ) < —1, and a,, is not converging

to 0. Therefore, the series is divergent.

(6) Q2
If not specified otherwise, fill in the blanks with integers (pos-

sibly 0 or negative). A fraction should be reduced (for ex-

ample, 1 is accepted but not %), and if it is negative and the

2

answer boxes (such as E) have ambiguity, the negative sign

should be put on the numerator (for example _71 is accepted
but = is not).

Let us study the following series >~ %x”, with various
x.

This series makes sense also for = € For x = i, calculate

C.
the partial sum 3°7_, E;;L " % + z




ak [89 [} [90 (el [T ][} [6 7]

In order to use the ratio test for z € R, we put a,, = %]m\”
Complete the formula.

. an+1
lim @
n—oo an

e} [T V][ef [27 V]
Therefore, by the ratio test, the series converges absolutely
for

nkd

all z.
2T <z <27 v
-9 <z <.
—-l<z<l
x = 0.
—5 <z <3
—1/27 <z < 1/27.
none of x.
For the case x = —9, the series
e converges absolutely. v’
e converges but not absolutely.
e diverges.
For the case x = 27, the series
e converges absolutely.
e converges but not absolutely.
e diverges. v’
(7) Q2
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, % is accepted but not %), and if it is negative and the

[a]

answer boxes (such as @) have ambiguity, the negative sign

should be put on the numerator (for example _71 is accepted
but = is not).

Let us study the following series >~ 0
x.

This series makes sense also for z € C. For x = i, calculate
nr )(2n)! a +

(3n)! =

(1270} [T 7][e} [1_/][d: [3 7]

(2n)

3! 2™, with various

the partial sum 32°_, =.

=]=]
~]e]e]
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_ (@H(@2n

In order to use the ratio test for x € R, we put a, Bl Lon|a|m,

Complete the formula.

lim Gntl _ @
n—oo an
e [4 V][ [27 V]
Therefore, by the ratio test, the series converges absolutely
for

]

all x.
—1/27 <z < 1/27.
—4/27 < x < 4/27.
xz=0.
-l<z<l
27/4 <z <27/4. V
=27 <x < 27.
none of x.
For the case x = —7, the series
e converges absolutely.
e converges but not absolutely.
o diverges. v’
For the case x = %, the series
e converges absolutely.
e converges but not absolutely.
e diverges. v’
(8) Q3
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, % is accepted but not %), and if it is negative and the
[a]

answer boxes (such as E) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not).
Let us consider the following function

r? -3
f(x)—log(x_2).

The function f(x) is not defined on the whole real line R.
Choose all the points that are not in the natural domain of
f(z).

e —¢ V

e 2 V




v

e 6 o o o
('bl\DP—‘O|

Choose all asymptotes of f(x).

e y=—¢

o y=—2

e y=10
.y:

e y=c¢e

o r=—2
erx=-—V3 Vv
o= —+/2
o r=—1
ez =20
er=1
ox:\/i
erx =13V
er=2 Vv
ey==x

o y=—x
One has

@:’1 \/‘@:’2 \/‘

The function f(z) has two stationary points: z = [c], @
< [T [d [3 7]

Choose the behaviour of f(z) in the interval (2,4).

e monotonically decreasing

e monotonically increasing

e neither decreasing nor increasing v’




To determine the natural domain of a function, it is
enough to observe the components. For example, logy
is defined only for y > 0, yTla is defined only for y # a,
etc. It is enought to exclude all such points where the
composed function is not defined. In this case, 22_’23 > 0.
There can be asymptotes for + — +o0, and for z — a,
where a is a boundary of the domain. In this case, one
should check z — 2, ++/3. All of them are asymptotes.
For the derivative, the chain rule (f(g(z))) =
g (x)f'(g(z)) is useful. In this case, f(x) = log(f:__;),
x(x—2)— (22— 2 —4x
flla) =575 2 (?—252 = (z2—3A)t(;—32)'
If f'(xg) =0, x¢ is called a stationary point.
If f/(x) >0 (< 0) in one interval, then f(x) is monoton-
ically increasing (decreasing) there.

(9) Q3
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, 1 is accepted but not %), and if it is negative and the

X a]

answer boxes (such as =) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not).
Let us consider the following function

F() = log ( )

r—3

The function f(x) is not defined on the whole real line R.
Choose all the points that are not in the natural domain of
f(@).

e 3 V

o —2
-1
0
o1
o2
o3V
Choose all asymptotes of f(x).

o y=—c
o y=—2
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One has

£1(0) = ol
a1 Vb [3 V]
The function f(z) has two stationary points: z = [c], @
:’1 \/‘@:’5 \/‘
Choose the behaviour of f(z) in the interval (4,5).
e monotonically decreasing v’
e monotonically increasing
e neither decreasing nor increasing

(10) Q3

If not specified otherwise, fill in the blanks with integers (pos-

sibly 0 or negative). A fraction should be reduced (for ex-

ample, % is accepted but not %), and if it is negative and the
[a]

answer boxes (such as E) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not).
Let us consider the following function

F(x) = log (_‘ 1)

The function f(x) is not defined on the whole real line R.
Choose all the points that are not in the natural domain of
f(@).

e -3 V

o —2
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o —1

e 0

o1

o2

3V

Choose all asymptotes of f(x).
o y=—c

Il
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One has

f’(0)2@~
@:’1 \/‘E:’él \/‘

The function f(z) has two stationary points: = = [c], @

@ [TV ][d} [T 7]

Choose the behaviour of f(z) in the interval (0, 1).

e monotonically decreasing

e monotonically increasing v/

e neither decreasing nor increasing

(11) Q4

If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, I is accepted but not %), and if it is negative and the

2

answer boxes (such as =) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not).



Let us calculate the following integral.

\/i 1
/ (4 — 2*)2dz.

1

With the change of variable 2sint = z (where —7 <t < 7),

we get
V2 . Y
/ (4 — 2*)2dr = / [c]dt.

1 X

Fill in the blanks, X = &Y = =&
a]

E.
[l [=6 V][4 V]

Choose the function [c]| after the change of variables.
o 12

o 1/(2—1t%

e 2arccost

e 4cost

e 2cos2t

o 4cos’t v

e 1/(2cost)

7T—|—.

:]1 \/\

By continuing, we get f_\/f(él — 2?)2dx = +

[} (3 ek [2 V[E: 5 V][e: [6 v

By the change of variables x = 2sin ¢, one has % = 2cost

and hence with 2sin(—%) = —1,2sin§ = V2, f_\/f(4 -

xQ)%dx = [*:4cos’tdt, then use cos’t = Lcos(2¢)
6

2 I
[ cos(2t)dt = 22 4,

Bl
B8

(12) Q4
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, % is accepted but not %), and if it is negative and the

answer boxes (such as ) have ambiguity, the negative sign
should be put on the numerator (for example ’71 is accepted
but = is not).
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Let us calculate the following integral.

\/i 1
/ (4 — 2*)2dz.
1

With the change of variable 2sint = x (where —7 <t < 7),

we get
V2 Y
/ (4 — 2*)2dr = / [c]dt.
1 X
Fill in the blanks, X =

-

Y = Z.
b
:’6 \/‘@:’4 \/‘

Choose the function [c] after the change of variables.
° 12

e 1/(2— t2)

e 2arccost

e 4cost

® 2cos2t

e 4cos’t Vv

e 1/(2cost)

By continuing, we get flﬂ(él — 2%)2ds = %W - +[h]
[dk [T Vel [6 V][ [3 Vel [2 v b} [1 V]
(13) Q4
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, % is accepted but not %), and if it is negative and the

[a]

answer boxes (such as E) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

2
but = is not).
Let us calculate the following integral.

1
/ (4— xQ)%dx.
-1

With the change of variable 2sint = = (where —7 <t < 7),
we get

1 Y
/ (4 —2%)2ds = / [c]dt.
- X

1

Fill in the blanks, X = I Y = L.
[b]
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[ ][} [ 7]

Choose the function [c] after the change of variables.
o t?

o 1/(2—1t?)

e 2arccost

e 4dcost

® 2cos2t

o 4cos’t Vv

e 1/(2cost)

By continuing, we get f_11(4 — 2%)2ds = %ﬂ + .
niexalciExaliiErs

(14) Q5

If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-
ample, % is accepted but not %), and if it is negative and the
[a]

answer boxes (such as E) have ambiguity, the negative sign

should be put on the numerator (for example %1 is accepted

but = is not).
Choose the general solution of the following differential equa-
tion.

= (exp(a” + )2
y(z) = exp(a?)2 +C

y'(z) = ze"y
o y(r) = exp(2®)/2+C
o y(z) = exp(2® + C)/2
o y(r) = exp(exp(2?)/2+C) v
o y(z) = exp(exp(2?)/2) + C
o y(z) = log(exp(z?) + C)
o y(z) = logexp(a? + C)
e y(z)

Determine C' = % with the initial condition y(0) = e™*

@[3 v]Dbi[2 V]
Choose the general solution of the following differential equa-
tion.

y'(x) —4y'(z) + 8y =0

o y(z) = Crexp(—4x) + Cyexp(—27)
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(x) = Cyexp(2z) + Cy exp(—4x)

(x) = Cysin(2z) 4+ Cy cos(2x)

(x) = Cy exp(2z) + Cy exp(4x) cos(2x)

(x) = Cy exp(—2z) + Cy exp(—2x) cos(2x)

(x) = Cy exp(22) sin(2x) + Cy cos(2z)

() = Cy exp(2z) sin(2x) + Cy exp(2z) cos(2z) v

y(x) = Cy exp(—4z) sin(4x) + Cy exp(—2x) cos(—2x)
Determine Cy =[c],Cy = @ with the initial condition y(0) =

2,4'(0) = 2

@:’—1 \/‘@:’2 \/‘

e 6 6 6 o o o
L e

The equation y/(z) = xe” y is separable, hence one ob-
tains the relation fidy = [xe®dz + C, or logy =

2
er

2
% + C, or y = exp(G + C).
The second-order differential equation 3" + ay’ + by = 0
can be solved as follows: put 22 + az + b = 0, and solve
this equation. If this has two real solutions z, 2o, then
the general solution is y = C1e** + Cye®*. If it has two
complex solutions z; & izy, then y = Cie®”sin(zpx) +
C2e™7 cos(22).
The constant can be obtaind by substituting the initial
condition.

(15) Q5
If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, 1 is accepted but not %), and if it is negative and the

2
answer boxes (such as @) have ambiguity, the negative sign
should be put on the numerator (for example ’71 is accepted
but = is not).

Choose the general solution of the following differential equa-
tion.

' (z) = x cos z?y

e 6 o o o

ceeece

AN AN AN AN

\/\_/5/\_/\_/
Il
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e y(z) = exp(co S( %)/2+0)
e y(z) = (sin(x 1+0))
o y(r) = sin(2?)2 +

[a]

Determine C' = E with the initial condition y(/%) = e

ar[1 v]bl[2 V]
Choose the general solution of the following differential equa-
tion.

y'(r) +4y'(x) +8y =0

o y(z) = Crexp(—4x) + Cyexp(—27)

o y(z) = Cyexp(2x) + Cyexp(—4x)

e y(z) = Cysin(2x) + Cy cos(27)

e y(z) = C exp(—2x)sin(2z) + Cy exp(—2x) cos(2x) v
e y(z) = C) exp(—4x) sin(4x) + Cy exp(—2x) cos(—2x)
o y(x) = Cyexp(—2z) + Cyexp(4x) cos(2x)

o y(z) = Cy exp(—2x) + Cy exp(—2x) cos(2x)

e y(x) = Cy exp(—22)sin(2z) + Cy cos(2x)

Determine Cy =[c],Cy = @ with the initial condition y(0) =
5,y (0) =4

[t [7 v ][b} [5 7]

(16) Q5

If not specified otherwise, fill in the blanks with integers (pos-
sibly 0 or negative). A fraction should be reduced (for ex-

ample, L is accepted but not %), and if it is negative and the

; B

answer boxes (such as E) have ambiguity, the negative sign

should be put on the numerator (for example = is accepted

but = is not). i
Choose the general solution of the following differential equa-
tion.
o (z) = wsinz?y

e y(x) = cos(x?)/2 + C

o y(x) = sin(a? + C)/2

e y(z) = cos(sin(z?) + C)

e y(z) = cos(sin(z? + O)

* y(z) = exp(sin(2?)/2 + C)

e y(z) = exp(cos(z?)/2+ C) v
o y(a) = (sin(a + )}
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o y(z) = cos(z2)2 +C
Determine C' = with the initial condition y(0) =1
@:’—1 \/‘@:’2 \/‘

Choose the general solution of the following differential equa-
tion.

y'(r) +4y'(x) +8y =0

o
(x) = Cysin(2z) + Cy cos(2x)
(x) = Cyexp(—2z) sin(2z) + Cy exp(—2x) cos(2z) v
(x) = Cy exp(—4x) sin(4z) + Cy exp(—2x) cos(—2x)
(x) = Cyexp(—2z) + Cy exp(4x) cos(2x)
(x) (—2z) + Cyexp(—2x) cos(2x)
(x) = C1 exp(—2z) sin(2z) + Cy cos(2x)
Determine Cy = [¢], Cy = [d] with the initial condition y(0) =
4,4 (0) = —4

:’2 \/‘@:’4 \/‘




