Mathematical Analysis |: Lecture 44

Lecturer: Yoh Tanimoto

04/12/2020
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Annoucements

Tutoring (by Mr. Lorenzo Panebianco): Tuesday 10:00-11:30.
Office hour: Tuesday 11:30-12:30.

Basic Mathematics: first few lessons on

o Tuesday (14:00 — 16:00 CET): Inequalities, Limits and Derivatives
o Wednesday (14:00 — 16:00 CET): Study of function

and then upon request.

No Lecture/no tutoring on 7, 8 December.

A make up session on 22 December 11:30
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o . 1.3
Calculate the following improper integral. [;° x3e " dx

Solution.
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1 A
Calculate the following improper integral. [;° x3e " dx
1 A
Solution.The function x3e** is bounded on any bounded interval. The

integral is improper only as x — oo.
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1 A
Calculate the following improper integral. [;° x3e " dx
1 A
Solution.The function x3e** is bounded on any bounded interval. The

1 A
integral is improper only as x — co.Let us compute foﬁ x3e7X7 dx:
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1 A
Calculate the following improper integral. [;° x3e " dx
1 A
Solution.The function x3e** is bounded on any bounded interval. The

1 A
integral is improper only as x — co.Let us compute foﬁ x3e7X7 dx:

B 4 418 4
/ x3e ™3 dx = —% {e_”] = —§(e_53 — €9
0
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1 A
Calculate the following improper integral. [;° x3e " dx
1 A
Solution.The function x3e** is bounded on any bounded interval. The

1 A
integral is improper only as x — co.Let us compute foﬁ x3e7X7 dx:

B 4 418 4
/ x%e_x3dx = _§ {e_x3:| — _§(e—ﬁ3 _ 60)
0 4 0 4

By taking the limit 3 — oo, we have fooox%e*X
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Calculate the following improper integral. [; '°):°’2X dx

Solution. The function '%&* is bounded on any interval of the form [1, 4].

The integral is improper only as x — oo.
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Calculate the following improper integral. [; '°):°’2X dx

Solution. The function '%&* is bounded on any interval of the form [1, 4].

The integral is improper only as x — oo.Let us compute fiB 'C;%dx:
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Calculate the following improper integral. [; '°)§2X dx

Solution. The function '%&* is bounded on any interval of the form [1, 4].

. . I
The integral is improper only as x — oco.Let us compute I’B%dx:

B | B 81
/ngdeZ[— ogx] +/ 2
1 X X 1 1 X

lo 116 lo 1
_ gﬁ+0+[ } logp

: = (g ()

X
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Calculate the following improper integral. [; '°)§2X dx

Solution. The function '%&* is bounded on any interval of the form [1, 4].

The integral is improper only as x — oo.Let us compute fiB 'C;%dx:

B | B 81
/ngdeZ[— ogx] +/ 2
1 X X 1 1 X

lo 116 lo 1
_ gﬁ+0+[ } logp

E " Tt Y

By taking the limit 3 — oo, we have fl’B Ing2de =1.

X
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3
x441

is bounded on any interval of the form

Determine whether the following improper integral converges. [ dx.

Solution 1. The function

X3
x*+1
[1,8]. The integral is improper only as x — oo.
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Determine whether the following improper integral converges. [ Xfil dx.

. : 3. .
Solution 1. The function Xf—ﬂ is bounded on any interval of the form

[1,8]. The integral is improper only as x — oco.Furthermore, Xf—il is
asymptotically equal to % as x — 00, that is,
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Determine whether the following improper integral converges. [ Xfil dx.

. : 3. .
Solution 1. The function Xf—ﬂ is bounded on any interval of the form

[1,8]. The integral is improper only as x — oco.Furthermore, Xf—il is
asymptotically equal to % as x — 00, that is,
X3
x44+1
1~ 4
~ x*+1

4

— 1 as x — o0.
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Determine whether the following improper integral converges. [ Xfil dx.

3. .
Xf—ﬂ is bounded on any interval of the form
[1,8]. The integral is improper only as x — oco.Furthermore, Xf—il is
asymptotically equal to % as x — 00, that is,

Solution 1. The function

3

x 4
y)
X+l — 1 as x = oo.
% x4 +1

On the other hand, we know that ff }(dx = [log x]g = log 3 diverges as
dx diverges as well.

B — oo. Therefore the integral [ 4+1

Solution 2. [ X4+1 dx = Llog(x* + 1))} = (log(B* +1) — log 2) and
this diverges as § — oc.
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Determine whether the following improper integral converges.
I . 71)2

Solution. The function — T is bounded on any interval of the form

(x—1)2

[1+¢,2] for e > 0. The integral is improper only as x — 1.
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Determine whether the following improper integral converges.
I . 71)2

Solution. The function ( X2)1 is bounded on any interval of the form
x—1)2

[1 —|— €,2] for € > 0. The integral is improper only as x — 1.Furthermore,

X2 I is asymptotically equal to —— as x — 1, that is,

(X— x—1)2
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Determine whether the following improper integral converges.

h

(x *1)2
Solution. The function ( X2)1 is bounded on any interval of the form
x—1)2
[1 —|— €,2] for € > 0. The integral is improper only as x — 1.Furthermore,
X2 - is asymptotically equal to —L—+ as x — 1, that is,
(x—1)2 x—1)2
X2
1
(Xfll)Q =x> > 1lasx— 1.
(x-1)2
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Determine whether the following improper integral converges.
I . 71)2

Solution. The function —< r is bounded on any interval of the form

(x—1)2
[1 + €,2] for € > 0. The integral is improper only as x — 1.Furthermore,

- is asymptotically equal to —L—+ as x — 1, that is,

(x—1)2 x—1)2

X

=x®> >3 1lasx— 1.

On the other hand, we know that
f1+e —tdx =[2(x —1)2 ]1+e — 2 — 2¢2 converges (to2ase—0)as
(x—1)2

2
€ — 0. Therefore, the improper integral ( )1 is also convergent.
x—1)2
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Determine whether the following improper integral converges. fol Sinfix dx.
Solution. The function sin)f_x is bounded on any interval of the form [e, 1]

for € > 0. The integral is improper only as x — 0.
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Determine whether the following improper integral converges. fol Sinfix dx.
Solution. The function —<— is bounded on any interval of the form [e, 1]

sin x—x
for € > 0. The integral is improper only as x — 0.Furthermore, as
. 3 2 . . 2
sinx — x = —% + o(x), 7= is asymptotically equal to % as x — 0,

6

that is,
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Determine whether the following improper integral converges. fol Sinfix dx.
Solution. The function —<— is bounded on any interval of the form [e, 1]

sin x—x
for € > 0. The integral is improper only as x — 0.Furthermore, as
. 3 2 . . 2
sinx — x = =% + o(x), 5= is asymptotically equal to %5 as x — 0,
6
that is,
X2
SMXX 51 as x — 0.
X
3
~%
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Determine whether the following improper integral converges. fol S dx-
Solution. The function sin)f_x is bounded on any interval of the form [e, 1]

for € > 0. The integral is improper only as x — 0.Furthermore, as
. 3 2 . . 2
sinx — x = =% + o(x3), is asymptotically equal to %5 as x — 0,

6

sin x—x

that is,

x2

SInX X

—1asx — 0.

,é

6

On the other hand, we know that f 3 s dx = —6[log x]} = 6log ¢ diverges

as € — 0. Therefore, the improper mtegral

S 1S also divergent.
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Calculate the area of the region surrounded by y = x> — 1 and the x-axis.
Solution. The function y = x?> — 1 and the x-axis intersects when
x2 —1=0, that is, at x = —-1,1.
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Calculate the area of the region surrounded by y = x> — 1 and the x-axis.
Solution. The function y = x?> — 1 and the x-axis intersects when

x2 —1=0, that is, at x = —1, 1.Therefore, the region is given by
D={(x,y): -1<x<1,x>-1<y<0}.
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Calculate the area of the region surrounded by y = x> — 1 and the x-axis.
Solution. The function y = x?> — 1 and the x-axis intersects when
x2 —1=0, that is, at x = —1, 1.Therefore, the region is given by
D={(x,y): =1 <x<1,x>—1<y <0}.lts area is by definition

1 X3 4
/_10—(X2—1)dx:[x—?]1_1:§.
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Calculate the area of the region surrounded by y = x? and y = 5x + 6.
Solution. The function y = x? and y = 5x + 6 intersects when
x%2 =5x + 6, that is, at x = —1,6.
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Calculate the area of the region surrounded by y = x? and y = 5x + 6.
Solution. The function y = x? and y = 5x + 6 intersects when

x% =5x + 6, that is, at x = —1, 6. Therefore, the region is given by
D={(x,y): -1 <x<6,x><y<5x+6}.
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Calculate the area of the region surrounded by y = x? and y = 5x + 6.
Solution. The function y = x? and y = 5x + 6 intersects when

x% =5x + 6, that is, at x = —1, 6. Therefore, the region is given by
D={(x,y): =1 <x <6,x> <y <5x+6}.lts area is by definition

1 343

6 5x2 3 5
/ (5x+6—x2)dx=[i+6x—%]6_1:(90+36—72)—(§—6—3): e

—1 2
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Calculate the area of the region given by {(x,y) : a®x? + b%y? < 1}.

Solution. The condiction can be written equivalently as b%y? < 1 — a°x2,

—%\/1 —a’x2<y< %\/1 — a’x2.
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Calculate the area of the region given by {(x,y) : a®x? + b%y? < 1}.
Solution. The condiction can be written equivalently as b%y? < 1 — a°x2,

—%\/1 —a’x2<y< %\/1 — a’x2.

Furthermore, there is such x if and only if 1 — a’x? > 0, that is,
lex<l

Lecturer: Yoh Tanimoto Mathematical Analysis | 04/12/2020 10/15



Calculate the area of the region given by {(x,y) : a®x? + b%y? < 1}.
Solution. The condiction can be written equivalently as b%y? < 1 — a°x2,

—%\/1 —a’x2<y< %\/1 — a’x2.

Furthermore, there is such x if and only if 1 — a’x? > 0, that is,
1 1

3 SX< 5

This region can be written as

1 1 1 1
D_{(x,y):—gxg,—b\/l—azngygb\/l—a2x2}.
a a
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Calculate the area of the region given by {(x,y) : a®x? + b%y? < 1}.
Solution. The condiction can be written equivalently as b?y? < 1 — a°x?

—%\/1 —a’x2<y< %\/1 — a’x2.

Furthermore, there is such x if and only if 1 — a’x? > 0, that is,
1 1

3 SX< 5

This region can be written as

1 1 1 1
D_{(x,y):—gxg,—b\/l—azngygb\/l—a2x2}.
a a

t dax _ 1
Eandm—a,

The area is given, with the change of variables x =
t =sinf, % = cos 6, by
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Calculate the area of the region given by {(x,y) : a®x? + b%y? < 1}.
Solution. The condiction can be written equivalently as b?y? < 1 — a°x?

—%\/1 —a’x2<y< %\/1 — a’x2.

Furthermore, there is such x if and only if 1 — a’x? > 0, that is,
lex<d
This region can be written as
1 1 1 1
D= {(x,y) - <x< 7,—Ex/l—azx2 <y< b\/l—a2x2}.
a a
1

. . . . _ ot dx __
The area is given, with the change of variables x = 3 and T =
t =sinf, % = cos 6, by

1

a1 1
L5V 1—a°x2 — (_BVI — a°x?)dx
az : 2 1 1 2 (3,
:E/l\/].—a2X2dX:E/ \/1—t2;dt:£/ cos” 6do
-1 -1

NS

_3 cos20 +1 2i
~ ab 2 2 ab’
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Calculate the length of the curve given by f(x) = X; from x = — =

el

— e
X—2.

Solution. By definition, we need to compute f/(x) = x
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. 2 _1

Calcula’fe the length of the curve given by f(x) = % from x = _e2e to
el
X = —*.

Solution. By definition, we need to compute '(x) = xand the length is

-
/Z V1 + x2dx.
-
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_1
Calculate the length of the curve given by f(x) = X; from x = _e2e to

el

— e
X—2.

Solution. By definition, we need to compute '(x) = xand the length is

-
/Z V1 + x2dx.
-

By the change of variables x = sinht = €=¢—" 9 — cosh ¢ and

2 ' dt
V/1 + sinh? t = cosh t, hence
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_1
Calculate the length of the curve given by f(x) = X; from x = _e2e to
1

_ &
X = > -

Solution. By definition, we need to compute '(x) = xand the length is

-
/Z V1 + x2dx.
-

By the change of variables x = sinht = et_;_t, % = cosh t and
\/m = cosh t, hence

%

:% mdx

/5

1 1 a2x 2 —2x
-1 -1 2

1 o 2x11 e —e?
=-|e 2x —e|2 =1+ ——
4[ + 2x 1= + >
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This and the rest will be done on next Friday!

Compute the series > 72 ; 4,,
Solution. Note that
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Compute the series > °° m
Solution.
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1

Compute the series 37725 —~.

Solution.

Lecturer: Yoh Tanimoto Mathematical Analysis | 04/12/2020 14 /15



1+n

Compute the series 721 =

Solution.
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