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Annoucements

@ Tutoring (by Mr. Lorenzo Panebianco): Tuesday 10:00-11:30.
o Office hour: Tuesday 11:30-12:30.

@ Basic Mathematics: first few lessons on

o Tuesday (14:00 — 16:00 CET): Inequalities, Limits and Derivatives
o Wednesday (14:00 — 16:00 CET): Study of function

and then upon request.
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Exercises
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Compute the integral fol x2dx based on the definition (using the upper and
lower sums).
Solution.
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Compute the integral fol x2dx based on the definition (using the upper and
lower sums).

Solution. Let us take a partition P, = {[0, 1), [%,2),... [2=1 1]} of
[0,1].
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Compute the integral fol x2dx based on the definition (using the upper and
lower sums).

Solution. Let us take a partition P, = {[0, 1), [%,2) ... [2=1 1]} of
[0,1]. Let f(x) = x2.
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Compute the integral fol x2dx based on the definition (using the upper and

lower sums).
Solution. Let us take a partition P, = {[0, 1), [%,2) ... [2=1 1]} of

[0,1]. Let f(x) = x2.
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Analogously,
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Analogously,

n

. 2 n
5/(f7Pn)=Z<J 1) ,1:%,20_1)2
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Therefore, by taking n — oo, we obtain
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Analogously,

n

5’“”3"):2(];1)2‘”:”3'

Jj=1

Therefore, by taking n — oo, we obtain

limp— oo §/(f'a ’Dn) = limpo0 §/(f’ Pn) = % '

Lecturer: Yoh Tanimoto

Mathematical Analysis |

=1
n—1
> 7
j=0
(n—1Dn(2(n—1)+1)

6
n(n+1)(2n4+1) _ 1
6 - 3
20/11/2020

5/16



Analogously,

- /i-1\ 11
sr.p =30 (1) L L
j=1
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Therefore, by taking n — oo, we obtain

limnoo Si(F, Pp) = limnoe S)(F, Pn) = & -
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Analogously,

- /i-1\ 11
sr.p =30 (1) L L
j=1
1
B
1
B
Therefore, by taking n — oo, we obtain
limnoo Si(F, Pp) = limnoe S)(F, Pn) = & -
!

limp—o0 S)(f, Pn) = limp—o0 Sy(F, P )
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\

Figure: The upper and lower sum for f(x) = x°.
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Compute [, (x* + (x — 2)3 + x(x — 1))dx.
Solution.

Lecturer: Yoh Tanimoto Mathematical Analysis | 20/11/2020 7/16



Compute [, (x* + (x — 2)3 + x(x — 1))dx.
Solution. We have

-1
x5 (x=2* X X2
=ty gk
1 1 1 1 -1 8 -1 1
=zt ;+5-35)-(+5+5—-53)

3 5 4 3 2
2 +g_6—300+10__2i4
N 3 15 157
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Compute fog sin(2(x + §))dx. We have

/0 sin(2(x + 6))dx

Solution.

Lecturer: Yoh Tanimoto Mathematical Analysis | 20/11/2020 8/16



Compute [, e2(x~Ddx.
Solution.
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Compute [, e2(x~Ddx.
Solution. We have

1,

= [562( 1)]171
1

= E(eo —e)

= -
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Compute [Z X#+3x+L gy,
Solution.
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Compute [Z X#+3x+L gy,
Solution.

/2x2+3x+1
1 X

dx

2 1
:/ (x + 34 =)dx
1 X

x? 5
= [? + 3x + log x]1

4 1
(§+6+Iog2)—(§+3+|og1)

9
§—|—|0g2
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Compute [y sin? xdx.
Solution.
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Compute [y sin? xdx.

Solution. Note that cos2x = 1 — 2sin? x, hence sin? x = % and
™
/ sin? xdx
™1 — 2
. / cos Xd
[x ~5 sm 2x]g
1 T
= (-0~ (0-0) =7
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Compute fol ﬁ%dx.
Solution.
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2
X dx.

Compute fol

1+x2
Solution. Note that D(arctan x) = .
1,2
—d
/0 1 —|—x2 x
x>4+1-1
= ——d.
/ T1ax2

= [x — arctan x|}

—(1-3)-(0-0)=

IS

Lecturer: Yoh Tanimoto Mathematical Analysis | 20/11/2020 12/16



Find the 2nd order Taylor formula for f(x) = /1 + 2x around x = 0.
Solution.
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Find the 2nd order Taylor formula for f(x) = /1 + 2x around x = 0.
1

; / — 1 —
Solution. We have f'(x) = 2 - AT~ i
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Find the 2nd order Taylor formula for f(x) = /1 + 2x around x = 0.
; _ 1 _ 1
Solution. We hlave f’(x) =2 Vi = Jirex
f// — 2 (i 1y
() (=2 (1+2x)%)

— .
(142x)2
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Find the 2nd order Taylor formula for f(x) = /1 + 2x around x = 0.
1 1

Solution. We have f'(x) =2 - 5T = ifae
f'(x) =2-(—3—L—) = ——2L . Therefore,
(142x)2 (14+2x)2

F(x) =1+ x4+ =2 + o(x2).
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Find the 3nd order Taylor formula for f(x) = log(x + 1) around x = 2.
Solution.
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Find the 3nd order Taylor formula for f(x) = log(x + 1) around x = 2.

Solution. We have f'(x) = XLH
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Find the 3nd order Taylor formula for f(x) = log(x + 1) around x = 2.

Solution. We have f'(x) = 2, f"(x) = 7@'
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Find the 3nd order Taylor formula for f(x) = og(x + 1) around x = 2.
Solution. We have f'(x) = x+1' (x) = (X+1)2.

Therefore, f(x) =log3+ 3 — 1—8 + o((x — 2)?).
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N 4
Compute the limit. limy_g —*—.
cos x—1+%

Solution.
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x4

Compute the limit. limy_g —*—.
cos x—1+%

Solution. We have cosx =1 — %2 + %‘: + o(x*4),
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x4

Compute the limit. limy_g —*—.
cos x—1+%

Solution. We have cosx =1 — %2 + % + o(x*), and hence

x4 x4

im —— = |

— = lim o =24,
x>0 cosx — 14 %  x20 57 + o(x*)
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CoN2 2 4
Determine o € R for which the limit lim,_ (s'"x)s—xlw exists, and in
eX —

that case, compute the limit.
Solution.
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. 2.2 4 . .

Determine o € R for which the limit lim,_ (S'"X)s—xlw exists, and in
ex’ —

that case, compute the limit.

Solution. We have

; _ x3 x5 5
@ sinx = x — 3 + % + o(x)
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(sin x)2—x?+ax*

5 exists, and in
eX" —1

Determine o € R for which the limit limy_sq
that case, compute the limit.

Solution. We have

\./

@ sinx =x — 3,+5,+ o(x®

o sinx = x? — % + (& + (3)3)x® + o(x%)
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(sin x)2—x?+ax*

5 exists, and in
eX" —1

Determine o € R for which the limit limy_sq
that case, compute the limit.

Solution. We have

\./

@ sinx =x — 3, + £ 5, + o(x®
o sin?x=x2—% + (& + (37)?)x® + o(x®)

o e =1+y+oly)

Lecturer: Yoh Tanimoto Mathematical Analysis | 20/11/2020 16 /16



(sin x)2—x?+ax*

5 exists, and in
eX" —1

Determine o € R for which the limit limy_sq

that case, compute the limit.
Solution. We have

x°)
o sinx = x? — % + (& + (3)3)x® + o(x%)
° ¢ = 1+y+0()/)
o & =1+ x5+ o(xP)

@ sinx =x — 3,+5,+ o
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(sin x)2—x?+ax*

5 exists, and in
eX" —1

Determine o € R for which the limit limy_sq

that case, compute the limit.
Solution. We have

x°)
o sinx = x? — % + (& + (3)3)x® + o(x%)
° ¢ = 1+y+0()/)
o & =1+ x5+ o(xP)

and hence

@ sinx =x — 3,+5,+ o

sin x)° — x° + ax a— 3)x"+ &=x" 4+ o(x
. 2 2 4_ :1% 4 4456 6

e’ —1 x5 + o(x%)
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(sin x)2—x?+ax*

5 exists, and in
eX" —1

Determine o € R for which the limit limy_sq

that case, compute the limit.
Solution. We have

o(x°)
@ sin’x = x% — ( (3l) )x% 4 o(x®)
o &~ 14y+ol)
o & =1+ x5+ o(xP)

and hence

@ sinx =x — ,+5,+(

sin x)° — x° + ax a— 3)x"+ &=x" 4+ o(x
. 2 2 4_ :1% 4 4456 6

e’ —1 x5 + o(x%)

The limit x — 0 exists if and only if « — z =0,

[N \

Lecturer: Yoh Tanimoto Mathematical Analysis | 20/11/2020 16 /16



(sin x)2—x?+ax*

5 exists, and in
eX" —1

Determine o € R for which the limit limy_sq
that case, compute the limit.
Solution. We have

@ sinx = x — ,+5,+(X)

o sinx = x? — % + (& + (3)3)x® + o(x%)

o &~ 14y+ol)

o & =1+ x5+ o(xP)
and hence

(sinx)? — x2 +ax* (o —3)x* + 76x° + o(x°)

e’ —1 x5 + o(x%)

The limit x — 0 exists if and only if « — 1 =0, that is, @ = % and in that

case,

w\
w\
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(sin x)2—x?+ax*

5 exists, and in
eX" —1

Determine o € R for which the limit limy_sq
that case, compute the limit.
Solution. We have

@ sinx = x — ,+5,+(X)

o sinx = x? — % + (& + (3)3)x® + o(x%)

o &~ 14y+ol)

o & =1+ x5+ o(xP)
and hence

(sinx)? — x2 +ax* (o —3)x* + 76x° + o(x°)

e’ —1 x5 + o(x%)

The limit x =0 exists if and only if &« — 2 =0, that is, & =  and in that

case, the limit is E

w\
w\
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