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Annoucements

Tutoring (by Mr. Lorenzo Panebianco): Tuesday 10:00-11:30.
Office hour: Tuesday 11:30-12:30.

Basic Mathematics: first few lessons on

o Tuesday (14:00 — 16:00 CET): Inequalities, Limits and Derivatives
o Wednesday (14:00 — 16:00 CET): Study of function

and then upon request.

Today: Apostol Vol. 1, 7.5,
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Improper integral

Let us recall that we introduced a proper integral for an unbounded
function or on an unbounded interval by

/aﬁ f(x)dx = lim /B f(x)dx,

a—a o

where a < «, and the function is bounded and integrable on all bounded
intervals [a, 5]. Similarly, fcf f(x)dx = limg_p ff f(x)dx and

J2F(x)dx = [2° f(x)dx + [;2 f(x)dx, where xo € (a, b).

When these limits exist, we say that the improper integral converges, and
otherwise does not converge, or diverges if the limit tends to oo or —oo.
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Improper integral

o The improper integral [5° sin xdx
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Improper integral

@ The improper integral [;° sin xdx does not converge. Indeed, it holds
that foﬁ sin xdx = [— cosx]g = —cosf+1, and as § — oo, —cos 3
oscillates and does not converge to any value.

o Consider [;° e *dx.
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Improper integral

@ The improper integral [;° sin xdx does not converge. Indeed, it holds

that foﬁ sin xdx = [— cosx]g = —cosf+1, and as § — oo, —cos 3
oscillates and does not converge to any value.

o Consider [;° e *dx. For > 0, we have
foﬂ e Xdx = [—e‘X]g =—e P —(=1)=1—-e5, hence as 8 — oo,
this tends to 1. That is, [;° e ¥dx = 1.
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Improper integral

The improper integral [y sin xdx does not converge. Indeed, it holds
that foﬁ sin xdx = [— cosx]g = —cosf+1, and as § — oo, —cos 3
oscillates and does not converge to any value.

Consider [y e *dx. For 8 > 0, we have

Oﬁe‘xdx = [—e‘X]g =—e P —(=1)=1—-e5, hence as 8 — oo,
this tends to 1. That is, [;° e ¥dx = 1.

Consider (—o0, 00).

2

).

B 1 1
/ xe ™ dx = —§[e_"2]fy = —i(e_ﬁ2 —e @
o

and both limits limg_, o, limg_, exist. Furthermore,
[ xe ™ dx = —L([e]% + [e7X]F) = 0.

—00
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f(x) =sinx

v

v

Figure: Convergent and non convergent improper integrals.

Lecturer: Yoh Tanimoto Mathematical Analysis | 30/11/2020 6/16



Improper integral

Let f, g be integrable on all [«, 8] C (a, b).

()

@

)

Let0<f<g. Iffab g(x)dx converges, then so does fab f(x)dx. If
fab f(x)dx diverges, then so does fab g(x)dx.

If f > 0 and there is M > 0 such that ff f(x)dx < M for all
a<a<p<b, then fab f(x)dx converges.

Let 0 < f, and lim,p 64 = c # 0. Then [ f(x)dx exists if and
only if fcf g(x)dx exists.

Let f > 0 be decreasing on [a,00). [°
if >0 n f(n) converges for some N.

2 F(x)dx| < J21F(0)lex.

f(x)dx converges if and only
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@

@

On any interval [a, ] it holds that fB x)dx < fﬂ x)dx, hence
ff f(x)dx is bounded and increases as a,ﬁ tend to a, b.

As f(x) > 0, when a — a (and § — b), the integral ff f(x)dx
increases. But as it is bounded by M, it must converge to a certain
number fab f(x)dx < M.

Let ¢ > 0 (the other case is analogous). For xp close enough to b, it
holds that $g(x) < f < 2cg(x). Hence the claim follows from (i).
We have f(n+ 1) < [ f(x)dx < f(n), therefore,

Yain < Jn' T F(x)dx < Xty f(n).

This follows from —|f| < f < |f| and (i) for an interval [«, ], then by
taking the limits.

Ol

v
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Improper integral

Now we can show that Y 724 % is divergent using integral. Indeed,
fN Ldx <320 bt fN Lax = [logx]) = log N — 0 — o0, therefore,
aIsoZ,’Y 11,17—>ooasN—>oo

When the improper integral fa |f(x)|dx, then we say that the improper
integral fab f(x)dx converges absolutely.
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Figure: A graphical proof that 25:1 % diverges as N — oo.
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Improper integral

o0 cos X
o i Fdx
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Improper in

° 1°° €5 dx converges. Indeed 5 < 7 and

X—ng = [-1]¢ =1 — 1 which tends to 1 as o — cc.

00 sin x
o [T = dx
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Improper integral

o [ <5 dx converges. Indeed |55 | < 715 and

& X—ng = [-1]¢ =1 — 1 which tends to 1 as o — cc.

o 17 Si%dx converges. Indeed, by integration by parts,

1 X X X2 « X2

The first two terms tend to cos1 while the last one is convergent.

o (e% (0% (6]
Sin X — COS X COS X COS v COs
—dX:[—:| —/ dx = cos1 — —/ = dx
1 1 1
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Improper in

° f1oo‘smTX’dX
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Improper integral

o [1°[%2X|dx diverges Indeed,

ST >

(_Tn+11 =+ Jo sinxdx = Zﬁzlﬁ and hence we have

S |52 o > 0, D) -
dx

°f0\/7
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Improper integral

o [1°[%2X|dx diverges Indeed,

ST >

1 T o 2
inr Jo sinxdx = -5y and hence we have
o si o] 2
fl |S|;1<X|dX > anz = CESY) — 0.

° [o° \/%dx is convergent Indeed, it is enough to consider
i Zagg 9%, and since \/7 \ﬁ 13 , we have

12 \/)de < [f x ~2dx, where the rlght—hand side is convergent.

dx

o e
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Improper integral

o [1°[%2X|dx diverges Indeed,

ST >

(_Tn+11 =+ Jo sinxdx = Zﬁzlﬁ and hence we have

S8 dx > 3000, 2 — oo

° [o° \/%dx is convergent. Indeed, it is enough to consider
i Zagg 9%, and since \/x§7+1 < \/% = L, we have

x2

12 mdx < [f x ~2dx, where the right-hand side is convergent.

° foooo \/de is convergent. Indeed, \/Xll‘i“ < \/%74 = X—lg and

f dx—f dx:[—x_l]ﬁzl—%%lasﬂﬁoo.
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Improper integral

A\

Figure: f(x) = %X and f(x) = |#2X|. The improper integral of the former in
[1,00) is convergent, while the latter is not.
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Area of a region

We know the are of rectangles, triangles and disks Let us define the area
of a more general region.

Definition

@ Let f > g be two integrable functions on an interval /. The area of
the region between g, f is defined by the following:

Dgr:={(x,y) eR*:x € I, g(x) <y < f(x)}

area(Dyf) == [(F(x) = g(x)ck

@ Even if / is not bounded, if the improper integral [,(f(x) — g(x))dx
exists, then we define the area of the region
Dgr={(x,y) ER?: x € I,g(x) <y < f(x)} by the same formula.
@ If D is the union of such regions, then area(D) is the sum of the
areas of such regions.

v
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Area of a region

Figure: The area of the region between two functions.
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Exercises

14
o Calculate the following improper integral. [5° x3 e’ dx

o Calculate the following improper integral. [;° IogXd
° Determme whether the following improper integral converges.
1 X4+1 dx.

° Determlne whether the following improper integral converges.
] oy

@ Determine whether the following improper integral converges.
1 X2
fO sinx—de'

Lecturer: Yoh Tanimoto Mathematical Analysis | 30/11/2020 16 /16



