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Annoucements

e Tutoring (by Mr. Lorenzo Panebianco): Tuesday 10:00-11:30.
@ Office hour: Tuesday 11:30-12:30.

@ Basic Mathematics: first few lessons on

o Tuesday (14:00 — 16:00 CET): Inequalities, Limits and Derivatives
o Wednesday (14:00 — 16:00 CET): Study of function

and then upon request.
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Exercises
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Calculate the indefinite integral. [ xe*dx.
Solution.
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Calculate the indefinite integral. [ xe*dx.
Solution. By integration by parts,

/xexdx:xex —/exdx—i- C

=xe* — e+ C.
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Calculate the indefinite integral. [ €*sin xdx.
Solution.
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Calculate the indefinite integral. [ €*sin xdx.
Solution. By integration by parts,

/exsinxdx = e"sinx — /eX cosxdx + C
= e*sinx — <ex cos x — /ex(— sin x)dx> + C,

hence [ e sinxdx = 3(e*(sinx — cos x)) + C.
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Calculate the definite integral. fol x?e~*dx.
Solution.
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Calculate the definite integral. fol x?e~*dx.
Solution. By integration by parts,

1 1
/ x?e Xdx = [-x%e ]} + / 2xe™ " dx
0 0

1 1
== —[2xe ]} +/ 2e *dx
€ 0

3 el 5
= _ReXt=0_=
e [2e™]o e
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Calculate the indefinite integral. [ xv/1 — x?dx.
Solution.
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Calculate the indefinite integral. fxmdx.
Solution. By substitution ¢(x) = —x2,¢'(x) = —2x,

2
/X\/l—XZdX——* —2x \/1—x2dx——f g(l—xz)%—}—C
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Calculate the indefinite integral. fxexzdx.
Solution.
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Calculate the indefinite integral. fxexzdx.
Solution. By substitution ¢(x) = x2, ¢/(x) = 2x,

1 1
/xexzdx = 5/2xe"2dx = Eexz + C
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Calculate the definite integral. fol x3e¥’ dx.
Solution.
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Calculate the definite integral. fol x3e¥’ dx.
Solution. By integration by parts and substitution ¢(x) = x2, ¢'(x) = 2x,

! 1/t 1 1/t
/ x3e dx = 7/ X2 2xe dx = f[x2eX2](1)—f/ 2xe*” dx
0 2 Jo 2 2 .Jo
1

1 x211 _

€
2
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Calculate the indefinite integral. [ 5 dx.
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Calculate the indefinite integral. [ 5 dx.
Solution 1. By substitution ¢(x) = x? — 1,¢'(x) = 2x,
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Calculate the indefinite integral. [ 5 dx.
Solution 1. By substitution ¢(x) = x? — 1,¢'(x) = 2x,
[ Zgdx = Jlog|x? — 1|+ C.
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Calculate the indefinite integral. [ 5 dx.

Solution 1. By substitution ¢(x) = x? — 1,¢'(x) = 2x,

[ Zdx = Slog|x? — 1|+ C.

Solution 2. Let us find the partial fractions. x> — 1 = (x — 1)(x + 1).
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Calculate the indefinite integral. [ 5 dx.

Solution 1. By substitution ¢(x) = x? — 1,¢'(x) = 2x,

[ Zdx = Slog|x? — 1|+ C.

Solution 2. Let us find the partial fractions. x> — 1 = (x — 1)(x + 1).

X X A B Ax+1)+B(x—1)

x2-1 (x-1)(x+1) x-1 x+1  (x—-1)(x+1)
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Calculate the indefinite integral. [ 5 dx.

Solution 1. By substitution ¢(x) = x? — 1,¢'(x) = 2x,

[ Zdx = Slog|x? — 1|+ C.

Solution 2. Let us find the partial fractions. x> — 1 = (x — 1)(x + 1).

X X A B Ax+1)+B(x—1)

x2-1 (x-1)(x+1) x-1 x+1  (x—-1)(x+1)

and from this we have
x=Ax+1)+B(x—1)=(A+B)x+A—-B,
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Calculate the indefinite integral. [ 5 dx.

Solution 1. By substitution ¢(x) = x? — 1,¢'(x) = 2x,

[ Zdx = Slog|x? — 1|+ C.

Solution 2. Let us find the partial fractions. x> — 1 = (x — 1)(x + 1).

X X A B Ax+1)+B(x—1)
-1 x—Dx+1) x=1 x+1 x-Dx+1

and from this we have
x=A(x+1)+ B(x —1) = (A+ B)x + A — B,therefore,
A-B=0,A+B=1, andA:%,Bzi
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Calculate the indefinite integral. [ 5 dx.

Solution 1. By substitution ¢(x) = x? — 1,¢'(x) = 2x,

[ Zdx = Slog|x? — 1|+ C.

Solution 2. Let us find the partial fractions. x> — 1 = (x — 1)(x + 1).

X X A B Ax+1)+B(x—1)
-1 x—Dx+1) x=1 x+1 x-Dx+1

and from this we have
x=A(x+1)+ B(x —1) = (A+ B)x + A — B,therefore,
A-B=0,A+B=1, andA:%,B:

/ﬁdx - / (2(x1— nt 2(x1+ 1)) dx

1
= i(log\x— 1| + log|x +1]) + C.

N \
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Calculate the definite integral. fol mdx.
Solution.
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Calculate the definite integral. fol mdx.
Solution. Let us find the partial
fractions.
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Calculate the definite integral. fol mdx.
Solution. Let us find the partial
fractions.x® — 2x2 + x — 2 = (x?> + 1)(x — 2).
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Calculate the definite integral. fol mdx.
Solution. Let us find the partial
fractions.x® — 2x2 + x — 2 = (x?> + 1)(x — 2).

1 _Ax+B+ C  (AX+B)(x—2)+C(x*+1)
xX3—2x24+x—-2  x241  x—-2 (x2+1)(x—2)

and from this we have 1 = (A + C)x? + (B — 2A)x + (C — 2B),
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Calculate the definite integral. fol mdx.
Solution. Let us find the partial
fractions.x® — 2x2 + x — 2 = (x?> + 1)(x — 2).

1 _Ax+B+ C  (AX+B)(x—2)+C(x*+1)
xX3—2x24+x—-2  x241  x—-2 (x2+1)(x—2)

and from this we have 1 = (A+ C)x? + (B — 2A)x + (C — 2B),and hence
A+ C=0,B—2A=0,C—2B=1. By solving
this,
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Calculate the definite integral. fol mdx.
Solution. Let us find the partial
fractions.x® — 2x2 + x — 2 = (x?> + 1)(x — 2).

1 _Ax+B+ C  (AX+B)(x—2)+C(x*+1)
xX3—2x24+x—-2  x241  x—-2 (x2+1)(x—2)

and from this we have 1 = (A+ C)x? + (B — 2A)x + (C — 2B),and hence
A+ C=0,B—2A=0,C—2B=1. By solving
this,C =, A=—-% B=-2.
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Calculate the definite integral. fol mdx.
Solution. Let us find the partial
fractions.x® — 2x2 + x — 2 = (x?> + 1)(x — 2).

1 _Ax+B+ C  (AX+B)(x—2)+C(x*+1)
xX3—2x24+x—-2  x241  x—-2 (x2+1)(x—2)

and from this we have 1 = (A+ C)x? + (B — 2A)x + (C — 2B),and hence
A+ C=08-2A=0C-2B=1 By solving
this,C =, A= —% B=—2Thats,

st (25
Ix
X3—2x2+x—2 5 X2—|-1 -2

10( log(x? + 1) — 4arctan x + 2log |x — 2|).
- T 3log?2
Therefore, fo 73 o X =~ "1
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Calculate the indefinite integral. [ —1—dXx.

Cos x
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Calculate the indefinite integral. [ —1—dXx.

Cos x

Solution 1. By substitution t = ¢(x) = sinx, ¢'(x) = cos t,
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Calculate the indefinite integral. [ —1—dXx.

Cos x

Solution 1. By substitution t = ¢(x) = sinx, ¢'(x) = cos t,

1 1
/ dx = / 5— COS xdx
COoS X cos? x

1 1
= f — dx = [ ——=dt
/1—sin2xs0(x) x /1—1‘2
1/ 1 1 1 |1+t
2/(1+t+1—t) 2 %1 ¢

That is, f lde _ % log | sin x-+1|

cos [sinx—1]"
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Calculate the indefinite integral. [ —1—dXx.

Cos x

Solution 1. By substitution t = ¢(x) = sinx, ¢'(x) = cos t,

1 1
/ dx = / 5— COS xdx
COoS X cos? x

1 1
= f — dx = [ ——=dt
/1—sin2xs0(x) x /1—1‘2
1/ 1 1 1 |1+t
2/(1+t+1—t) 2 %1 ¢

That is, f 1 dx = % log | sin x4-1|

cos x [sinx—1]"
) , _ _ o x
Solution 2. By change of variables x = ¢(t) = 2arctant, or t = tan 3,

P(t) = o2y cosx = 1

sy
1 2 1 1 It +1]
dx = | ——=dt= [(—— — ——)dt =1 .
/cosxX /1—t2 /(t—i—l t—l) Ogyt—1|
. 1 N [ tan £ 41|
That IS, fCOSXdX_logm'
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Calculate the indefinite integral. [ de.
Solution.
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Calculate the indefinite integral. [ de.
Solution. By change of variables
t =p(x) =tan3,
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Calculate the indefinite integral. [ de.
Solution. By change of variables

t = o(x) =tan§,¢/(x) = 25, cos x = 2t

t2+1'

1 1 2
——_dx— : dt
/cosx+sinx X /1—f2 4+ -2t 241

sinx =

t2+1 ’

t24+1 t24+1
2
= | o————dt
/t2—2t—1
( )
:—*/ _ dt
V2 \t—1-v2 t-14+2
t—1-V2

— log .
V2 Tt =142
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Calculate the indefinite integral. [ de.
Solution. By change of variables

t = o(x) =tan§,¢/(x) = 25, cos x = 2t

t2+1'

1 1 2
——_dx— : dt
/cosx+sinx X /1—f2 4+ -2t 241

t2+1,smx

t24+1 t24+1
2
=— | —— _dt
/t2—2t—1
( )
:_*/ _ dt
V2 \t—1-v2 t-14+2
1I [t—1-V2]

V2 i1 v2

. 1 o 1 [tan 71— V2|
That IS, j‘mdx = —% |Ogm
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Calculate the definite integral. f_‘(z/i V4 — x2dx.
Solution.
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Calculate the definite integral. f_‘(z/i V4 — x2dx.
Solution. Change of variables x = 2sin t.
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Calculate the definite integral. f_‘(z/i V4 — x2dx.
Solution. Change of variables x = 2sin t. Note that

sin(—7) = —%,sin% = % Therefore, with & = 2 cos t,
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Calculate the definite integral. f—\?/i V4 — x2dx.
Solution. Change of variables x = 2sin t. Note that

sin(—7) = —%,sin% = % Therefore, with & = 2 cos t,
v2 N
/\[mdx:/ 4 — 4sin? x - 2 cos tdt
—\2 -z
= 4/Z cos? tdt
-3
_ 4/1 cos(2t) + 1dt
_x 2
4
sin(2t) i
—4 h -2
[ 7 2}_2 + 7
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Calculate the indefinite integral. f02 V8 — x%dx.
Solution. Solution. Change of variables x = 2v/2sin t. Note that

sin0 = 0, sin % = % Therefore, with % = 2v/2costt,

/02 de:/og \/8 — 8sin? x - 2v/2 cos tdt
= 8/0er cos? tdt
_ 8/2 cos(2t) + 1dt
0 2
- [sin(2t) N rr{
0

=2
7 5 + 7
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Calculate the integral. f_ll sin(sin x)dx.
Solution.
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Calculate the integral. f_ll sin(sin x)dx.
Solution. Note that sin(sin(—x)) = sin(—sin(x)) = —sin(sinx), and the
interval [—1, 1] is symmetric, hence this is 0.
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Calculate the inproper integral. [5° xe™*dx.
Solution.
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Calculate the inproper integral. [5° xe™*dx.
Solution. Note that with F(x) = —e™™ — xe™, F/(x) = xe™*. Therefore,

B
/ xe Xdx =[—-e ¥ — xefx]g =—eP_peft1
0

and as 3 — oo, this tends to 1. Hence [ xe *dx = 1.
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