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Annoucements

Tutoring (by Mr. Lorenzo Panebianco): Tuesday 10:00-11:30.
Office hour: Tuesday 11:30-12:30.

@ Basic Mathematics: first few lessons on

o Tuesday (14:00 — 16:00 CET): Inequalities, Limits and Derivatives
o Wednesday (14:00 — 16:00 CET): Study of function

and then upon request.

No Lecture/no tutoring on 7, 8 December.

A make up session on 22 Dicember?

Today: Apostol Vol. 1, Chapter 10
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Zeno's paradox

The Achilles and Tortoise paradox goes as follows: Achilles (ancient Greek
hero, runs very fast) running behind a tortoise (walks very slowly). At the
beginning, Achilles is 10 meter behind the tortouse. In the next moment,
Achilles arrives at the position where the tortouse was there, but in the
meantime it moves by 1 meter. Then Achilles arrives at the position where
the tortoise was there in the previous moment, but in the meantime it
moves by 0.1 meter. Then Achilles arrives...

So how can we be sure that Achilles catches up with the tortoise?
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Let us recall that we have considered sequences of numbers
ai, ax, -+ ,ap, -, and the series > ]_; ax, that is a new sequence

n
31,31+a2,31+32+33,"',Zak,"'
k=1

As this is a new sequence, we can consider its convergence or divergence.
That is, we say that a series >_}_; ax converges to S € R if for each

e > 0 there is N € N such that for n > N it holds that |S — >>7_; ax| < e.
We say taht the series diverges if for any R > 0 there is N € N such that
for n > N it holds that | >"}_; ax| > R. In other cases we just say that the
series does not converge.

If a series converges, we denote the limit by > 72 ; ax. Sometimes we just
write >, a, a general term in a series.
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o Y0, k=" This diverges.
o Y7, k2 = netCntl) - This diverges.

1_an+1

o Y p_gak=152— (if a # 1) This converges if and only if |a| < 1.

For these examples, we know the exact form of the n-th sum. For other
series, it is difficult to compute such general term, but still we may be able
to say whether the series converges or not.
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For example, let us take a, = % and consider > }_4 % This is called the
harmonic series. As we have seen, this sum is larger than the integral of
Lon[l,n+1]:

"1

On the other hand, we can calculate the left-hand side and we obtain
JIT Ldx = [log x]7* = log(n + 1), and this diverges as n — oo.
Therefore, 3°7_; # diverges as well.
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Figure: A graphical proof that 27:1 % diverges as N — oo.
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If Y %=1 ak converges, then a — 0 as k — oc.

Proof

As Y724 ak is convergent to S, for any € > 0 there is N such that if
n> Nthen |>}_ja—S|<5. In particular we have

S—S<Yiqa<S+sandS—§<yila<S+5.
From this it follows that —e < EZ% ak — Y p—1 ak < €, thatis,
|ZZ+1 ak — Z”H ak| = |an+1| < €. This means that a, — 0. O
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° > i1k
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@ >} k does not converge because ay = k diverges.
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@ >} k does not converge because ay = k diverges.

o Yio1(3)"
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@ >} k does not converge because ay = k diverges.

® > 7_1(3)* converges to 1, and in this case indeed (3)* converges to 0.

Lecturer: Yoh Tanimoto Mathematical Analysis |



NS

@ >} k does not converge because ay = k diverges.

® > 7_1(3)* converges to 1, and in this case indeed (3)* converges to 0.

1
° > k1 I
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@ >} k does not converge because ay = k diverges.

® > 7_1(3)* converges to 1, and in this case indeed (3)* converges to 0.

° 2221% diverges, although in this case indeed % converges to 0.
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> k—1 k does not converge because ax = k diverges.

S r—1(2)¥ converges to 1, and in this case indeed (3)¥ converges to 0.

2221% diverges, although in this case indeed % converges to 0.

n 1
2 k=1 KkFD)
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> k—1 k does not converge because ax = k diverges.

S r—1(2)¥ converges to 1, and in this case indeed (3)¥ converges to 0.

2221% diverges, although in this case indeed % converges to 0.

n 1 2
> k=1 T(eqT) converges, as we will see later.
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i) Let > 72 1 ax be convergent. Then for any c € R, Y22, cay is also
k=1 k=1

convergent and Y 32 Cax = C Y peq 3k-

(i) Let Y2721 ak and Y72 by be convergent. Then Y72 1 (ax + by) is
also convergent and > 221 ax + Y req1 bk = Y req(ak + bk)

iii) Let > 72, ax convergent and > 721 by be divergent. Then

k=1 k=1

Y wrq(ak + by) is divergent.

Proof.
(i)(ii) These follow from the properties of sequences.

(iii) Suppose the contrary that > %2 ;(ax + bk) converges. Then by (ii)
oo q bk = > %2 1(ak + bx) — ak would converge, which contradicts
the assumption that > 72 ; ax + by diverges.

Ol

v
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@ The series Zn(% + 2%,) diverges, because En% diverges while >, 2%
converges.

@ The series > ,1 and >, —1 both diverge, but the sum
> (1 —1)=73",0 converges to 0.
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Let us consider some cases where the sum conveges.

@ Telescopic series. Let b, a sequence and a, = bp4+1 — b,. We call
such 3", a, a telescopic series. (Any series can be written in the
form of telescopic series, but we are interested in the case where b, is
simpler than a,)

Then we have

D an=(by— b1) + (b3 — bp) + -+ + (bny1 — bn) = but1 — bu.
k=1

From this we infer that ), a, is convergent if and only if b, is
convergent.
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@ For example, consider a, = m This can be written as
. 1 1 1
" n(n+l) n n+1
hence with b, = —%, this is a telescopic series. By the argument
above, we see that >}, m =bpy1—b1=1-— % and
Ykz1an =1
Next let us take a, = log(n/(n+ 1)). Then it holds that
ap = logn —log(n+ 1), hence with b, = — log n this is a telescopic
series. As b, — —o0, the series Y, a, diverges.
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@ Geometric series. Let us take x € R, x # 1. We know that
n+1 . q -
TR el = % It is clear that the series converges to ﬁ if
la| < 1, and diverges if |a| > 1. If a =1, then the series is simply

> k=11 =n+1 and diverges as well.
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Geometric series can be seen as a function of x: For a given number
x € R, we consider a sequence a,(x) = x" and it holds for |x| < 1 that

> 1
nZ:;Ja,,(X) =71

The right-hand side is again a function of x. In this sense, a convergent
series which depends on x defines a new function.

X.
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We have seen other examples of this type:

X" 2 X3 X4 X5
X
— Z 1 2 42 2 42 .
€ nz:%m +X+2+6+ 27120
. (_1)nX2n+1 X3 X5
S|nx:27:x_7+7+...
. (2n+1)! 6 ' 120
( 1)n 2n X2 X4
_ -1+
Cos X = Z 5 +24+

In all these cases, for a fixed x € R, we have seen that the right-hand
converges by the Taylor formula with remainder.
In a similar way, we can define many other useful functions by series.
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Exercises

Compute the series > 724 4,,.

Compute the series > 724 m

Compute the series > 72,

_1
n2—1-

Compute the series 302, L7,
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