Mathematical Analysis I: Lecture 38

Lecturer: Yoh Tanimoto

25/11/2020
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Annoucements

Tutoring (by Mr. Lorenzo Panebianco): Tuesday 10:00-11:30.
Office hour: Tuesday 11:30-12:30.

Basic Mathematics: first few lessons on

o Tuesday (14:00 — 16:00 CET): Inequalities, Limits and Derivatives
o Wednesday (14:00 — 16:00 CET): Study of function

and then upon request.

Today: Apostol Vol. 1, Chapter 5,6.23.
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Rational functions

We know that
° fﬁdx = log |x — a|.

e forneN,n>2 [ (X_la),,dx = (n—l)_l

(x—a)n—1-

°o [ X21+1 dx = arctanx, [ ﬁdx = %arctan(g)_

° fmdx = %arctan(@).

In general, the derivative of the primitive F of f must be the original
function f. We can check that the primitive in this way. This is often
useful because the calculus of primitive is often complicated, while
derivative is mechanical.
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Rational functions

We also have

/ d_/1+x—xd_/ —2x - X
(X2+1 (x2 + (X2+1 2X2—|-1)2

= arctan x +

2(X2—|—1 /2X2—I—1)
X

= arctan x + m — 5 arctan x
1 X
= 5 arctan x + m
Indeed, by taking the derivative,
(1 tanx 4 % )’ 1 +(x2+1)—2X2 1
— arctan x = = .
2 2(x2+1) 2(x2+1) 2(x2 +1)2 x2+1
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Rational functions

5Bl . %(4X37X)+%71
e f 4x3=x dx = f 4x3—x dx.
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Rational functions

3_ Ligy3_ x_q
o [XSldx= f“(—X;de. Note that

4x>—x
x—4 x—4 a o, = -
= = <t 327 T 277 (see below) and hence

4x3—x = x(2x—1)(2x+1)
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Rational functions

4x3—x)+% -1
4( 4
e f4xg de — f 4x3—x

x3—-1

x—4
4x3—x

/x3—1 _X+
4X3—X XT3

_ x—4
T x(2x—1)(2x+1)

X 9
—Z+Iog|x|—1—6|og|2x—1|—1—6log|2x+1|.

dx. Note that

7 9
— 44 "2 2
dps 2+ 5x+1 (see below) and hence

9
-3\,
( 2X—1+2X—|—1)X
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Rational functions

q 1 _ Ax+B | Cx+D _ —5t1 3
0 Using oqypesdy = (o1 T x2it = on T We get
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Rational functions

e | XS
Ax+B Cx+D __ 2 +

a 1 .
° Using Goqyerny = Ge-D2 T 551 — Geonp T xrer We get

/(X_l)zl(xz+1)dx:/(_5_—+11dx+/ 2+1d

(x 1) l
_ 2
/ +/ 2+1

=——|og!x 1| -

Iog(x +1).

2(x - 1)
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Rational functions

In general, if P(x) and Q(x) are polynomials, % can be written as a

sum of (51,();))" or ((Xjf)gx+)32)n (with different polynomials Py, P,), and for

each of them one can find a primitive.

Example

1
® D11
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Rational functions

In general, if P(x) and Q(x) are polynomials, % can be written as a

sum of (51,();))" or ((Xjf)gx+)32)n (with different polynomials Py, P,), and for

each of them one can find a primitive.

Example

1 1 A B
° =TT We put =00FD) = x-1 + 1

Lecturer: Yoh Tanimoto Mathematical Analysis | 25/11/2020 7/15



Rational functions

In general, if P(x) and Q(x) are polynomials, % can be written as a

sum of (fl(a)),, or ((Xjf)gx+)32)n (with different polynomials Py, P,), and for

each of them one can find a primitive.

A B
o m We pUt m —1+X—+1 Then
1 CA(x+1)+B(x—1)
(x-D(x+1) (x=1)(x+1)
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Rational functions

In general, if P(x) and Q(x) are polynomials, % can be written as a

sum of (fl(a)),, or ((Xjf)gx+)32)n (with different polynomials Py, P,), and for

each of them one can find a primitive.

A B
° m We put m ﬁ+x_—|—1 Then
| CAx+1)+B(x—1)
(x-D(x+1) (x=1)(x+1)

and 1 = (A+ B)x + (A — B). This means that
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Rational functions

In general, if P(x) and Q(x) are polynomials, % can be written as a

sum of (fl(a)),, or ((Xjf)gx+)32)n (with different polynomials Py, P,), and for

each of them one can find a primitive.

° m We putm ﬁ%—x—f_l. Then
1 _Ax+1)+B(x—1)
(x—1D(x+1) (x—1)(x+1)
and 1 = (A+ B)x+ (A— B). This means that A+ B =0 and
1=A-B,
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Rational functions

In general, if P(x) and Q(x) are polynomials, % can be written as a

sum of (fl(a)),, or ((Xjf)gx+)32)n (with different polynomials Py, P,), and for

each of them one can find a primitive.

A B
° m We put m ﬁ+x_—|—1 Then
| CAx+1)+B(x—1)
(x-D(x+1) (x=1)(x+1)

and 1 = (A+ B)x+ (A— B). This means that A+ B =0 and
1=A- B, therfore, A= 3, B = —

l\)ll—‘
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Rational functions

1
® GrDGE?

v
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Rational functions

A Bx3+Cx?2+Dx+E
7. Put 1T e

° 1 1 _
A DO —

v

Lecturer: Yoh Tanimoto Mathematical Analysis | 25/11/2020 8/15



Rational functions

1 1 _ A Bx3+ Cx®+Dx+E
° T PUt e T T +(x5+J1r)2 = and
1 AR +1)2+ (B3 + O+ Dx + E)(x + 1)
(x +1)(x2+1)2 (x +1)(x* + 1) '

v
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Rational functions

1 1 _ A Bx3+ Cx®+Dx+E
° T PUt e T T +(x5+J1r)2 = and
1 AR +1)2+ (B3 + O+ Dx + E)(x + 1)
(x +1)(x2+1)2 (x +1)(x* + 1) '

1=A(*+2x2+1)+(Bx*+(B+ C)x3+(C+ D)x*>+ (D + E)x+E),

v
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Rational functions

1 1 _ A Bx3+ Cx®+Dx+E
° T PUt e T T +(x5+J1r)2 = and
1 AR +1)2+ (B3 + O+ Dx + E)(x + 1)
(x +1)(x2+1)2 (x +1)(x* + 1) '

1=A(*+2x2+1)+(Bx*+(B+ C)x3+(C+ D)x*>+ (D + E)x+E),
soA+B=0,B+C=02A+C+D=0,D+E=0A+E=1.

v
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Rational functions

A Bx3+Cx?2+Dx+E
x+1 + =—=ar  and

1 1 _
® GrDearR Pt GaneeT? = CEY
1 AR +1)2+ (B3 + O+ Dx + E)(x + 1)
(x +1)(x2+1)2 (x +1)(x2+1)2 i

1=A(*+2x2+1)+(Bx*+(B+ C)x3+(C+ D)x*>+ (D + E)x+E),
soA+B=0,B+C=02A+C+D=0,D+E=0A+E=1.
Observe A=—-B, C=—-B,D=—E and 3B—E=0,—-B+E =1,
SO

v
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Rational functions

A Bx3+Cx?2+Dx+E
x+1 + =—=ar  and

1 1 _
® GrDearR Pt GaneeT? = CEY
1 AR +1)2+ (B3 + O+ Dx + E)(x + 1)
(x +1)(x2+1)2 (x +1)(x2+1)2 i

1=A(*+2x2+1)+(Bx*+(B+ C)x3+(C+ D)x*>+ (D + E)x+E),
soA+B=0,B+C=02A+C+D=0,D+E=0A+E=1.
Observe A=—-B, C=—-B,D=—E and 3B—E=0,—-B+E =1,
soB=-31,E=3A=1C=31D=-3

v
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Rational functions

1 1 _ A Bx3+Cx?+Dx+E
° rnearie: PUt o T s T g and

1 Ax?2+1)2+ (B + 2+ Dx + E)(x + 1)

(x +1)(x2+1)2 (x +1)(x% +1)?

1=A(*+2x2+1)+(Bx*+(B+ C)x3+(C+ D)x*>+ (D + E)x+E),
soA+B=0,B+C=0,2A+C+D=0,D+E=0,A+E=1.
Observe A=—-B, C=—-B,D=—E and 3B—E=0,—-B+E =1,
so B = —%,E: %,A = %, C= %,D = —%. Altogether,

L3 oebe e
(x+1D(x*+1)2 x+1 (x241)?

1 1 1,1
_ &, ~ata —3X+t;
x+1 x2+1  (x2+1)?
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Change of variables

Let F(x) be a primitive of f(x), that is [ f(x)dx = F(x). If it is difficult
to find F directly, one may consider a change of variables x = ¢(t). By
the chain rule, £ F(o(t)) = f((t))¢'(t). If G(t) is a primitive of
F(e(t))¢' (), then F(x) = G(o~(t)).

In order to recall the rule, it is useful to write

[ o= [ flete) e,

even if this is only formal.
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Change of variables

o f(x) = zig. With t = e+ 1,x = o(t) = log(t — 1),¢'(t) = 7.

1 1 1 1
/ex+1dx_/t(t—l)dt_/<t—1_?>dt_'°g

and with t = e + 1, fex—lﬂdxz Iog%.

o

Lecturer: Yoh Tanimoto Mathematical Analysis | 25/11/2020 10/15



Change of variables

o f(x) = 2.

1—x
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Change of variables

o f(x) =2 ~. With x = p(t) = sint,¢/(t) = cost, t = arcsin x, if

1—x

TEL5, A
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Change of variables

o f(x)= \/1):27 With x = ¢(t) = sint,'(t) = cost, t = arcsin x, if
t E (_%7g)r

2
cos tdt

x2 sin
[
1— x2

—/sm tdt = /l_zosztdt

sin 2t
- 2 4
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Change of variables

o f(x)= \/1):27 With x = ¢(t) = sint,'(t) = cost, t = arcsin x, if
t E (_%?g)r

2
cos tdt

x2 sin
[
1— x2

—/sm tdt = /l_zosztdt

sin 2t
- 2 4

and with t = arcsin x, sin 2t = 2sin tcos t = 2x1v/1 — x2, we obtain
2 0
S/ ﬁdx = Larcsinx — 3xv1 — x2

Lecturer: Yoh Tanimoto Mathematical Analysis | 25/11/2020

11/15



Change of variables (

When the function contains sin x and cos x, it is often useful to do the
change of variable x = ¢(t) = 2arctant, or t = tan 3. Indeed, we have

2 x 22 X
/ 2 . 1 __ cos® 5+sin® 5 2
¢'(t) = 1, while oI = I = 1+ t* and
i — LX) = 2gin X x _ _2t
sinx =sin(2-3) = 2sin3 cos 3 = Trp and

Cos X = cos> % — sin

For example,

/ ! 4 /tzH 2 gt =logt = logtan ~
= . = == n—.
sin x x 2t 1+1t2 8 ogta 2

2 x 1—t2

2 1+t2-
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Change of variables

Corollary

Let f be contiunous on [a, b], ¢ differentiable and ¢’ continuous on [a, ],
and ([, B]) C [a, b], p(@) = a,(B) = b. Then

/ fx)dx—/ f(o o' (t)dt
Proof.

Let F(x) = [ f(x)dx. Since %(F(gp(t))) = f(p(t)) - £'(t),
B

F(o(0) - (1)t = [FGANE = [FIE = [ 7o

[0
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Change of variables

o Note that \/1 —sin®t = | cos t| and this is equal to cost if |t| < 7,
hence with x = sin t,

1 4 jus
/ \/1—x2dx:/2 \/l—sinzcostdt:/2 cos® t dt
0 0 0
_ /% cos(2t) +1 . _ [sin(zt) N f]%
0 2 4 2 0

™
2 .
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Exercises

o Calculate the indefinite integral. [ 7 dx.

o Calculate the definite integral. [§ z—53——5dx.
o Calculate the indefinite integral. [ colsde'

o Calculate the indefinite integral. [ m

o Calculate the definite integral. fl{zﬁ V4 — x2dx.
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