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sinZ x
X2

Compute the limit. limy_g
Solution.
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sinZ x
x2

Compute the limit. limy_g
Solution. We have D(sin? x)
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L in2
Compute the limit. limy_,o *5*.

Solution. We have D(sin? x) = 2sin x cos x,
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L in2
Compute the limit. limy_,o *5*.

Solution. We have D(sin? x) = 2sin x cos x, D(x?) = 2x,
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Sln2X

Compute the limit. limy_g

Solution. We have D(sin? x) = 2sinxcos x, D(x?) = 2x, and hence

sm2x 2sinxcosx __ 1

= limy 0 2x

limy_o 2=
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sin x—x

Compute the limit. limy_,o *5

Solution.
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Compute the limit. lim,_,q "X~

Solution. We have D(sinx — x) = cosx — 1,
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Compute the limit. lim,_,q "X~

Solution. We have D(sin x — x) = cosx — 1, D(x3) = 3x2,
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Compute the limit. lim,_,q "X~

Solution. We have D(sin x — x) = cosx — 1, D(x3) = 3x2, and further
D(cosx — 1)
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Compute the limit. lim,_,q "X~

Solution. We have D(sin x — x) = cosx — 1, D(x3) = 3x2, and further
D(cosx — 1) = —sinx,
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Compute the limit. lim,_,q "X~

Solution. We have D(sin x — x) = cosx — 1, D(x3) = 3x2, and further
D(cosx — 1) = —sinx, D(3x?) = 6x
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Compute the limit. lim,_,q "X~

Solution. We have D(sin x — x) = cosx — 1, D(x3) = 3x2, and further
D(cosx — 1) = —sinx, D(3x?) = 6x hence
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log (x3+1)

Compute the limit. limy_ oo log x

Solution.
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log (x3+1)
logx

Solution. We have D(log(x> + 1))

Compute the limit. limy_ oo
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log (x3+1)
logx

Solution. We have D(log(x3 + 1)) = )%i

Compute the limit. limy_ oo
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log (x3+1)
logx

Solution. We have D(log(x® 4+ 1)) = X3+1, D(log x) = 1 and hence

Compute the limit. limy_ oo
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3
Compute the limit. limy_ oo log (+1)

log x
Solution. We have D(log(x3 + 1)) = )33—’;: D(log x) = 1 and hence
2
log(x® + 1 3 3x3
lim M: lim #: lim 22X _3
X—$00 log x X—00 < x—o00 x3 4+ 1
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Compute the limit. limy_ x log x.
Solution.
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Compute the limit. limy_ x log x.
Solution. We have limy_,0 x log x = lim,_;o 'OEX

X
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Compute the limit. limy_ x log x.
Solution. We have limy_,o x log x = lim,_,o '°§X and D(log x)

X
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Compute the limit. limy_ x log x.
Solution. We have limy_,o x log x = lim,_,o '°§X and D(logx) = 1

x!
X
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Compute the limit. limy_ x log x.
Solution. We have limy_,o x log x = lim,_,o '°§X and D(logx) = 1

x!
X

D(1) = =} and hence
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Compute the limit. limy_ x log x.
Solution. We have limy_,g x log x = limy_,q

%eX and D(logx) = L

1
X

= limy_0(—x) = 0.

X,\,‘ H‘x =

DY) = ~z and hence lim,_,o x log x = lim,_,o =

<) =
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Find the second order Taylor formula. f(x) = sin(x?) as x — 0.
Solution.
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Find the second order Taylor formula. f(x) = sin(x?) as x — 0.
Solution. We have f'(x) = 2x cos(x?)
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Find the second order Taylor formula. f(x) = sin(x?) as x — 0.
Solution. We have f'(x) = 2x cos(x?) , f"(x) = 2cos(x?) — 4x?sin(x?)
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Find the second order Taylor formula. f(x) = sin(x?) as x — 0.
Solution. We have f'(x) = 2x cos(x?) , f"(x) = 2cos(x?) — 4x?sin(x?)
and f(0) =0, f'(0) =0, f"(0) = 2,
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Find the second order Taylor formula. f(x) = sin(x?) as x — 0.
Solution. We have f'(x) = 2x cos(x?) , f"(x) = 2cos(x?) — 4x?sin(x?)
and f(0) =0, f’(0) = 0,f”(0) = 2, and hence
f(x):0+0x+%+o(x2) =x%+ o(x?) as x = 0.
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Find the second order Taylor formula. f(x) = vx?2+1 as x — 1.

Solution.
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Find the second order Taylor formula. f(x) = vx?2+1 as x — 1.

Solution. We have f'(x) = \/x)2(7+1
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X2 +1—x —=

. / _ _x " = NATTR L
Solution. We have f'(x) = T f(x) = x2+1 T (x241)3
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Find the second order Taylor formula. f(x) = vx?2+1 as x — 1.

X2+ 1—x—=%
Solution. We have f'(x) = \/)2(7+1 , (x) = ) SR ” 11)3 and
X X x2+1)2
— ! _ 1 " _ 1
hence f(1) = v/2,f'(1) = 7 (1) = )3
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Find the second order Taylor formula. f(x) = vx?2+1 as x — 1.

X2 +1—x —=
Solution. We have f'(x) = \/7 f(x) = e 21— o 11)3 and
X X x241)2
hence (1) = v/2,f'(1) = \f (1) = Therefore,

;
22

) = V2+ b0+ b ro((x =1 as x - 1
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Find the second order Taylor formula. f(x) = sin(x) — 1 as x — 7.
Solution.
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Find the second order Taylor formula. f(x) = sin(x) — 1 as x — 7.
Solution. We have f’(x) = cos x,
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Find the second order Taylor formula. f(x) = sin(x) — 1 as x — 7.
Solution. We have f'(x) = cos x, f”'(x) = —sinx
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Find the second order Taylor formula. f(x) = sin(x) — 1 as x — 7.
Solution. We have f'(x) = cos x, f”’(x) = —sinx and hence
f(3) = 0,7(3) = 0,F"(3) = 1.
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Find the second order Taylor formula. f(x) = sin(x) — 1 as x — 7.

Solution. We have f'(x) = cos x, f”’(x) = —sinx and hence
f(3) =0, (%) =0,f"(5) = —1. Therefore,
f(x) = —(X72%)2 +o((x — 5)?) as x — Z.
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e —1
COS X

Find the second order Taylor formula. f(x) = as x — 0.

Solution.
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e —1
COS X

Find the second order Taylor formula. f(x) = as x — 0.

Solution. We have f/(X) _ & cosx;l—o(se;;l) sinx’
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Find the second order Taylor formula. f(x) = £=1 as x — 0.
Solution. We have f'(x) = < C°SXZ)(§XX_1)SMX,
f//(X)
(e*(cos x — sin x) + (e¥sin x + (€ — 1) cos x)) cos? x

cos* x
(e cosx + (& — 1) sin x)(—2sin x cos x)

cos* x
(2 — 1) cos® x + 2e* sin x cos? x + 2€* sin® x cos x — 25sin? x cos x

cos* x
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Find the second order Taylor formula. f(x) = £=1 as x — 0.
Solution. We have f'(x) = < COSXZ)(;XX_DSMX,
f//(X)
(e*(cos x — sin x) + (e¥sin x + (€ — 1) cos x)) cos? x

cos* x
(e cosx + (& — 1) sin x)(—2sin x cos x)

cos* x
(2€X — 1) cos® x + 2€* sin x cos? x + 2€ sin? x cos x — 2sin? x cos x

cos* x

and hence f(0) = 0,'(0) = 1,7"(0) = 1.
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e —1

cosx S X — 0.

Find the second order Taylor formula. f(x) =

Solution. We have f/(X) _ & cosx;l—o(se;;l) sinx’

f//(X)
(e*(cos x — sin x) + (e¥sin x + (€ — 1) cos x)) cos? x

cos* x
(e cosx + (& — 1) sin x)(—2sin x cos x)

cos* x
(2€X — 1) cos® x + 2€* sin x cos? x + 2€ sin? x cos x — 2sin? x cos x

cos* x

and hence f(0) = 0,f'(0) = 1,f”(0) = 1. Therefore,
f(x) = x+ % +o(x?) as x — 0.
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Find the n-th order Taylor formula. f(x) = cos(x) as x — 0.
Solution.
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Find the n-th order Taylor formula. f(x) = cos(x) as x — 0.
Solution. 4" (x) = cos x, f4"+1)(x) = —sin x, F41+2)(x) =
— cos x, F#3)(x) = sin x,
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Find the n-th order Taylor formula. f(x) = cos(x) as x — 0.
Solution. 4" (x) = cos x, f4"+1)(x) = —sin x, F41+2)(x) =

— cos x, f(#13)(x) = sin x, and hence

F(4m(0) = 1, F@+1)(0) = 0, F(#7*+2)(0) = —1, F(*7*+3)(0) = 0, and
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Find the n-th order Taylor formula. f(x) = cos(x) as x — 0.
Solution. 4" (x) = cos x, f4"+1)(x) = —sin x, F41+2)(x) =
— cos x, f(#13)(x) = sin x, and hence
FUM(0) = 1, F4r+1)(0) = 0, F4+2)(0) = —1, F“#+3)(0) = 0, and
X2 X4 X6 (_1)nx2n
— 14+ _Z 4.7 2n

cosx a7 @ e T ey o)

n (_1)kX2k

QK+ o(x*").

k=0
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Find the n-th order Taylor formula. f(x) = log(1 + x) as x — 0.
Solution.
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Find the n-th order Taylor formula. f(x) = log(1 + x) as x — 0.

Solution. f(2")(x) = 77(?:;)%3', Frt1)(x) = 7(1}3;2!”1, and
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Find the n-th order Taylor formula. f(x) = log(1 + x) as x — 0.

Solution. f(2")(x) = 7762:;)33', Frt1)(x) = 7(1}3;2!”1, and

Fm(0) = (2n — 1)1, F™1(0) = —(2n)!, and
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Find the n-th order Taylor formula. f(x) = log(1 + x) as x — 0.

Solution. f(2")(x) = %, Frt1)(x) = % and

Fm(0) = (2n — 1)1, F™1(0) = —(2n)!, and

2 3 _1n+1n
|0g(]_-|—x):X—X2_|_>;_..._|_()nX+O(X”)
n 1k+1k
S A
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Find the n-th order Taylor formula. f(x) = sin(x?) as x — 0.

Solution.
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Find the n-th order Taylor formula. f(x) = sin(x?) as x — 0.
Solution. We know siny = >"}_, % +o(y*™)asy =0
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Find the n-th order Taylor formula. f(x) = sin(x?) as x — 0.
Solution. We know siny = >"}_, % + o(y*™*1) as y — 0 and

_ 1)k Ak+2
hence sin(x?) = S27_,

kT + O(X4n+2) as x — 0
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Compute the limit.

. €+ cos(x) —sin(x) — 2
lim
x—0 tan(2x3)

Solution.
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Compute the limit.

. €+ cos(x) —sin(x) — 2
lim
x—0 tan(2x3)

Solution. As x — xg = 0, we have

Lecturer: Yoh Tanimoto Mathematical Analysis | 13/11/2020 14 /15



Compute the limit.
. €+ cos(x) —sin(x) — 2
lim
x—0 tan(2x3)

Solution. As x — xg = 0, we have
° eX:1+x+X72+%3+o(x3)
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Compute the limit.
. €+ cos(x) —sin(x) — 2
lim
x—0 tan(2x3)

Solution. As x — xg = 0, we have
° eX:1+x+X72+%3+o(x3)
@ cosx=1— X2—2 + o(x3)
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Compute the limit.
. €+ cos(x) —sin(x) — 2
lim
x—0 tan(2x3)

Solution. As x — xg = 0, we have
° eX:1+x+X72+%3+o(x3)
@ cosx=1— X2—2 + o(x3)

° sinx:x—%+o(x3)
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Compute the limit.
. €+ cos(x) —sin(x) — 2
lim
x—0 tan(2x3)

Solution. As x — xg = 0, we have
° eX:1+x+X72+%3+o(x3)
@ cosx=1— X2—2 + o(x3)

@ sinx =x— %+o(x3)
o tan(2x3) = 2x3 + o(x3)
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Compute the limit.

. €+ cos(x) —sin(x) — 2
lim
x—0 tan(2x3)
Solution. As x — xg = 0, we have
2 3
° & = 1+x+2x7+%+o(x3)
@ cosx =1— %3 + o(x3)
@ sinx =x— X?—i—o(x3)
o tan(2x3) = 2x3 + o(x3)
Then it holds, as x — 0,
e* 4 cos(x) — sin(x) — 2

tan(2x3)
x2 x3 x2 x3 3
. 1+X+7+€+1—7—X+F—2+0(X)
N 2x3 + o(x3)
X3
_ 3t o(x?)
2x3 + o(x3)
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Compute the limit.

. €+ cos(x) —sin(x) — 2
lim
x—0 tan(2x3)
Solution. As x — xg = 0, we have
2 3
° & = 1+x+2x7+%+o(x3)
@ cosx =1— %3 + o(x3)
@ sinx =x— X?—i—o(x3)
o tan(2x3) = 2x3 + o(x3)
Then it holds, as x — 0,
e* 4 cos(x) — sin(x) — 2

tan(2x3)
x2 x3 x2 x3 3

. 1+X+7+€+1—7—X+F—2+0(X)
N 2x3 + o(x3)

X3
_ 3t o(x*)

2x3 + o(x3)

hence limy_,o Xﬁ'"g;&g:i’; bx — 1
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For which a does the following limit exist?

i Gfﬁ) —asin(x) — 1
im

x—0 1 — cos(x)

Solution.
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For which a does the following limit exist?

i Gfﬁ) —asin(x) — 1
im

x—0 1 — cos(x)

Solution. As x — xg = 0, we have
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For which a does the following limit exist?

i Gfﬁ) —asin(x) — 1
im

x—0 1 — cos(x)

Solution. As x — xg = 0, we have
° % =142y +o(y) and %fﬁ =1+ 2x2 + o(x?)
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For which a does the following limit exist?

i Gfﬁ) —asin(x) — 1
im

x—0 1 — cos(x)

Solution. As x — xg = 0, we have
° % =142y +o(y) and %fﬁ =1+ 2x2 + o(x?)

@ sinx = x + o(x?)
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For which a does the following limit exist?

i Gfﬁ) —asin(x) — 1
im

x—0 1 — cos(x)

Solution. As x — xg = 0, we have
° % =142y +o(y) and %fﬁ =1+ 2x2 + o(x?)

@ sinx = x + o(x?)

@ 1—cosx = X2—2+o(x2)
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For which a does the following limit exist?

i Gfﬁ) —asin(x) — 1
im

x—0 1 — cos(x)

Solution. As x — xg = 0, we have
° % =142y +o(y) and %fﬁ =1+ 2x2 + o(x?)

@ sinx = x + o(x?)
@ 1—cosx = X2—2 + o(x?)

Then it holds, as x — 0,

2 ,
(ﬁiz) —asin(x) — 1 _1+2x? —ax — 1+ o(x?)

1 — cos(x) %2 + o(x?)
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For which a does the following limit exist?

i Gfij) —asin(x) — 1
m
it 1 — cos(x)

Solution. As x — xg = 0, we have
° % =142y +o(y) and %fﬁ =1+ 2x2 + o(x?)

@ sinx = x + o(x?)
@ 1—cosx = X2—2 + o(x?)

Then it holds, as x — 0,

2 :
(ﬁiz) —asin(x) — 1 _1+2x? —ax — 1+ o(x?)
1 — cos(x) N 2 4 o(x2)
L7 ) —arsin(x) -1

hence limy_q limy_g exists if and only if « =0, and in

that case, the limit is 4.

1—cos(x)
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