
Renormalization group according to Balaban-Dimock
1. Models, methods, results.
2025.05.05 Roma Tre.
Balaban ~1982 U(1)-Higgs d=2,3, ~1989 Yang-Mills d=3.414 incomplote) UV stability.
King 1986 U(1) -Higgs d=2.3 convergence of comvelation functions, some OS axioms.
Dimock 2011~ 4, QED , Gross - Neven 2
UV stability.
Lattice regulanization, countorterms in such a way that, after RG, the mode ( looks "the same"
up to "irrelevant terms. UV stability: bounded partition functions. Convergence?
2. The model.
L.M.NEN. = L-~7 /LMZ . &: T~~IR frelds.
5(4) = 212411  + 11411  + V^(), V^(8) = {^ Vol (TTM) + " Stands + & fast.
Want to find EN, uNs.t. after RG, the action looks like S (d).
We scale up to the unit lattice TIM+N. Do: field. So (3) = So (1): action.
Averaging. N fixed. For  TM+NIR, P (£) = • Serp (-all  - Qª )
(Qf) (Y) = ΣxεB(Y) flx). IL Scale back to TIM+N-1, P (.). Repeat.
The free flow
Take λ=0. Aftor & RG steps, fire (11) = 2  exp(-Sale. de)), where de-al Qada
Ge = (-A+ the +Q* Qu Q )], St (Fr.) = ± 11 - Qull  + 1 < 4. (+), a = Qk, Au= ===
Small fields
Fix, P-IN, P  = (-log|| (-(N-1)) P. Ie: TMNIR, de: A Ge Qu Be.
Sa the set of Ea s.x. | Fa-Quel = Pk, 1841 spa, 1941 = (21) Tape
The interacting flow
Define P (+1) = • Sexp(-||-Qall) Xu (•) Xu (Be) På (de) dB
Xu: 3 Sr. Xr: x is close to the minimum of the free quadratic form.
Ihm (Dimock) For L(M) large, 2 small, p (de) = Z  exp(-Su(&u, du)- Ve(pu) - Ex())
where E()-x F(x,&), X: M-block, Fe (x. 4) depends only on P(x), xx.
There are E, Mo s. x. EN = μ~=0. Sketch). Extract the mine. Pe(+2) di+auGele.
Cluster expansion Sexp(-2x H(x, 8, 4)) d2 = exp(-Σr H* (Y, d)). => Veel. Fatl.
UV stability = exp(- c Vol(TM)) = ZMN = exp(CVol (TTM)). Convergence? compare prep. Luge field got
e-Pa
3.0(4)-sigma model
for every   violating $e.
: (R  S  1 - SU(2). A[d] = [√ x (2), 10(2)1  = 1.8. Sude¯ = ^[u] 5 (144) =1).
UZ SU(2) A(u) = Σbctu Tr(1- TraU(b)). au(b) = u(b-) U(b+)* == b .bt
Block averaging C(u) = 2+ B(1) U(2)/(228) UG)). RG -- dvd (au-xe-A
Need to find the minimum of A(U) under C(U)=V."
е
This (Dybalski-Stathesistor T.) If llav-|||-{  small, then A(U) has an extremum water (Cu)-V, 110-111



Renormalization group according to Balaban- Dimock (details) 2025.05.05
1. Lattice regularization for QFT
Want to construct gauge theories in the Fuclidean signature.
Need regularization. Lattices preserve gauge invariance and reflection positivity.
Define the model first on discrete tori, take the UV limit, then IR.
Add counterterms in such a way that, after RG, the action looks the "same".
Models so far considered
Balaban: 1982 U(1)- Higgs d=2.3, YM d=3.4
UV stability.
UV stability.
King 1986 UCI)- Higgs d-2.3, convergence of convelation functions. Some Osations.
Dimock: 2011 ~ $4, QED3, Gross- Neven 2.
This talk: 4, 0(4)-sigma model.
2. The model.
2.1 the model.
M, LEIN. For each NEN, let π = L~~ / LM2  be the discrete torus.
For : πMR, write ||$||  = <d, &>, where <u,V> = (-3N. [24π U(2) V(x).
For v=1,2,3, 86(x) = L^^((x+ L^ev)-((x)), ev unit vectors.
2=-2*Jv
The density for the model is given by
PN (4) = exp(-1<d, (0 + ) d > + \\ ^ (d));
V^(4) - ~ Vol(TM) + + UN Solarda + + Splastde.
where it is the (physical) mass, λ the coupling constant, EN, UN counterterms.
ZMIN = SON (4)dd RITAI
UV stability: there are "nice" choices of EN, UN, behaving well under R&F,
s. t. exp(-(Vol (TIM)) = ΣMIN/ZMN (0) = exp(CVol (TIM)), ZMN (0) the free partition faction.
2.2 Scaled up to the unit lattice TIMIN
() = exp(-+ |ll  + Vo (u)), Nomitted from the notation.
Vo (u) = 0 THEN + M  +
(x)4,
Mo=L2N 20 = L~~2, Mo = L-2~ MN, E0=L-3N EN.
2.3 General RG trans forms.
Q: block averaging (Q) (Y) = L-  ΣxεB(y) f(x).
0
L
en (en) = √ Serp (-2 || - Qell) Pe (de)dia, ko,.. N-1. De TIM N & → IR.
Pri (Pat) = PR+ (PAL). L-Tu-1/2 (x/L).



2.4 The free flow.
Take 2=0.
free (0) = exp(-1/<, (-D+ Mo) o>).
After & RG steps, the (A) = Za exp(-Sα (Ia, de)), where
k
de = Aa Gr QR a: Tuwe R, Gr= (-1+na+ Aa QaQ) + B (L" (Time)
A  = a, Sk (Be, & ) = 1 || Fe - Quell  + \ <d  (A+) >.
2.5 Small fields
For : TIR, set drie a Gx De De.
Fix PEIN, PR:= (-Log λ) * = (- log (λ LN-a)) P.
-(NA)'
$*: the set of bes.x. 14-Q5P, 1 ardes Pk, |*|= Q(~(~A)) * P*
If any of these conditions is violated, fr (Ba) get's α(e-P ).
2.6 The interacting flow.
Do fine, for fired P, Peti (T) = N Sexp(-
(= (An+ QTQ) - An = An- A Q  Ge Qu
-|  ) X (C  (=))X(F) (
x (w): \w\spe, : the minimum of allen - Qall - Sal De. de) in e
Thy (Dimock 2013) For LGM for randum walk expansion) large. I small, che can write
PI()= 2 expl-Se (de, de) - Valta) + Ee (de)),
ch
xxx.
φία), κα
where Ex() = 2x Ex(x. 4). X: M-blocks, Ex(x. 4) depands only.
Sketch). For fixed +1, extract the minimum Ia in De of the quadratic part,
P(+2) = Pari + AG QIZ.
Cluster expansion Serp(-Σx H(x, 1.4)) dg - exp(-Σ& H* (Y, 0)).
=> Set, Varl, Feel. There are 2, ur s. x εN = μN = 0.
27 Convergence ?
N
Do 2MN = Spend ZMN/ZMN Co) converge as N→ ∞ ?
Compare
V^ (^), Vä(91)-
Large field contributions get o(e-P ) for each block. Take k~N.
3. O(4)-sigma model.
Block
She
b- b br
(b)=(b)(b)
(polar decomposition)
d: R  SU(2). A[+] = [d x In (2) 2^46), \((x)=1.
U: Z → SU(2) A(0) = ΣbcπM. Re Tv (1-2(b)).
averaging
raying. C(U) (X) = = Σ 16 B(4) U(2)/[([REB(1) U(A)
RG e-A (v) = Sdu σ (C(u)V-) X e A(u) du.
We need to find the minimum
|
of A(U) under the constraint ((U) V1.
The If satisfies 11 - 11/<ε , then under llov-111<ε, C(u)=V, A(U) has an extremu
Dubelski Stott mester-I)



cluster expansion.
Q: π: IR, X: M-polymer == Sex (2x (1(x, 3, 4)) du(3).
where du (I) is ultralucal. & plays novde.:
want
.
exp(ZY H# (Y)) --·6)
So
H(x 2).
Thm (Dimock 2013 Theunen 27). Assure that IH (X, 3) | ≤ Ho e-kdm(x).
Then holds, with H*(Y) = O(1) Ho e-(K-3ko-5) du(x).
proof) Mayer expansion.
(+(x)
exp(2xH(x)) - Tx (let) +) = 2x Tile (2) - 1)
- [M] π; K (Y; 2),
where Σ{xis is a sun over collections over distinct polymers, Σ {s} over collections of
K(r,2) = Σ√2x : 0 {x:]=Y πTile 4(x; 2) - 1).
>
2(XX) UK - Ti (@H (1.3)-1)
 . Ser. Th; K (V. 2) dula) = {0} } ** (r).
disjoint pilymars
k (Y) = SK (v.2) du(2), because Y's are disjunt and der is ultralocal.
Σ{Y:] Ti K* (Vi) = exp (ZrH*(r)), where
# (Y) = (Y.. - Y ) = U; Y; =Y. P* (Y.. - . Y.) TT K  (Y;),
OT(V  - Y ) = 2G Tεis) G ( 3 (Y, Ys)-1), G: graph with a vertices,
3 (xi, \;) = 1 if Xinky - d. 8(ki, b) o ekse
This follows from Σ, Evil !! K* (ri) = I + Zin u! Σ
f(N)=(x)(x)TK (Y;)
Fixed point argument.
By Thm 14, for small e, and Fee, one
has.
giving a pantrom (I .. It) of (1 -om)
(r... 4a): Tietz- &
exp (2 if(N).
k
STK # (Yi),
E4+1 = L  E + LI FR+ Ɛ (da, M. Fa), Mar, = [ +x+ Melam) Fu
We want Eo, Mo, S.N. EN=0 M=0. Fo=0.. Rewrite the equation
M = L-2 (MHL) Ex = L3 F ++.
=
Consider the space of sequences of parameters satisfing EN = MN = Fo=0, with the was
En=-7 | Bella, }; complete.
1341
= sup
Set The map. 3 = 74 by Mn - L  (MET-I-W), 5'- 13 1 + 1.
This is contraction. => fired point satisifies the flow.



Large field treatment.
The RG was defined, under the small field conditions, by
i () = exp(- ±ll -Q- So (0) - Vo()) X (C  (-))).
We want P  without Xo, Ro, so that spila.)da - So(2)do.
We insert in the integral 1 = {(RF, FRI, 2, 2) where the sum is
over regions (M-blocks) R1, and X(R., DNI) is the characteristic function
of small field condition: |,- Q30 | = Po, 12301 <po, 190/= 10* Po,
and Po = (-log (2L~))*. § (Sc, Do, 2.) is the characteristic function
 
of fields which violate at least one of these conditions at some point in each Hati
Now we define i by
P (£) = • Σ, d on; $(√ , B) ep (1911-QB - So (li, s)—Vo(129, Qs)) -
 
[ Sdão, e, x(Q., b) exp(-1 all  -Qad 2 - So (0, 2)-\6(2,2))
The integral []
can be analysed using the small field conditions, so
[ ] = exp (-S  (2 , &.) - V  (R,, & ) + Σxcs2, 5, (x, ẵ )).
In each M-block Ici, the exp factor gets e-o(1) Po , so altogethe it gets
e-o(1) Polfilm. This helps control over the sum over 1.
We repeat this analy as taking
>>>>SN.
Sigma model, the fired point problem.
· The constraint C(U)=V. Write U(x) = U'(x) V(Yx) x = B(Y).
· The action becomes A (U') = LibEA' Re Tr (1-U'(b-) JV (Y6) U' (b+)*).
.
and the constraint (X) Im U' (a) = 0.
Write U'(x) = Ao(a) 1 + ìA(x)· , 14|=1. Then the constraint is —
=8/7).
(a) = 0
The critical point equation is (LxA) (U)=0, where X is on the tangat plane.
This translates into
-AA VARACA. OV A-(GRAQ (QGRE)Q-1)
using the block constant vector CA = (RA) * WA.
Write T-(GRAQ (QGRAC) Q-1)GA. Solve the fixed point equation A- TĂ
in the metric space Yε = {A= Q(A)-0, Supbell av (b) - 111 ≤ ε ?.
with the metric d (A1, A2) = 11A1-A2lloor & uniform in RG step k.
• For this, we need 11G fllow & all flloo, 1(QGQ+)+ fllo schill.
C independent of k.


