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Abstract

For a (finite-dimensional) real Hilbert space h and an orthogonal projection p, we consider
the associated Heisenberg Lie algebra and the two-dimensional Heisenberg conformal net.
Given an even lattice ) in h with respect to the indefinite bilinear form on h defined by p,
we construct a two-dimensional conformal net Ag extending the Heisenberg conformal net.
Moreover, with a certain discreteness assumption on the spectrum of the extension, we show
that any two-dimensional extension of the Heisenberg conformal net is of the form Ag up to
unitary equivalence.

We consider explicit examples of even lattices where b is two-dimensional and p is one-
dimensional, and we show that the extended net may have completely rational or non-
completely rational chiral (i.e. one-dimensional lightray) components, depending on the choice
of lattice. In the non-rational case, we exhibit the braided equivalence of a certain sub-
category of the representation category of the chiral Heisenberg net corresponding to the
two-dimensional lattice extension.

Inspired by the charge and braiding structures of these nets, we construct two-dimensional
conformal Wightman fields on the same Hilbert spaces. We show that, in some cases, these
Wightman fields generate the corresponding extended nets.

1 Introduction

Two-dimensional Conformal Field Theories (CFT) are nowadays studied in various frameworks.
Some of them are specifically developed to describe and encompass conformal covariance, such
as Vertex Operator Algebras (VOA) [FLMS88, HKO07], or the Segal axioms [Seg04]. Others have
been introduced to deal with more general Quantum Field Theories and they can be restricted
to the conformal setting: such as conformal nets [KL04a, KLO04b] (fulfilling the Araki-Haag—
Kastler axioms [Haa96, Ara99]), or the Garding-Wightman axioms [LM75, SW00]. There is a
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subclass of conformal field theories that is relatively well-understood, especially in two spacetime
dimensions: they are called rational CFTs. These theories have well-behaved chiral components
(described by rational VOAs or chiral conformal nets), and their representation categories have
rigid structures (they are typically fusion, braided and modular). In the rational setting, the full
two-dimensional CFT's extending the tensor product of chiral components can be described purely
algebraically and categorically using certain commutative algebra objects in the tensor product
of their representation categories [DMNO13], or equivalently, using module categories [Ost03], or
braided equivalences of the chiral components [DNO13], see e.g. [FRS02, SFR06, RFFS07, Kon07,
BKL15] and references therein. On the other hand, there is a huge (indeed uncountable) family
of non-rational CFTs (e.g. whenever the central charge is positive and not a rational number), see
e.g. [Car04], [Xu06], and their structure remains to be understood.

A representative family of non-rational (chiral or two-dimensional) CFTs is given by realiza-
tions of the canonical commutation relations: the so-called Heisenberg algebras. Recently, an
algebraic-analytic framework for two-dimensional (full) CFT (called full VOA) has been proposed
[Mor23] and the extensions of the Heisenberg algebras have been studied. In [AMT24], it has been
proved that the correlation functions in a full VOA (assuming unitarity and some technical con-
ditions) define Euclidean correlation functions satisfying the Osterwalder—Schrader axioms, and
thus there are corresponding two-dimensional conformal Garding—Wightman fields [AGT23], by
the celebrated Osterwalder-Schrader reconstruction theorem. Therefore, it is natural to address a
more direct construction of Garding-Wightman fields and conformal nets. In this work, we con-
struct (and classify) two-dimensional extensions of the Heisenberg models, both in the conformal
net and Garding-Wightman framework.

The Heisenberg algebra associated with a finite-dimensional real Hilbert space b is the Lie
algebra, denoted by b, generated by {a(m)}acymez and a central element K with commutation
relations [a(m), B(n)] = dm—nm(a, B)s K. By choosing an orthogonal projection p, we can declare
that ph corresponds to the (left) chiral component, and ph to the (right) chiral (i.e. antichiral)
component, where p = 1 — p is the projection onto the orthogonal complement. The algebra
ph has irreducible modules parametrized by A € ph, thus they are naturally endowed with an
additive group structure. In analogy with the rational case, in order to construct a two-dimensional
CFT as an extension of the two-dimensional tensor product of ph with ph, one might consider
the trivial braided equivalence from the category of all ph-modules to that of ph-modules (if
dimp = dimp and ph and ph are identified). It turns out that this is not the only option. In
addition to these “diagonal” extensions, one can choose a (not necessarily N-dimensional) even
lattice @) in the N-dimensional real space h with respect to the indefinite bilinear form defined by p,
(-]") == (p-|p-)y — (p- |p-)y, where only a subset of simple modules appear, and then construct “non-
diagonal” CFT extensions. Given an arbitrary even lattice @) in h, we perform this construction
first in the two-dimensional conformal net setting, and then in the Garding—Wightman setting. We
do this by considering the 2-cocycle € of the lattice @ [Kac98] and the twisted shift operators. The
interplay between e and the braiding of the chiral representation category guarantees the locality
of the extended CFT.

By looking at special cases, we observe that these families of models accommodate both rational
and non-rational cases. For example, when b is two-dimensional (h = R?) and we divide it into
one-dimensional (= R) orthogonal subspaces corresponding the chiral and antichiral parts, there
are even lattices Q C b generated by % D \% and R—\/; & _RT_; for any R € R, R # 0, and
the corresponding two-dimensional conformal net, denoted by A, has rational chiral components
properly extending the chiral Heisenberg nets if and only if R? € Q. If B> € R\ Q, the chiral
components of Ag remain the chiral Heisenberg nets Ag, which are not rational.
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This non-rational case is of particular interest. Differently from the rational case [DNO13,
BKL15], we are not adding bulk (i.e. non-chiral) fields associated with all the irreducible objects
in the representation categories of the chiral components. Yet, the resulting two-dimensional
conformal net Ay appears to be maximally extended (cf. our classification result in Section 5
which holds under a certain technical condition, see below). This suggests that, even considering
proper subcategories of the chiral components, one may obtain maximally extended CFTs. In the
examples above with R? € R\ Q, we exhibit the braided equivalence corresponding to the (infinite
index) extension Ag ® Ag C Ag. The equivalence is defined on the (strict) tensor subcategory
generated by the irreducible representations with charge % and R—;, it is a non-strictly tensor
functor, and its non-trivial tensorator is the 2-cocycle €. The analysis of these concrete examples
opens the way to the study of more general two-dimensional non-rational conformal nets and
extensions.

For an arbitrary N-dimensional h, under the condition that the additive subgroup of charges
appearing in the extension is discrete, we classify all possible two-dimensional conformal net exten-
sions of the Heisenberg nets: they are all associated with an even lattice. We follow the strategy
of [BMTS8S8]. That is, we first extract charge-carrying operators and we put them in a canonical
form, then we examine the possible 2-cocycles arising. By the discreteness assumption, the set of
possible charges forms a lattice. Locality of the extension imposes that the lattice is even and that
the 2-cocycles are symmetric. As the symmetric 2-cocycles of an abelian group are necessarily
2-coboundaries, we obtain the classification result.

The models constructed here are relatively simple, yet of interest from various points of view.
For example, in the physics literature, models corresponding to different @ (in the same bh) are
believed to be related by the “current-current” deformation: assuming that they are associated
with a Lagrangian, different models should be associated with the Lagrangian perturbed by the
current. On the other hand, when b is 2-dimensional and p is 1-dimensional as in the examples
mentioned earlier, the models constructed here seem to be related with the massless free field
with the compactified target spaces. See [Mor23, Section 6] and references therein for the physics
literature. It is an interesting problem to connect these models with the conformal field theories
arising from certain Lagrangians, see [GKR24] for recent developments.

Once we have clear charge structures, we proceed to construct Wightman fields. The fields
generating the two-dimensional extensions are labelled by the elements of the lattice, and the
smeared operator creates states with that charge. In order to show that they generate a two-
dimensional conformal net, we need to verify that they satisfy strong enough bounds, cf. [AGT23,
Lemma 5.2]. Such bounds are proved in some cases.

Heisenberg algebras and their extensions are associated with the loop group of the groups
RN or (SY)V, respectively (see [TL97, Chapter V]), and from their vacuum representations one
can construct conformal nets. In this regard, it is important to consider their reflection positive
representations (cf. [ANS22, ANS25] for finite-dimensional groups), which should give rise to their
Euclidean counterparts. Such representations will be the subject of future investigations.

This paper is organized as follows. In Section 2.1, we recall the definitions of two-dimensional
conformal nets, chiral conformal nets on S, and their representations. In Section 2.2, we consider
the basic case where h = R, and we recall the definition of the associated Heisenberg algebra
b (the U(1)-current algebra) and the corresponding conformal net on S'. In Section 2.3, we
generalize it to the finite-dimensional case and recall the (braided and tensor) structure of its
modules (representations). In Section 3, we construct the two-dimensional conformal net Ag
associated with an even lattice  C bh with respect to the bilinear form (-|-), twisted by p. In
Section 4, we study the braided equivalence associated with the extension in a class of examples,



where @ C h = R2 1In Section 5, we classify two-dimensional conformal nets extending the
Heisenberg nets, under the assumption that the representations of the Heisenberg net appearing
in the Hilbert space of the extension form a discrete subset of h. In Section 6, we construct the
corresponding Wightman fields on the Hilbert space of Ag.

2 Preliminaries

2.1 Conformal nets
2.1.1 Two-dimensional conformal nets

We consider the Araki-Haag—Kastler framework [Haa96, Ara99] for two-dimensional conformal
field theory [KLO4b]. In general, an Araki-Haag-Kastler net is defined on the Minkowski space
R but in the conformal case, one can take more convenient coordinates: as we did in [AGT23,
Section 2.1], we map the two-dimensional Minkowski space to (—m,7) x (=7, 7) by (a4,a-) —
(2arctanay,2arctana_), where (a,,a_) are the lightcone coordinates on R (cf. [KL0O4b]). With
this identification, Diff, (S!) x Diff, (S') and Mob x Méb act locally on R where Mob =
PSLy(R). Recall that Mob C Diff, (S!) and if a unitary projective representation U of Diff  (S1) x
Diff | (S1) is restricted to Mob x Méb, we may assume that it is a true (non-projective) represen-
tation.

A conformal net on R'*! or two-dimensional conformal net, on a Hilbert space H is
a triple (A, U, Q) where A is an assignment to each open bounded region O C R*! of a von
Neumann algebra A(O) on H, U is a unitary projective representation of Diff, (S1) x Diff , (S!)
on H, 2 € H such that (we assume a stronger condition that assures that the net extends to the
Einstein cylinder [AGT23, Section 2.3, Proposition 2.5], so this is the definition of [KL04b])

(2dCN1) Isotony: if Oy C O, then A(O;) C A(Os).
(2dCN2) Locality: if O; and O, are spacelike separated, then A(O;) C A(O2)'.

(2dCN3) Diffeomorphism covariance: for a bounded region O C R there is a neighborhood
U of the unit element of Diff | (S1) x Diff | (S!) such that if v € U then yO C R'*! and

UMAO)U(y)" = A(O).
Furthermore, if supp+y is spacelike from O, then AdU(v)(z) = z for all x € A(O).

(2dCN4) Positivity of energy: the restriction of U to the translation subgroup R? C Méb x Méb
has the joint spectrum contained in the closed forward light cone V, = {(ag,a;) € R+ :
ai —a? > 0,a9 > 0} (in the original coordinates) = {(ay,a_) € R : ay > 0} (in the
lightcone coordinates).

(2dCN5) Vacuum and the Reeh-Schlieder property: there exists a unique (up to a phase)
vector 0 € H such that U(g)Q = Q for g € Mob x Mob and is cyclic for any local
algebra, namely A(O)Q = H.

(2dCN6) Extension to the cylinder: U(Rs; X R—;) = 1, where Ry is the lift of rotation by ¢
in Mob.



One of the main results of this paper is to construct a family of examples of two-dimensional
conformal nets on R'*'. For this purpose, we note that it is enough to construct A(O) first for
double cones, which correspond to a set of the form I, x I C (—m,7) x (—m,m), where I, 1_
are relatively compact intervals in (—m, ), For such A, we require the same axioms except that
locality means that A([;; x I_;) commutes with A(l; 2 X I_5) whenever one of the following
conditions holds:

o ]+’1 < ]+’2 and I_72 < I_71
o [yo<Iyjand [ ;<[

Note that any of these conditions correspond to spacelike-separated double cones in R!*! and
Diff , (S1) x Diff; (S*) map (locally) any double cone to a double cone.

From such A for double cones, for any other open set O C (—m, ) X (—m, 7) with non-trivial
spacelike complement, we can extend A by A(O) =V, ., o A(L+ x 1), where \/, M, denotes
the von Neumann algebra generated by {M,}. With same U, (2, the triple (A, U, ) with the
extended A satisfies the axioms of two-dimensional conformal net on R'*!.

When (A, U, Q) is a conformal net on R the net A contains nontrivial chiral components
[Reh00]: they are conformal nets A, A_ on S' (see Section 2.1.2) such that A is an extension
of Ay ® A_ (see Section 2.1.3). In this work, we do not assume that they are the maximal ones
given in [Reh00]. Instead, we start with concrete examples of A, A_ (the Heisenberg nets, Section
2.3.2) and construct (and classify) the extensions A.

2.1.2 Conformal nets on S!

Let Z be the set of non-empty, open, non-dense, proper intervals of S'. For I € Z, we denote by
I’ the interior of S'\ I. A conformal net on S! on a Hilbert space H, is a triple (A, Uy, ),
where A, (the subscript  is to remind the reader that the net is chiral, i.e. defined on S?') is
an assignment to each I € Z of a von Neumann algebra A, (I) on H,, U, is a unitary projective
representation of Diff | (S') on H,, Q. € H, such that

(1dCN1) Isotony: if I} C Iy, then A, (I;) C Ax(12).
(1dCN2) Locality: if [; and I, are disjoint, then A, (1) C A,(l5)'.

(1dCN3) Diffeomorphism covariance: For I € Z,~ € Diff  (S1),

Us(MA(DUs(7)" = Ac(y]).
Furthermore, if supp 7 is disjoint from 7, then Ad U, (y)(x) = = for x € A, (I).

(1dCN4) Positivity of energy: the restriction of U, to the rotation subgroup has the spectrum
contained in N.

(1dCN5) Vacuum and the Reeh-Schlieder property: there exists a unique (up to a phase)

vector , € H, such that U,(g)Q, = Q, for g € Méb and A, (1), = H..

As we assume (1dCN4), U, is a projective representation of Diff | (S') rather than of Diff, (S1),
see [AGT23, Proposition 2.1].
For a conformal net A, on S!, the following properties are automatic:



o A, (I) are type III; factors [GF93, Lemma 2.9]
e Haag duality A (/) = A, (") [GF93, Theorem 2.19]

o Additivity A«(I) = ;. <; Ax(la) [FJ96, Section 3]

Let us recall some useful notions regarding representations of conformal nets (see [AGT23,
Section 2.2.2]). A (locally normal) representation of a conformal net (A, U, .) on S* is
a family of (normal) representations p = {p;} of {A.(I)}1ez on H, such that if [; C I, then
Pl Ay = pr, (compatibility). For any such irreducible representation, there is a multiplier
representation U, of Diff, (S), defined by U,(v) = p(Ux(v)) if supp~y C I; for some I; € Z, such
that for any I € Z and z € A, (I) it holds that p,;(AdU(y)(z)) = AdU,(v)(pi(z)), by [AGT25,
Section 5.2]'. In particular, if H, = H, (the vacuum Hilbert space), and p;(A.(I)) = A.(I) for
each I, we call p an automorphism. Note that an automorphism is irreducible. A representation
on the same Hilbert space H, = H,, is said to be localized in I if p;; = id. where I’ is the interior
of S\ I. In this case, p; maps A.(I) to itself by Haag duality. Given p; localized in I;, one
can always find a unitarily equivalent automorphism p, localized in another interval I, as local
algebras are of type III. If I; U I, C I € Z, there is a unitary operator V' € A, (I) implementing
the equivalence between p; and p, by Haag duality. Such a V' is called a charge transporter.

For an automorphism p and v € Diff, (S1), p7 := AdU.(y) o po AdU,(y!) is localized in
vI and is equivalent to p. We can take z, ,(v) := U.(y)UZL(7)* as a charge transporter such that
Adz,,0p=p". We call z,,(7) the covariance cocycle of p.

Let us remove —1 from S* and identify S\ {—1} with (—m, 7). Let py, pa be two automorphisms
localized in I such that I C (—m,m). Take j1,py localized in I, I, € T, respectively, such that
LNl =0,I1,I, C (—n,n) and p; is equivalent to p;,7 = 1,2. For charge transporters Vi, Vs
between p; and p;, ps and po, respectively, Epilm = po(VI)V5'Vip1(V2), where £ depends on
whether I; is on the future (right, +) or the past (left, —) of I, is called the (DHR) braiding
between py, po, after [DHRT71, FRS89, GF93]. The braiding does not depend on the choice of p;
or the charge transporters under these conditions.

If we take y such that I is on the future or the past of I, INyI = and V; = 1,V = z, ,,(7),
then the braiding is (4 corresponds to v/ being in the past of I, — corresponds to the future)

E;)tl,pg = 2hp2 (1) P1 (20,02 (7)) (2.1)

Let us consider a pair of conformal nets (A;, U;, ;) on S on the Hilbert spaces H;, j = 1,2.
We can consider its tensor product A; @ Ay (1) := A; (1) ®As(I) and it is again a conformal net® on
S with respect to U; @ Us and Qy ® Qy on H; @ Hy. For two representations o; of A;, respectively
J = 1,2, the tensor product oy ® o5 is a representation of A; ® Ay. Let p;,0;,7 = 1,2 be localized
representations of A;, respectively. It is easy to show, if V;, W}, j = 1,2 are charge transporters of
+ — et et

pj, 0; as before, then V; ® W; are a charge transporter for p; ® 0, thus €, ¢, 7100, = €501 @ €py0a-

Tt is important that, while it is known that any representation of a conformal net is associated with a positive-
energy projective representation (defined up to a phase) of Diff ; (ST) [DFKO04, Wei06, Gui2l], we have a global
multiplier representation (defined including the phase) of Diff 4 (S1) with the same cocycle, as shown in [AGT25],
because we will take the direct sum of multiplier representations with the same cocycle in (3.7) (which is again a
multiplier representation with the same cocycle), while direct sum of projective representations (when appropriately
defined) is not assured to be a projective representation.

2This should be distinguished from the two-dimensional conformal net with .4; as the chiral component, A, as
the antichiral component, see Section 2.1.3.



2.1.3 Two-dimensional tensor product nets and extensions

Let (A, U, Q4) be two conformal nets on S! on the Hilbert space H., respectively. From them,
we can construct a two-dimensional conformal net (A4, ® A_,U; @ U_,Q; ® 2_) on the Hilbert
space H, ® H_ by setting (first for double cones, then extending to arbitrary bounded regions as
explained in Section 2.1.1)

o A, @A (I x 1) = A ([1) @ A(I-)
o Uy @U_(v4 x7-) :=Us(r4) ®U-(7-)
¢« 0,00 cH, OH.

The £-components are referred to as the chiral and antichiral components, respectively. Such
a net a priori extends to the Einstein cylinder (see [AGT23]), but by (1dCN4), it reduces to the
torus.

One can also consider representations of such nets, requiring the compatibility condition as we
did in Section 2.1.2. We say that 7 = {70}, where 7o is a representation of A, ® A_(O), where O
is a region on the Einstein cylinder, if 75| 4(0) = 7o for any O C O, where O is contained in a copy
of the Minkowski space. Such 7 can be restricted to A, ® 1, 1 ® A_ and gives representations of
A, A_ as conformal nets on S!, by considering the time-zero circle of the cylinder.

A generic two-dimensional conformal net (A, U, §2) is an extension of such net in the following
sense: There are (two-dimensional) conformal nets of von Neumann algebras A,, A_ acting on
the Hilbert space ‘H of A, which satisfy

e all the axioms (2dCN1)—(2dCN4) except that €2 is not required to be cyclic for A,

oifx € A (Iy x I_), then AdU(¢ x y_)(x) = « for all y_ € Diff ,(S!) and ¢ the identity
diffeomorphism, and similarly, if x € A (I, x I_), then AdU(yy x ¢)(z) = z for all v, €
Diff+(sl)7

e A, (0)C A(O) for all O.

In this case, we can define (by a slight abuse of notations) A, (I1) := A (I, x I_), where AL(I.)
does not depend on I, and Hy := J;o7 A+ ()2 (which is equal to A4 (I)Q for any I € Z by the
Reeh-Schlieder argument, see [BLM11, Lemma 5.1] and [GLW98, Theorem 1.4]) and define the
restrictions Ay (I) :== A, (I)|3.. They are conformal nets on S, as we assume (2dCNG). In this
case, we say that A is an extension A, ® A_ and we denote it as A, ® A_ C A. We say that
A ® A_ C Ais a conformal extension if U(yy x¢) € A, (1) if suppyy C Ip and U(L x y_) €
A_(I_) if supp~y_ C I_. In this case, it follows that the inclusion A, (I4) @ A_(I_) C A(Iy x I_)
is irreducible for each pair of I, 1 _.

If A is an extension of Ay ® A_, then the map A, (I) > z — x|y, € AL(I) is an injective
homomorphism (as 2 is separating). The inverse map is a representation of AL (7). Using this

inverse map, we can consider the embedding A, ® A — A, and it can be seen as a representation
of A, ® A_ on H.

2.2 The U(1)-current algebra
2.2.1 The U(1)-current algebra and its modules

We will consider the infinite-dimensional Lie algebras known as the Heisenberg algebras. As a
special case with rank 1, the Lie algebra is also known as the U(1)-current algebra, especially in
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the context of algebraic QF'T [BMTS88]. For the convenience of the reader familiar with the latter,
we will briefly summarize the structures. See also [AGT23, Section 6].

The U(1)-current algebra is the infinite-dimensional Lie algebra generated by the symbols
{Jm}mez and K, with the following commutation relations

[, In] = Om—nm K

and K is a central element.
For each pair of values ¢, A € C, we can consider the so-called Verma module of the U(1)-current
algebra: it is spanned by a distinguished vector 2, and vectors of the form

mel SR J*kaM m; € Z,mj >0
with the properties that K = c1, Jy = A1 and
JmQ)\ = 0, m > 0.

This representation (module) of the U(1)-current algebra is denoted by Mj(c, A) (where b is a
1-dimensional R-vector space, cf. Section 2.3.1). This can be seen as the algebraic symmetric
Fock space based on {J,,2\,m < 0}. On My(c,\) with ¢ # 0, {c2Jp ez satisfy the same
commutation relations as the {J,, };mez with ¢ = 1, so we may and do assume that ¢ = 1.

If A € R, the representation is unitary, in the sense that there is a (positive definite) invariant
scalar product (-,-) with respect to which (J,,)* = J_,, and (Q,,Q2,) = 1. Note that, by the
invariance property, the value of (-,-) is uniquely determined by A and ¢ = 1. Moreover, M (1, A)’s
are isomorphic to each other as vector spaces with a scalar product, by identifying the vectors
J_my - Jom, S0 (the values A do not appear here, nor in the scalar product). The module M;(1,0)
with A = 0 is called the vacuum module and its completion accommodates the chiral conformal
net.

2.2.2 The U(1)-current net and its representations

Let us take the vacuum module My(1,0) of the U(1)-current algebra and its Hilbert space com-
pletion Hj o with respect to the invariant scalar product (-,-). We introduce the operators L,, on
M;(1,0) (or on My(1,)) by the Sugawara formula

1
L, = 5 Z Ik, m e Z. (22)
keZ
They satisfy the commutation relations [L,,, J,] = —nJ,4n, and the Virasoro algebra relations

(L, Ln) = (m — n) Ly + 5m(m? — 1)0,,, _, with central charge ¢ = 1. For m; > 0

k
Lo Ty T, Q0 = (Z mj> Ty T Q0.
j=1

The operator Ly is already diagonalized, essentially self-adjoint and positive on Mjy(1,0) C Hp.
We denote its closure by the same symbol Lg, and refer to it as the conformal Hamiltonian. Let
C>(Ly) := (2, Dom(L)). It holds that ||/, ¥| < (m + 1)|[(Lo + 1)¥|| for any ¥ € C*(Lo)
[BSM90, (2.23)], which we call the linear energy bounds for the U(1)-current {.J;,,}mez in the
vacuum Hilbert space Hy .



Let f € C°°(S1) (without further remark, C°°(S') is real valued). We regard f as a 2m-periodic
smooth function on R. Let us write its Fourier components by f, = — f:r e " f(t)dt. On the

2T
domain C*°(Lyg), we define

TV =" frndn¥,

meZ

which is convergent in Hp o by the linear energy bounds, and J(f)¥ € C*°(Ly). It defines an

essentially self-adjoint operator whose closure we denote again by J(f), and C*(Lg) is an invariant

core for J(f) for every f € C>(S'), cf. [AGT23, Appendix A]. We denote also W (f) := /().
For I € T (see Section 2.1.1), we define

Ay(I) :={W(f) :supp f C I}".

The representation of the Virasoro algebra {L,,}mncz integrates to a positive-energy projective
unitary representation Uy of Diff { (S1) such that

AdU () () = J(for™h), AdUMW(f)) =W (fory™),

where the first equality is as unbounded operators (including the domains) [CKLW18, Proposition
6.4]. The triple (Ay, Uy, Qo) satisfies the axioms of conformal net on S!, and we call it the U(1)-
current net.

Let h € C*(S?) = C=(S',R). For I; € Z, we define (note that we changed convention from
[AGT23], and the integral is normalized by 35-)

o n (W(f)) = ezx [ TOMOdyy(f),

Then this is an automorphism of 4. Any two such automorphisms oy, 1,0, 1, are unitarily

equivalent if and only if 5= [7 hy(t)dt = 5= [T ho(t)dt. We know that any such automorphism
(representation) is diffeomorphism covariant, in the sense that there is a positive-energy unitary

multiplier representation Uy, of Diff | (S1), see [AGT25, Section 5.2], such that

Ad UL (an(W(f))) = on(Ad Uy(1)(W(£))) = on(W(f oy H).

Let I € Z. If we take h € C°°(S"), supp h C I, then oy, is an automorphism of Ay localized in I.
Let us fix A such that % f:r h(t)dt = 1. For a € R, we say that the automorphism o, has
charge . If h is localized in I, then by the calculations of [AGT23]3, for , 8 € R, the braiding is

+ __ *Firap
Eah,ﬁh =€ .

2.3 Heisenberg algebras
2.3.1 The Heisenberg Lie algebras and their modules

Let b be a finite-dimensional R-vector space, (-, -)y be a positive-definite symmetric bilinear form
on b. If b is 1-dimensional with the standard scalar product, the following construction gives the
U(1)-current algebra of Section 2.2.1. See also [Kac98, Section 3.5].

3In [AGT23, Section 6.3], we took the convention [h(t)dt = 1 and the automorphism was given by W (f)
el [ FOR®dtyy (£) In this paper we have o [h(t)dt = 1, thus h gets multiplied by 2. On the other hand, in the
calculations of braiding, we had integral such as [ h;(t)H; (t)dt, where h; = ajh and Hj is a primitive of hj. We
replace the integral by 5 [ h;(¢t)H;(t)dt, thus altogether the value has a factor of 27 compared with [AGT23]. In

[AGT23] we had ei:h an = e | thus it translates to the formula below.
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We consider the Heisenberg Lie algebra H, which is spanned by elements of the form a(m),
where @ € h,m € Z (with the relations (a + f8)(m) = a(m) + B(m) and (Aa)(m) = da(m)) and a

central element K (that is, as a linear space, h = (P, h) @ CK and a(m) has the element a € b
in the m-th summand), with the commutation relations

[e(m), B(n)] = 6, - (@, B)y K.
This is related with the U(1)-current algebra as follows.

e If b is 1-dimensional, then by taking a vector v € h with (v,v), = 1, we obtain [v(m),v(n)] =
Om.—nm K, which is exactly the commutation relation of the U(1)-current algebra, by identi-
fying v(m) = J,,.

e If h is N-dimensional, we can take an orthonormal basis. For orthogonal vectors a, 8 € b,
one has [a(m),B(n)] = 0 also for m = —n. For each a € h with (e, ), = 1, the elements
{a(m)}mez, K span a subalgebra isomorphic to the one-dimensional case. Note that, the
(commutative) subalgebra generated by a(m), m < 0 is isomorphic to the direct sum of N
copies of the subalgebra generated by J,,,m < 0 of the U(1)-current algebra, that is, if
a=(ay, - ,a,) €h, each aj(m) can be seen as a copy of a;Jp,.

As in the 1-dimensional case, there are irreducible modules of this algebra parametrized by A € b
as follows. For each A € h, we denote My (1,A) = U(h)/Jx, where U(h) is the universal enveloping
algebra of b, Jy is the ideal generated by a(m) for m > 0, a(0) — (A, )y, and by K — 1. More
explicitly, let {v;};=1.. v be a basis of b, If A = Ej Avj, A; € R, then this module is isomorphic
to the tensor product Mgy, (1, A1) ® - -+ ® Mgy, (1, Ay) of modules in Section 2.2.1, where Rv; are
the 1-dimensional vector spaces spanned by v; (see [DG13, Theorem 3.43]) and each v;(m) acts
on the j-th component as J,,. If A =0, the module M;(1,0) is called the vacuum module here
as well.

2.3.2 The Heisenberg conformal net and its representations

Let h be N-dimensional with (-, -)5 as in Section 2.3.1. The following construction gives the N-fold
tensor product of the U(1)-current net of Section 2.2.2.

We consider the Heisenberg Lie algebra H as above. Let My(1,X) be one of the representations
above. We denote the Hilbert space completion with respect to the invariant scalar product (-, -)
by Ha, or when we need to stress b, by Hy .

Fix an orthonormal basis {v;};=1.. 5 of h. On each module My(1,X) (we will be mainly
interested in A = 0 for the following construction) we introduce the representation of the Virasoro
algebra given by the N-dimensional analogue of the Sugawara formula

| N
Ly, = 522 cvj(m — k)v;(k) -

j=1 keZ

Actually, it is easy to check that this does not depend on the choice of the orthonormal basis {v;}.
The operators {L,,} satisfy the Virasoro relations with central charge ¢ = N. Indeed, each v;(m)
acts on the j-th tensor component as J,,. In this way, L,, can be seen as the N-fold tensor product

@j.v:l 1® - ®LoY ®- - ®1 of the representation of the Virasoro algebra for the U(1)-current
j-th
algebra.
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As in the 1-dimensional case, for each f € C*(S*) with f,, = 5= [T e ™ f(t)dt and a € b, we
introduce the densely defined operator on Hy:

a(f) =) fme(m)

(with a slight abuse of notation “a(-)”: a € b, a(m) € End(My(1,0)) for m € Z, but here a(-)
will define a Wightman field on S'). For a, 8 € b, f,g € C>(S'), it holds that

L pogar.

2 J_.

[a(f)nB(g)] = (a7ﬂ>f) )

In particular, a(f) and B(g) commute when supp f and supp g are disjoint.

Let us consider the vacuum module M;(1,0). For each a € b, the components {a(m)}mez
satisfy the linear energy bounds with respect to Ly. To see this, one can take an orthonormal
basis of h whose first vector is a scalar multiple of «, then the a(m) are bounded by the first
component of Ly, thus by the whole operator Lo: [ja(m)¥| < |la| - (m +1)||(Lo + 1)¥|| for every
Ve C®(Ly) = ﬂ;; Dom(L).

As in the 1-dimensional case, we obtain a positive-energy projective unitary representation Uy
of Diff , (S*), which satisfies for each a € b

AdUp(7)(e(f)) = a(fory™),
including the domain C'*°(Lg). Let us define
Ay(I) = {*D .a eh, f e C(S"),supp f C I}.

Together with the vacuum vector Qp, the triple (Ajy, Up, Qo) constitutes a conformal net on S*.
There is a natural unitary equivalence Ay = Agy, ® - - @ Ay, , Where each Ag,, is a copy of the
U(1)-current net from Section 2.2.2.

The sectors (equivalence classes of irreducible representations) of the net can be parametrized
by b. Indeed, let us take a basis {v;} of h. By [LT18, Proposition 3.11], which applies to the U(1)-
current net by [LT18, Example 3.9], and by the classification in [BMTS8S8, Section 2B, 3B| together
with [CW] (cf. [Zell7]) any sector o of Ay = Ay r @ -+ @ Ay r is of the form oy, ® -+ ® oy,
where h € C*°(S') such that 5- [7_h(t)dt = 1, giving the parametrization (A1, -+, Ay) € RN = b,
whose Hilbert space we denote by Hap, (or Hp ap, when necessary). These sectors correspond to the
module My (1,A), A = 3", Av; (up to a unitary equivalence).

Let us fix h € C*(S") such that o= [7_h(t)dt = 1. We know that, for «, § € R, the braiding of
two sectors oap, 0, of the U(1)-current net is 5i:h”3h = etimB I b is N-dimensional, the braiding
of the tensor product is the tensor product of the braidings, see Section 2.1.2. Let us write in the
basis @ = Y av;, B =3 Bv; € h, and 0ap, := Q) Ta;n: Tpn = Q); 0p;n- Then the braiding of
the two sectors o, 0g, of Ay is

N

+ _ + _ L Fin Y oaip; . Fiw(a,B)y
Cahph = ®5ajvjh,,3ju]-h =e I =e ) (2.3)
i=1

where we used that the braidings 5aijv]- hy3yo;h A€ scalar in this case. Furthermore, by the concrete
construction, we have 04,08, = 0(a+g)n- Although the Hilbert space of the representation ogy,
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remains the same Hy, when we stress that the net Ay is represented by o4, we denote the Hilbert
space by Hapn-

Each representation oy, is diffecomorphism covariant [AGT25, Section 5.2]: there is a unitary
multiplier representation Uy, of Diff (S1) such that

Ad Uah(/y)(o'ah<x>) = O'ah<Ad Uo(’}/)(ZE)), x e ‘Ah(]1>711 el,vye lef+(51) (24)

By taking the constant function 2= (we put % to keep the normalization), we have o4, = Oe.
While oo is not localized in any interval, it can be seen as the representation corresponding to
the module Mj(1,A) without unitary equivalence.

3 Two-dimensional extensions

From now on, we fix an N-dimensional R-vector space h together with a positive-definite symmetric
bilinear form (-, ), as in Section 2.3.1. In this Section, we construct a two-dimensional conformal
net Ag that whose chiral components extend the Heisenberg nets, associated with a certain even
lattice Q.

3.1 Chiral and antichiral components

Let p be an orthogonal projection on h with respect to (-,-)s. We consider ph to correspond to
the chiral component and ph to correspond to the antichiral component, where p = 1 — p is the
orthogonal complement of p. Let us denote the pair (h,p) as b, (see Section 6.1 for the current
algebra 6; with the distinction between the chiral and antichiral parts). As each ph, ph are finite-
dimensional R-vector spaces, we have the associated Heisenberg conformal nets Ay, Az on S* on
Hph 0, Hpno, respectively. Then, on the Hilbert space Hppo @ Hpno = Hpo, which we also denote
by My, 0, we have the two-dimensional conformal net A,y ® Ay, as in Section 2.1.3, which we shall
also denote by Ay .

We construct irreducible representations of the two-dimensional net A,, @ Az in the sense of
Section 2.1.3: Let us fix I € Z and h € C*(S') with 5~ [7 h(t)dt = 1 and supph C I. Then
there is a one-to-one correspondence between equivalence classes of irreducible representations of
Ay @ Azy and A € b (see Lemma 5.2 for classification), where the representation of the algebra
A (1) @ Ay (12) 1S 0pan,1, ®0pan,r_ - Again, the Hilbert spaces of these representations remain the
same Ho(= Hp,0), but in order to indicate the representation, we denote it by Hy, an = Hpan @Hpan-

3.2 Twisted lattice algebra

For a, 8 € b, define (a|B) := (pa, pB)s — (pe, pB)y- Let @ be an (not necessarily N-dimensional?)
even lattice in b with respect to (+]-), that is, an additive subgroup @ of (h,+) spanned by a set
of linearly independent elements of h, such that (a|8) € Z for any pair a, 8 € @, and (a|a) € 2Z
for any a € Q.

4In the usual convention, a lattice in an N-dimensional vector space § is a Z-span of a basis of fj. Here we allow
Q@ to be generated by linearly independent elements, not necessarily a basis. To stress this difference, we write “not
necessarily N-dimensional”.
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As in [Kac98, Section 5.5], for an ordered basis vy, -+ ,vy, of @, Ng < N, let
(_1)(vi\vj)+(m\m)(wlvj) = (_1)(vilvj) if i < j
e(v;, ;) 1= < (=) (Wil @i)*)/2 — (_q)@ilv)/2 jf = 5 (3.1)
1 if i > j
where the equalities hold as a special case of [Kac98, Equations (5.5.11), (5.5.12)] because the

lattice @ is even, and extend € to @ x @ biadditively (that is, e(a + B,7) = e(a,v)e(B,7) and
e(a,B+7) = €ela,B)e(a,7y)). Then € is a {£1}-valued 2-cocycle of @, see [Ka(398 Remark 5.5al,
ie. e(B+7,@)e(B,7) = e(B. vy +a)e(v, @), e(@,0) = €(0,a) = 1, e, B) = (~1)*Pe(B, @) for every
a,B,7 € Q, and it is such that e(a,a) = (—1)@®)/2 for every a € Q.

We define the twisted group algebra C.[Q)] (twisted by the 2-cocycle €), as the C-algebra with
basis {eq }acg, With the product given by

eatp = €(a, B)eq+p- (3.2)
For vectors a, B € Q, if a # B, again because the lattice is even,
eatp = €(a, Beqrp = (—1)(a‘ﬂ)e(ﬁ,a)eﬁ+a = (—1)(""5)656& (3.3)

and if a = B, we trivially have eqeq = (—1)@¥eye,, as (ala) € 27Z.
We define a (sesquilinear, linear in the second component) scalar product on C.[Q] by (eq, €g) :=
dap- With this scalar product, the left multiplication operators by e, on C.[Q)] are unitary:

(aty, €atp) = €(a, B)e(a,Y)(Cartys atp)
= ¢(a, B)e(a, )4 a+y,a+8
(@, )0y

= e(a, B)e
= ( 7:3) 5’7’:
:<6’Y7€.B>7

because €(a, B), €(a,y) € {£1} for any a, 8,7 € Q.

Ezample 3.1. Let h = R? = R®R with the Euclidean scalar product (-, ), . With respect to Section
3.1, we can take p as the orthogonal projection to the first component, and p as the orthogonal
projection to the second component, and define (:|-) accordingly. Fix arbitrarily R € R, R # 0.
We take the lattice @) C b generated by \%(R@ R) and \%(R*1 @ (—R™')). This is indeed an even
lattice: for any a,b,a;,b; € Z, j = 1,2, we have

a b oy a _ oy,

(E(R ® R) + E(R ®(—R™)) —\/_(R ®R)+ —\/_(R ®(—R™ ))) 2ab € 27, (3.4)
a1 by 1 - a2 by _ 1 —a a

(E(R ®R)+ E(R ®(—R™)) —\/_(R ®R)+ —\/_(R ®(—R ))> 102 + asby € Z.

(3.5)

Note that, if (z @ y) € b satisfies (x \%(R@R)) ( (R e (R~ 1))) € Z, then
(z®y) € Z— (RS R) + 7% (R @ (—R™)) = Q. Indeed, let us put

(x@y‘\/_ R@R) m, (x@y‘%(}%_l D (—R‘l))) = n,

then z —y = V2R 'm,z +y = v/2Rn, thus = = jimR 1+ fnR Yy = \%mR_l + \%HR. This
shows that () is maximal, i.e. there is no integral lattice that includes () as a proper sublattice.
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3.3 Construction of two-dimensional conformal nets
3.3.1 The Hilbert space and basic operators

Let b and p be as in Section 3.1. For a € b, we write @ = pa @ pa the orthogonal decomposition.
Let ) C h be an (not necessarily N-dimensional) even lattice with respect to (a|B) = (pe, pB)s —
(pa, pB)y for e, B € @ as before. Let us fix the 2-cocycle € of @ as in Section 3.2, I € Z and
h € C=(S*) such that supph C I and 5= ["_ h(t)dt =1 as in Section 2.3.2.

We consider the Hilbert space

Hg = @th,,\h = @ Hoan @ Hpnn- (3.6)

AEQ AcQ

Using the unitary equivalence (only as Hilbert spaces) Hpy, an = Hy, 0, We also have the following
unitary equivalence

Ho = Hy,0 ® C Q)

where C.[Q)] is endowed with the scalar product (eq,eg) = Jop as in the previous section and
completed to get a Hilbert space. The unitary left multiplication operators e, act only on the
second component, while the operators of the net A, ® Az act on Hy o ® ex = Hpan @ Hpan by
Tpan @ 0pan (see Section 2.1.3). Denote this representation of Ay, ® Az, on He by 7. By (2.4), 7¢
is diffeomorphism covariant with the representation Ug of Diff ; (S1) x Diff | (S!) defined as follows

Ug(yy x v-) = EB Upan(7+) @ Upan(7-)- (3.7)
A€Q

We denote the twisted shift operator on Hg corresponding to a € @, induced by the left
multiplication by eq on C.[Q], as ¥*. Let ¥ = (Vy)rco € Ho (where for each A\, ¥y € Hy o ®
ex = Hpan @ Hpan but we parametrize the components by A € @, instead of the representation
Tpan @ 0pan). Then, definition (3.2) translates into

(wa\lj)a_p\ = e(a,)\)\ll)\, (38)
or equivalently, (v*V¥)y = €(a, A —a)W¥x_o. The commutation relations (3.3) translate into
e G Vs (3.9)

where recall that (a|8) € Z and (a|a) € 2Z for any a, 8 € Q.
For a later use (Section 5), we also introduce simple shift operators without ¢, that can be
defined for any additive subgroup @:

(V*W)asr = Ui (3.10)
Moreover, we have

AdUq(vt x 7-) (W) = 7 (2pan(7+) © Zpan(7-)) ¥* (3.11)

by calculations analogous to [AGT23, (2.2), Theorem 3.1]: differently from [AGT23], ¥* is not a
simple shift operator, but it is followed only by e(a, X). As it is a scalar and Ug(y4 X 7_) preserves
the spaces Hy, an, the results hold here as well.
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Note that €(a, A) = ¢(—a, A) by bimultiplicatvity and (e, ) € {1, —1},
6(_a7 A+ a) = 6(_a7 )\)6(—&, a) = €(a7 >‘>€<a7 a)
Using this, for ¥, ® € Hg, we have

(U, %) =Y (Wy, (*®),)

AeQ
= ela, A — a)(¥y, Pra)

xeQ
= e(@, A)(Tria, D)

AeQ
= e(a,a) Z e(—a, A + ) (Uy g, Py)

AeQ

~ (o 0) (7, D), (3.12)

which shows that (¢*)* = e(a, )™,

3.3.2 The two-dimensional conformal net

In the notation of the previous section, we construct a conformal net (Ag, Ug, Qg) on R'*! on the
Hilbert space H¢, defined above, as follows.

e The net Ag is given as follows: For the diamond I x I, we set
AQ(I x 1) := 1q(Ap (1) @ Apy (1)) V {1%, (V%) Jacq-

For any other diamond v, I x v_I, where vy, x v_ € Diff . (S') x Diff, (S') such that v, I X
v_I C R we set

Ag(s] x 7-1) = AdUg(rs x 1-)(Ag(I x I).

We show below that this definition does not depend on the choice of v, ,~_ fulfilling the
above constraints.

e The Diff, (S!) x Diff, (S*)-covariance is implemented by Ug as in the previous section.

e The vacuum vector is Qg := Qo ® Qo € Ho ® Ho C He-
Theorem 3.2. The triple (Ag, Ug,2q) is a conformal net on R,

Proof. Let us show that the net Ag is well defined. We first take vy such that v 1 =1,y 1 = 1.
In this case, it is clear that AdUg(v+! x v_I)(mo(Ay(I) ® Ay(1))) = 1o(Ay(I) ® Ay(I)). By
(3.11), we see that AdUg(v4+ x v-)(¢*) is contained in Ag(I x I), because in this case zpan €
Ao (1), zgan € Apy(I). Similar for (¢*)*. Therefore, Ad Ug(v4 x v-)(Ag(I x I)) C Ag(I x I). By
applying the same argument to v;' x v=', we see that Ad Ug (v, x v_)(Ag(I x I)) = Ag(I x I).

Next, let us show that Ag (v xy_1) is well-defined. For this, let v, ;,v_; € Diff, (S'),j = 1,2
and that v 1/ = v 9f and v_ ;I = y_ol. Then 7;127+71] = [ and 7:,127_71] = I, and by the
previous paragraph,

AdUq(v+1 X v-1) (Ao x 1)) = AdUg (742 X 7-2) 0 AdUq (v hv+1 X 7= 7-1) (Ao x 1))
= AdUg(v4,2 X v-2)(Ag(I x I)),
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that is, Ag(v4{ x y-1) does not depend on the choice of v4,~_.
Let us check the axioms (2dCN1)-(2dCNG6).

e (2dCN3) follows by definition.

e To check (2dCN1), by covariance we may assume I C [, I . There are v,,v_ such
that I = I;,7. I = I_. Then, as before, AdUg(v+ X 7-)(1q(Ap () ® Az (1)) =

(A (L) © Ap (1)) and AdUg(vs X 1-)(6%) = 7o (5a(1s) ® 2pa(1.)) %, As we have
70 (Zpa(74) ® 2pa(V=)) € To(Ap(l+) ® Ap(1-)) C Ag(l+ x I_), it follows that ¢* €
Ag(I4 x I_). To show that (¢*)* € Ag(I+ x I_), it is enough to use (3.12).

e To check (2dCN2), again by covariance, we may assume that there are v, ,v_ € Diff, (S1)
such that v, I is in the past of I, while y_(7) is in the future of I (see Section 2.1.1, the other
case is similar). We prove that Ag(/ x I) and Ag(y+] x v-1) commute, where

AQ(I x I) = 1 (Apy (1) © Ay (1)) V {4%, ()"},
AT x 7 1) = Tl Apy(12) © A1)V {Ad Ug(rs x 7 )(6%), Ad Ug(rs x 7)(u=)"}.
— It is clear that 7o (A (1) ® Agy (1)) and 7o ( Ay, (1) ® Agy(I-)) commute.

— As 7 is localized in I x I, ¢* commutes with 7o (A (1+) ® Agy(1-)). Similar for (¢*)*
by using (3.12).

— Showing that 7¢( Ay, (1) ® Az (1)) and Ad Ug(v4+ X v-)(¥®) commute is equivalent to
showing that Ad Ug(17 x7=1) (ra (A (1)@ Apy (1)) = 7 (Agn (17 1) @ Agy(1-1))) and
¥ commute, and this holds because again 7 is localized in / x I and Ad ¢® implements
Oah = Opah @ Opah, While *y;l[ X 7:1[ is spacelike from I x I and thus og, is trivial on
Ay (') ® Ay (vZ' ). Similar for Ad Ug(vy x - ) ()"

— Let us show that 1® and Ad Ug(v; x v_)(¥#) commute (and their adjoints). By using
PP = (—1)@BlyBy (3.9), compute

v Ad Ug(s X 1-)(¢F) = 470 (2ppn(7+) ® 2gn(7-)) P

= 74 (pan((zpan(1+)) © Tpan(zen(7-))) ¥*9P

= 74 (pan((zpan(1+)) © Tpan(zpn(7-))) (—1) PPy
AdUq(vs x v-) (WP )0 = 1q (2pn(1+) ® 2zgpn(7-)) PP,

To conclude that ¥* Ad Ug(v4 x 7_)(¥#) = Ad Ug (v, x v_)(¥#)y*, it is enough to use
(2.1) and to observe that

(_1)(a\ﬂ) — eim(@lB)
_ oin(papB)y—(perB)y)
— o+ -
= “pahpBh®pah.pBh
= 70 (2pan(7+) @ 2pan(1-))" 7Q (9pan (281 (71+)) @ Tpan(2pn(7-)))

using the definition of braiding between sectors in the last equality. As @ is even, in
particular it is an integral lattice, we have ((—1)©@#))2 = 1 for any pair a, 8. Therefore,

U AdUq (v x v-)(@P) = (=1) @B (—1)@P) Ad Ug (v4 x v-) (0P
= AdUg (74 x 7-) (P )™

as desired.
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As we have ()" = e(a, )y~ and ¢(a,a) € {1, —1}, the commutation of all other combi-
nations follow from this.

e (2dCN4) holds because each U,z;, ® Upap, has positive energy.

e For (2dCN5), Qo ® Qo € Ho ® Ho C Hg is cyclic for Ag because 7o ( Ay (1) @ Apy (1)) @
spans Ho ©@ Ho, while ¥* - Qo ® Qo € Hpan @ Hpan and Ay, & Ay is irreducibly represented
there. As for uniqueness, among Uy, (respectively Upap), only pA = 0 (respectively pA = 0)
has an invariant vector. They occur at the same time only for A = 0, and Qp ® Qg is the
unique (up to a scalar) invariant vector for Upxp, @ Upap.

e To see (2dCNG), it is enough to show that the spectrum of Ug with respect to the spacelike
rotations is contained in N. On each sector o,x, ® 0pan, they are generated by Lo® 1 —1® Ly,

where Ly is given by (2.2), and their lowest weights are PApd) PADN A\ € Q, one has

2 2
<p‘ ‘7pA> (p_‘ kvp_‘ ‘) — (A“ ‘)

]

Example 3.3. The two-dimensional net A constructed above is an extension of Ay, ® Agz,. Let
now Q C h = R? as in Example 3.1, generated by \%(R @ R) and \%(R_l @ (—R™")), where
R e R, R # 0. The chiral conformal nets A,, and Az, are not completely rational in the sense of
[KLMO1], in fact they are both isomorphic to the U(1)-current net Ar [BMTS88], where we denote
Apy = Ar = Agy, see Section 2.2.2.

For any R € R, R # 0 the (infinite index) extension Ag ® Ar C Ag is expected to be maximal
among the local irreducible extensions of Ag ® Ag, cf. [Mor23, Section 6.3]. Indeed, supporting
this idea, if there is a conformal extension Ay C B such that the decomposition of Agx ® Ar C B
has discrete spectrum, then by Theorem 5.5 in Section 5, it must correspond to an even lattice
extending (), but we saw already that () is maximal in Example 3.1. We do not know whether
there is an extension B of Ay with non-discrete spectrum. In general, extensions of Agr ® Agr may
have non-discrete spectrum, see Example 3.5.

Assume now that R? € Q, i.e. R? = 2 with p,q € N coprime. Then in @ there is an element

(HR+ \%R_l) ®(HR— \%R_l) = /2pq ® 0, and similarly 0 & /2pq. Therefore, there is an
intermediate two-dimensional extension Ar ® Ar C Ag /355 ® Agr, 253 C Aq, where Ag 55 is the
local extension of the conformal net Ag on S' as in [BMTS8S, Section IV]. In particular, if R =1,
then Ay 5 is unitarily equivalent to the SU(2)-loop group net at level 1 [Was98]. Corresponding

full Vertex Operator Algebras have been obtained in [Mor23, Section 6.3].

Example 3.4. Our construction depends only on the even lattice Q@ C RY = h with respect to the
bilinear form (-|-) = (p-,p-)s — (P, p-)y. There are examples of such lattices where dim p # dim p,
see [Mor23, Section 7.5] and references therein. In particular, the central charges of the chiral and
antichiral components may be different.

Example 3.5. We fix an additive subgroup G C R and take Q = {(a®a) € R? : a € G}, with p the
projection onto the first component. Note that for any o, 8 € @, we have (a|8) = 0. Therefore,
by the same construction (here @ is not a lattice, but by the property (a|8) = 0, we do not need
the cocycle €), we have a two-dimensional conformal net Ag. Clearly there are additive subgroups
G such that Q C R? is not discrete (in the relative topology), e.g. G = Q,R. These examples have
been studied in [MTW18, Section 6].
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4 Braided equivalences of the chiral components

4.1 Braided equivalences and extensions

We compare our construction of Example 3.3 with the results of [BKL15, Section 6.3]. Below,
we construct the braided equivalence ¢g corresponding to the extension Agp ® Agr C Ag, cf.
[BKL15, Proposition 6.7(6)], [DNO13, Theorem 3.6, Corollary 3.8], with due variations from the
completely rational and finite index context. First, we recall the definition of braided tensor
functor and equivalence, see e.g. [ML98, Chapter XI], [EGNO15, Chapter 4], between braided
tensor categories, and of natural transformation between braided tensor functors. The categories
will be strictly tensor, unitary (i.e. C*, see e.g. [LR97]), with simple tensor unit object and not
necessarily fusion.

Definition 4.1. Let (C,®¢,id¢) and (D, ®p,idp) be two strict tensor categories, where we drop
the subscripts in the tensor products ® and tensor unit objects id if no confusion arises. A tensor
functor is a triple (¢, u,n), where ¢ : C — D is a functor, u is an invertible (unitary if C,D are
C* ) natural transformation (see Definition 4.3) p: ®o(p, ¢) = ¢po® (i.e. a collection of invertible
or unitary arrows fiy, : ¢(z) Re(y) = ¢(z®vy) for each pair of objects x,y in C), n is an invertible
(unitary in the C* case) arrow n : id — ¢(id) (the identity arrow n = 1 if ¢(id) = id), such that
the following diagrams commute

(0(2) @ ¢(y)) © ¢(2) —— Dz @y) ® P(2) — (2O Y) ® 2)

¢(z) © (0(y) @ ¢(2)) —— (1) @ Py @ 2) — P(z @ (y ® 2)),

id@o(z) — o(id) @ 6(r)  Bx) @id — ¢(x) @ ¢(id)

I ! | |

¢(z) —— o(id®x), ¢(z) —— ¢(z ®id)

for every x,y,z objects in C, where the arrows labelled by = are identity arrows because C and
D are assumed to be strict (i.e. id®r =2 =2 ®id and (z R y) ® z = 2 ® (y ® 2) both in C
and D). Note that the commutativity of the first diagram is a categorical 2-cocycle condition on
po = { ey tryec. 1 and n are respectively called the tensorator and unitor of the tensor functor.

A tensor functor is a tensor equivalence [EGNO15, Definition 2.4.1] if it is, in addition, an
equivalence of categories [ML9S, Section 1V.4]. A tensor functor is called strict if all p, and n
(hence all arrows in the diagrams) are identity arrows.

Definition 4.2. Let (C,®¢,idc,ec) and (D, ®p,idp,ep) be in addition braided with both braidings
denoted by € (hence by e,y : x @y = y ® x for every x,y in C or D) if no confusion arises (and
assumed to be unitary in the C* case). A braided tensor functor, or braided functor for short,
1s Just a tensor functor such that, in addition, the following diagram commutes

P(z) ® d(y) —— 9(z ®@y)

| |

o(y) @ d(z) —— 9y @)
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for every x,y objects in C, i.e. such that ¢(eqy) flay = My Eo(z),6(y)-
A braided functor is a braided equivalence [EGNO15, Definition 8.1.7] if it is, in addition,
an equivalence of categories. If C = D, braided/tensor equivalences are also called autoequivalences.

Note that being tensor for a functor is additional structure with constraints, while being braided
for a tensor functor is just a constraint. Recall also the following

Definition 4.3. Let ¢1,¢5 : C — D be two functors. A nmatural transformation v from ¢; to
Go, denoted by v : @1 = ¢, is a collection of arrows v = {v, }rec in D, one for every object of C,
such that v, @ ¢1(x) — ¢o(x) in D, which is natural in x in the sense that the following diagram
commutes

b1(2) 2 61 (y)

do() 2 6o(y)

for every arrow t : x — y in C, i.e. such that v, $1(t) = ¢2(t) vy (naturality). In words, v
intertwines ¢ and ¢o both on objects and on morphisms.

A natural transformation v : ¢1 = ¢o is called a natural isomorphism if all the arrows v,
are isomorphisms (i.e. invertible arrows, or unitary in the C* case) in D.

Let now (¢1, p1,m), (d2, pi2, m2) : C — D be tensor functors as before. A natural transformation
v ¢ = ¢9 15 called a tensor natural transformation if, in addition, it makes the following
diagrams commute

0(z)@p1(y) — g1z ®y) id —— ¢1(id)

| Lo

$2(7) ® ¢o(y) —— oz @y), P2(id)

for every x,y objects in C, i.e. such that v, Mgy = H2gy Ve @ Uy and vigny = 1s.

A tensor natural isomorphism is a tensor natural transformation which is also an isomorphism.
If the tensor functors are also braided, adding the word braided to tensor natural transformations
amounts to no additional constraint.

To construct the braided equivalence ¢¢ associated with Example 3.3, we assume that R? ¢ Q.
Let, as before, h € C*(S") be chosen such that 5= [7 h(t)dt = 1 and localized in some I € Z.
In this case,

%Q_GEH & R+ R- 1y, @ My

a,beZ

L_Lﬂ-
(BR-FRR

The representation of Ar ® Ar on Heq is 79 = P, ez O(orttr-1)h @ O(5 Rt r-1n We let C
? 2 2 2

vz
be the full subcategory of Rep(.Agr) generated by the automorphisms (with categorical dimension

one, thus irreducible) o 1 g, and o1 51, closed under tensor products, conjugates, directs sums
2 2

and subobjects in Rep(Ag). Recall that fullness means that the hom-spaces between objects in C
coincide with those in Rep(Ag). The unitary equivalence classes of irreducible objects in C and
Rep(Ag), respectively, are in one-to-one correspondence with Z \}} + Zlf[ and with R. Moreover,

by definition with A fixed, the composition (the categorical tensor product in C, that we either
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O_m J—
1 —1 -
afth” ZRh

Rt 2 R-1)h for every m,m € Z (in particular the composition is commutative), and the inverse

denote by o or by no symbol) of tensor powers of irreducibles in C is given by "

O—(L
V3
(categorical conjugate in the case of automorphisms) is 6% R = O=Lpn: 6%

2 2 2
the irreducible objects of C, which we denote below by oy, ,, 1= (2 Ri-2R-1)hy WO define ¢¢ by

—1p — 0 -—-1 ,1.On
R=1h ﬂRh

¢Q (Un,m) = O0O—_nm-

On the tensor unit of C (the identity automorphism id = o0g) it holds ¢g(id) = id. On arrows

between the irreducibles o,,,,, and o, for n,m,n',m’ € Z, which are either A1, for some

A€ Cifn=n"and m =m’, or 0 otherwise (indeed, SR+ \%R‘l = 0 with n,m # 0 if and only

if R%2 = —™2 € Q), we define ¢q by linearity, namely by setting ¢o (Ao, ,,) = Al
In this way, the representation 7 can be written as

TQ = @ O',mm ® ¢Q(6n,m)u

n,me”L

O—n,m"

cf. [DNO13, Section 3.2, [BKL15, Definition 4.1].
Note that 0,100 m/ = On/m/Onm = Ontn’ mam/- We define ¢ to be a non-strict tensor functor
with tensorator p given by the 2-cocycle € : @ x Q — {£1} from (3.1), namely

/"/(1'1,,771),(n’,m’)1
)

¢Q(0n,m)¢Q(0n’,m’ ” ¢Q(0n,m0n’,m’)7

where 1 above is a short-hand notation for 1, , . the identity arrow between the common
source and target automorphism o,/ m4m, and the scalar with values in {1} defined by

M(n,m),(n';m!) = 6(an,'nuCun’,m’)7

where anm = H(R® R) + \%(R’1 & (—R™1)) € Q for n,m € Z. In this notation, note that
Q40 = Qi - 10 order to exploit the definition of €, we choose vy 1= a1 g = \%(R@R},
vy =g = \%(R_l ® (—R™1)) as an ordered basis of @, and compute, using the bimultiplicative
extension of (3.1) together with (3.4), (3.5), its value (@, m) = €(@10,001)"™ = (—1)"".
The scalars fi(nm),n/m) clearly define a tensorator (see Definition 4.1 and [ML98, Section XI.2,
Equation (3)]) for the (non-strict) tensor functor ¢¢ : C — C between strict tensor categories (after
extending ¢¢ to direct sums of irreducible objects in C), because € is a 2-cocycle on ). Note that
¢¢ is a tensor autoequivalence C — C with inverse gbél = ¢g. Furthermore, ¢ is also braided (see
Definition 4.2 and [ML98, Section XI.2, Equation (10)]), namely the following diagram commutes
for every n,m,n’,m’ € Z

0Q(0n.m)PQ(On m') —— 0Q(TnmOw m)

| !

¢Q(0—n’,m’)¢Q(a—n,m) — ¢Q(0—n’,m’0n,m)7

where the horizontal arrows are fi(y m),m/,mn1 = (—=1)"'1 above and Py, (nm) L = (—=1)™'m1
below, and the vertical arrows are given by the braidings (2.3), namely on the left

’ ’ ’
5 nn 2 mm —2_nm _ mn
+ = e”r( 2 B+ R 2 2 )]l

er =€
¢Q(Un,7rL)7¢Q(Un’,m’) T—n,m,9 _p! m! )
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and on the right

dol, ) = Qg R g R gy

On,msOpn!t !

Thus, the commutativity of the previous diagram, namely the following equality of scalars

3 ! o I o l l A ! o I o ’ ’
e e e I e e e 2

is readily checked by using e.g. (—1) = ™ and €% = %, indeed

(nn R2+mm R~ 2+3n§n +mn ) o e (nn R2+mm R—2 n;n/+m2n/)

e )

Thus ¢ is a braided functor.

Remark 4.4. The braided autoequivalence ¢¢ extends to a braided autoequivalence of the replete
completion of C in Rep(Ag), denoted by C, obtained by including all objects in Rep(Ag) that
are (unitarily) equivalent to some object in C. If o is irreducible in C, choose a unitary arrow
(intertwining operator, unique up to scalar factors) v : ¢ — 0,,, for a unique pair n,m € Z.
We set gng(a) ‘= 0_pm. If 01 and oy are two irreducibles in (f, then they are either mutually
inequivalent and the only intertwiner is 0, or every arrow ¢ : 01 — 02 equals A\uju; where A € C
is some scalar depending on t and w; : 03 — O, U2 : 02 —> Oy, are the unitaries chosen as
before. In the latter case, we set qgQ(t) = AMo,_, .- One can check that functoriality holds, i.e.
bo(st) = do(s)po(t) if t : oy — 0 and s : 0y — 03. Extending to direct sums of irreducible
objects gives a braided autoequivalence QEQ : C — C, whose isomorphism class among the braided
autoequivalences of C does not depend on the choice of function h € C>*(S') made at the beginning.

Indeed, let g € C°(S*) be another function with 5= ["_g(t)dt = 1 and localized in some other
proper interval of S*. There is a unitary tensor (i.e. braided tensor) natural transformation (see
Definition 4.3) from ng to the functor ¢q, : C — C defined in the same way using ¢ instead
of h. Let M € C>(S") be a primitive of g — h, namely M(t) := 5= Lr(g(s) — h(s))ds so that
M(—m) = M(m) =0. Let u:= W(\’/—%RM) be the Weyl unitary that intertwines U%Rh(: 0_1 in

. . . e 1 _1 . .
our previous notation) with 1Ry and v := W(%R M) between U%Rflh(— 00,1) with 01 p-1g

Observe that u and v commute because [* M (E)M'(t)dt = L[M?™, = 0, hence wv = vu =
W((%R + \%R_l)M). For ¢ irreducible in C, let v, == u® . @u ® v ") @v be the unitary

intertwiner between ¢o (o) = 0_pm and ¢g4(0) = 0_pm.q(:= O(=p R+ 2 R1) )g)> Where the symbol ®

V2
denotes the tensor product of intertwiners in the category Rep(Agr). Naturality of the collection

of arrows {v,} can be checked as for functoriality, using that all arrows in the naturality diagram
are either zero or scalars and that oy, ,,, and o, ,,, 4 are unitarily equivalent. To check tensoriality of
the natural transformation v, observe that the tensorators fi(n m),mm) only depend on n,m,n’, m’
(they are the 2-cocycle €) and not on h, g, hence they are the same for the two functors. Thus, we
only have to check that v, ® v,, = V,5,7, where recall that the tensor product of automorphisms

Q. IRM() fou and

i 1

in Rep(Ag) is just composition Observe that v @ u = vog;(u) = e2n ) Vaf
=1 —1

UV =uo_19(v) = ez I IO R M(t)dtuv, thus the phase factor is the same and we conclude

v®u=u®uv. Consequently, v, ® v, = Vo' @s unitary intertwiners between o_,_,/ mtm and

O —p—n/;mtm’ g, Showing tensoriality of v : ¢g = ¢g 4.
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4.2 Braided equivalences and unitary (non-)equivalence of extensions

When one considers the problem of classifying extensions A, ® A_ C B up to unitary equivalence,
there are two possibilities: either one requires that the “unitary equivalence” intertwines also the
representation 75 of A, ® A_ on the Hilbert space of B or not. The stronger notion of equivalence
for extensions is implicitly used in [BKL15, Proposition 6.7(1)], cf. [DR90, Definition 3.4]. In
[BKL15, Section 6], two extensions A, ® A_ C By, By are called unitarily equivalent if the nets
By, By are unitarily equivalent via some unitary operator U, and the same operator intertwines the
representations 11,5 of A, ® A_ obtained by restricting the vacuum representations of By, Bs,
respectively, i.e. AdU o7 = 7. It may happen that, even if two extensions A, ® A_ C Bj,j =1,2
are not unitarily equivalent, two nets B; are unitarily equivalent. We exhibit this in examples. In
order to stress that we consider the stronger notion, we say that the extensions Ay ® A_ C B; are
unitarily equivalent.

Let us consider the extensions of Example 3.5 with G = Z: h = R?, p is the projection onto
the first component, Q@ = {(a ® ) € R? : a € Z}, and we obtain a two-dimensional conformal
net Ag by Theorem 3.2. On the other hand, we can also take Q' = {(« ® —a) € R? : « € Z},
and we obtain another two-dimensional conformal net A (the same net constructed in [AGT23,
Section 6]). Both nets extend the tensor product of U(1)-current nets Ag ® Ag. We discuss the
equivalence of these two-dimensional conformal extensions at the end of the section.

Note that on Ag(]) there is an automorphism O(W(f)) = W(—f), This is implemented by the
unitary operator V' which acts as 1 on the even particle number space and —1 on the odd particle
number space, in particular, V2 = 1. Fix h € C*(S!) localized in some I € Z as before.

We have AdV oo, = 0_o, 0 AdV elementwise on Ag, indeed

AV 0 00 (W(f)) = o5 HOMOEAQV (W (1)) = s IOMO (W (- )
= o5 JEIOROU (W () = 00 (W (=) = o_an 0 AdV(W(F)).
As AdV is a vacuum-preserving automorphism of the net Ag, it commutes with its imple-
mentation of the diffecomorphisms U(y) [CW05], [CLTW12, Proposition 4.2], [CKLW18, Theorem

6.10] (one can also see this from Ad(J,) = —J, and the fact that L,, in (2.2) are quadratic in J).
As the representations U, on H,y, is (locally) given by Uap(v) = 0an(U(7)), we have

AdV(Uan(7)) = AdV 0 00, (U(7)) = 0—an 0 AdV(U(7)) = 0—an(U(7)) = U—an(7).

Let V := D,z 1@V, we clearly have V(@QGZ Hon @Han) = Bep Han @ H_an ie. V. Ho —
H¢r, and recall the notation for the representations of Agr ® Ag respectively 7g = @,y Tah ® Tan
on Hg and 7 = P,z Oah @ 0_an 00 Her. Furthermore, let us denote by g, Vg, where a € Q)
or ), the corresponding shift operators (twisted by the 2-cocycle of @ or @) as in Section 3.1.
Then we have

e AdV o TQ = Ty © AdV elementwise on Ag ® Ag (but not AdV o TQ = Tg, l.e. V is not a
unitary intertwiner between the two representations of Agr ® Ag, as V' is clearly not a unitary
intertwiner between the irreducibles p,, and p_,p, which is impossible unless a = 0).

o AdV(Uq(ys x 7-)) = Ug (74 x 7).
[ ] VQQ = QQ/.

e Ad V(wg) = Y@ (to show this, we identify H,, = Ho as Hilbert spaces, and note that V'
acts on the same unitary on each of them and ¢, g, do only the shift).
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e For I x I, where I is the distinguished interval containing supp h, we have

AdV(Ag(I x 1)) = AdV ({rq(W (f+) @ W(f-)) : supp fx C I,43}")
= {ro(W(fy) @ W(=f_)) : supp fx C 1,93 }"
= {ro(W(f1) @ W(f-)) : supp f= C 1,45 }"
=Ag (I x 1),

where the equality is global on the local algebras over I x I but not elementwise.

e For any other double cone, we have the equality by covariance, hence Ag and Ag are
unitarily equivalent via V' as two-dimensional conformal nets per se.

e Moreover, the two copies of the two-dimensional Heisenberg net (two subnets of Ag and
Ag) are also unitarily equivalent via V', globally on the local algebras over I x I hence for
every double cone, indeed

AdV (r(As(l) ® Ax(1)) = AdV({r(W(f+) @ W(f-)) : supp fx C I}")
= {rq(W(fy) @ W(~f-)) : supp f= C I}")
= {ro(W(fy) @ W(f-)) : supp fx C I}")
= 1o (Ar(I) ® Ar(1)).

Hence Ag D 7o(Ar ® Ag) and Agp D 7o/ (Ar ® Ag) are not unitarily equivalent as extensions of
nets, as 7o and 7¢ are not unitarily equivalent representations of Ar ® Ag. However, the two nets
Ag, Ag are unitarily equivalent as two-dimensional conformal nets.

Remark 4.5. The braided autoequivalences (cf. [BKL15, Proposition 6.7(1)] in the completely
rational and finite index context) corresponding to the extensions are, respectively, ¢g(oan) = 0_ap
and ¢/ (0an) = 04 (the identity autoequivalence). In particular, there is no natural transformation
v :¢g = ¢¢ (see Definition 4.3) as there is no unitary intertwiner between o_,,(= dan) and oan
for a € R, unless a = 0.

Let again A, ® A_ C By, By be two extensions realized on the Hilbert spaces Hi, Hs, such
that A,, A_ are the maximal chiral components of By, By in the sense of [Reh00]. Assume that
there is a unitary operator V' : H; — Hsy such that AdV(B;(D)) = By(D) for any double cone
D, AdV (Uy(v)) = Ux(n) for any ~ € Diff, (S1) x Diff, (S1) and VQ; = Q,. By the second prop-
erty, AdV intertwines the actions of diffeomorphisms, thus the maximal chiral components are
intertwined as well, in particular AdV (7 (A+(I) @ 1)) = (A1) @ 1),AdV(n(1 ® A_(1))) =
(1 ® A_(I)), where 7,7 are the representations of A, ® A_ on H;,Hs, respectively. De-
noting the restriction of the latter to their vacuum parts by 71, 72, respectively, we have that
AdV(mp(AL(I) ® 1)) = 7o(A+({) ® 1) and AdV (110(1 ® A_(1))) = To(l ® A_(I)). If we
identify 7 o = 72, this means that AdV gives a vacuum-preserving automorphism of A, @ A_.
This then must intertwine all representations that appear in 7, and 7.

5 Classification of two-dimensional extensions

We classify two-dimensional extensions A, C B of Heisenberg nets. More precisely, we consider
the following situation: let h be an N-dimensional real Hilbert space, p an orthogonal projection
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on b, and Ay = A,y ® Ap the two-dimensional conformal net with its chiral components both
being Heisenberg nets as in Section 3.1. Furthermore, we assume that B is a conformal extension
of Ay, in the sense of Section 2.1.3. This implies that, for (lightlike) translations 7}, we have
U(Ty x 1), U(t x Ti) € Uy, ez T8(Apy(14) ® Apy(I-)), where 755 is the representation of Ay, @ Ap
on the Hilbert space H of the net B. We wish to classify two-dimensional conformal extensions
Ay @ Apy C B, in the sense of Section 2.1.3, up to unitary equivalence (see Section 4.2).

In full generality, the problem looks rather difficult. Indeed, by [Lon03, Section 3.3], [Car04,
Section 2.3], H can be seen as a representation of Ay, and assuming that it decomposes into
irreducible representations, their unitary equivalence classes should form a subgroup of the additive
group h with respect to the fusion rule. Thus we would need to know all possible additive subgroups
of h =2 RY, but we are unaware of a nice such parametrization.

Instead, if we require that such a subgroup forms a discrete subgroup of b (with the induced
topology), then it is a (not necessarily N-dimensional) lattice in h = RY [Neu99, (4.2) Proposition].
Under this assumption, we classify all such conformal extensions Ay, ® Az, C B. The result (see
Theorem 5.5) is that any such extension corresponds to a (not necessarily N-dimensional) lattice
which is even (thus necessarily integral, i.e. Z-valued) with respect to (-|-) defined as in Section
3.2, and to any such even lattice @), there is a unique extension Ag from Section 3.3.

The discreteness assumption has appeared also in [BMTS8S8] in their classification of relatively
local extensions of the U(1)-current net. Here, for some basic parts, our arguments closely follow
the one-dimensional case of [BMT88, Proposition 3.1].

Lemma 5.1. Let A, A_ be conformal nets on S*, A, ® A_ be the conformal net on Rt as
in Section 2.1.3 and B be a conformal extension of A, ® A_ in the sense specified above. Let
I x I_ C R (in the sense of Section 2.1.1). Then A (I') ® 1 commutes with B(I; x I_).

Proof. We take I € T such that I C I',. There is v € M&b (acting on R) that maps I, onto
itself and v/ C R. With such ~, it holds that AdU(y x ¢)(B(ly x I_)) = B(I; x I_), while
AdU(y x o)(A(l) ® 1) = A4 (yI) ® 1. Hence, as B(Iy x I_) and A, (y]) ® 1 commute, so do
B(I; xI.)and A (I)®1. As I C I, was arbitrary under the condition I C I, we conclude that
B(I; x I_) and A4 (I}) ® 1 commute. O

Recall that a representation p of a conformal net A, on S* is said to be factorial if p(A,)" :=
Ujez pr(Ax(1))) is a factor,

Proposition 5.2. Assume that Ay are type I conformal nets [LT18, Section 3.2, that is, all
their factorial representations p are irreducible, thus p(Ay)" is a type I factor. Then any factorial
representation (in particular, irreducible) of the two-dimensional conformal net A, ® A_ is of the
form py ® p_ for some representations p.,p_ of Ay, A_, respectively.

Proof. A representation p of A, ® A_ can be restricted to A, ® 1 and 1 ® A_, respectively, giving
representations of A, A_ as conformal nets on S* (see Section 2.1.3). For any pair I, I_ such
that |I.] <, so that I, UI_ C I for some I € Z, we see that the images of A, (/) and A_(/_)
under the respective restrictions of p commute. By additivity, p(A4(I;) ® 1) and p(1 @ A_(1_))
commute for arbitrary I € 7.

The center p(A; @ 1)" N p(Ay ® 1) is included in the center

p(Ar @A) Np(Ar @ A) = p(Ar @ A)" Np(Ar @ 1) Np(1 @AY,

as we saw that p(AL ®1)"Np(A+ @ 1) C p(AL®1)" C p(1®.A_)". As pis factorial, both centers
must be trivial. That is, the restriction of p to A, is factorial. The same holds for A_.
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By assumption, A, A_ are of type I. Thus p(A; ® 1)” and p(1 ®.A_)" are type I factors and,
as they commute, the representation p is of the tensor product form.
m

Let Ay, C B be a two-dimensional conformal extension, with B not necessarily local. Assume
that the restriction 73 of the vacuum representation of B on the Hilbert space H to the subnet Ay is
a direct sum of irreducible representations of Ay . Combining Proposition 5.2 and [LT18, Example
3.9, Proposition 3.11] with the classification of irreducible representations of Ag in [BMTS88, Section
2B, 3B|[CW] (see Section 2.3.2), each such irreducible representation is of the form o,n, ® opan
up to unitary equivalence. Thus we may and do assume that ‘H = @,\GQ Hoxan @ Hpan as the
representation 75 = @y Tpan @ 0pan of Ay, = Ay @Ay, and Q C b = RY is a collection of points
A € Q, possibly counted with multiplicity, for which o,y, ® opan appears in the decomposition.
Note that 0 € @, as Ay, and B have the same vacuum vector (cyclic for Ay, on the subspace
Ho @ Ho). We take h € C*°(S1) as in Section 2.3.2 in such a way that supph C I, for some fixed
el

The following is an adaptation of parts of [BMTS88, Proposition 3.1] to the two-dimensional
case (locality of B is not used here, as in the original proof).

Lemma 5.3. Let Ay, C B be as above, and assume that Q C RY is a discrete subset of RN with
respect to the usual topology of RY. Then for each a € Q and double cone O = I x I_, there is
a ¢* € B(O) such that ¢*Q € Hpan @ Hpan. Moreover, each X € Q) comes with multiplicity 1 (i.e.
Opah & Opan appears with multiplicity 1 in 75), and Q C RY is an additive subgroup.

Proof. By taking a basis on ph,ph we identify h with RY and define the operators q; on H,
j = 1,---, N, that act by multiplication with A; on each direct summand Hpx, ® Hpa, of H,
AeQ.

For s € RV, let s-q := Zj s;q; and take the unitary €9 on H. We claim that it holds that
Ade*1(B(0)) = B(O) for any double cone O = I, x I_. Indeed, let us pick a component j, the
j-th canonical basis vector e; = (0,--- ,0, .1h, 0,---,0) and f1, fo € C°°(S1) such that f1 + fo =1,

-t

supp f; C I;,i = 1,2 and {I3, I} is a cover of S, and s € R.

In the vacuum direct summand H,on, ® Hpon, recalling the notation from Section 2.3.2, it holds
that eri [ 5/1(0)sf2(t)dtgie; (sf1) gle;(sf2) — eiei(s) — 1 where s is the constant function, hence e;(s) = J
which is the zero operator on H,on ® Hpon. Therefore, in the representation (automorphism)
denoted for simplicity oap, 1= gpan ® 0pan, for s € R, it holds that

ot Sf{(t)3f2(t)dt0-/\h( ie;(s f1)> (eiej(8f2))
— ommi [ sfi®)sfa(t)dt eg S sfit)A;h(t )dteiej(Sfl)ei [ sf2()Ajh(t)dt jie;(sf2)
_ o [0+ L)kt
= O)\h(GIS)‘j]l).
This shows that, on H, for s; € R it holds that

e J i F 1O P20t (oo (571)) s gles (3 12)) = isins

Note that this holds for any decomposition 1 = f; + f; under the above conditions.
As B is an extension of Ay , for any s € RY, it holds that Ade*9(B(I; x I_)) C B(I; x I_).
Indeed, we may assume that s = se; for some j in the first dimph entries (the other case is
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similar). Then we can write €¥% where then s - q = sq;, as a product of two Weyl operators as
above. We can take fi, fo in such a way that supp fo C I', and fi + fo = 1 on S*. By Lemma
5.1, Ade®9(B(I, x I_)) = Ad (el UD)(B(I, x 1)) C B(supp fi x I_). As the decomposition
fi + fo = 1is arbitrary under the condition that supp fo C I’,, supp fi can be any closed interval
containing . In particular, Ade®*9(B(I, x I_)) = B(I, x I_).

We claim that the set @ forms an additive subgroup in R¥. Let us fix O = I, x I_. Now we
have the situation where the locally compact group RY has a unitary representation V(s) := e*9,
AdV(s) is an automorphism of B(O), V(s)Q2 = © and Q is cyclic and separating for B(0). As in
[Bau9h, Section 1.8], we can define the Arveson spectrum of AdV, and under these conditions, it
coincides with the joint spectrum of q1, ..., qx. By assumption, the joint spectrum is discrete, and
we can define the Arveson spectrum B(O,AdV, ) of AdV for one point A, and by (an analogue
of) [Bau95, Theorem 1.8.4], we have

B(O,AdV,\) = {z € B(O),2Q € Ha,},

where we denote for simplicity Hap, := Hpan @ Hpan. In particular, for each a € (), we can choose
¢* € B(O,AdV,a), ¢* # 0, thus ¢*Q2 € Hap.

We claim that x = ¢**¢* belongs to 75(Ay, (0)), O = I, x I_. Indeed, it is invariant under
AdV(s), and it can be restricted to Hop. The restriction x|y, commutes with Ay (I x I"), thus
by Haag duality on Hop, there is an element y of Ay (14 x I_) which coincides with the restriction
of x|y, to Hon. By the separating property of Q for B(Iy x I_), v = 75(y), proving the claim.

Next, we claim that we can take ¢* to be an isometry. Let ¢* = v"‘(qb"*gbo‘)% be the polar
decomposition. We may assume that the phase v® is an isometry. Indeed, if it is only a partial
isometry, then v**v® is a projection and it belongs to 75(Ay, (I+ x I_)) by the same argument as
above. As Ay, (I; x I_) is a type III factor, we can find an isometry u € Ay, (/4 x I_) such that
Ta(uu*) = viv,, and vaTs(u) € B(O) satisfies the desired property.

We show that @ is an additive subgroup of RY. For this purpose, let a,8 € @ and take
9%, ¢ € B(O) isometries as above. As ¢P*¢**¢*¢# = 1, we have ¢*¢PQ # 0, and it is in H(ag)n-
Next, €2 is separating for B(I), ¢**Q # 0, and it is in H_4p,. Clearly, 0 € (). This shows that @ is
an additive subgroup of R¥.

Finally, we show that A has multiplicity 1. To see this, let ¥, ®, with ® # 0, be vectors that
belong to Hxp @ ... B Hxn, where the direct sum is taken over a single value A € @) possibly with
multiplicity (that is, A € @ may be counted with multiplicity). Assume that (U, gy, (z)®) = 0 for
allz € Ay, (I4xI_)and I, I_ € T, where Gy, is the direct sum of copies of o, over the single value
A repeated in @ in the sense above. Then (¥, y®) = 0 holds for all y € ;, .7 75(Ap, (11 X 1)),
where the closure is taken in the weak operator topology on H.

Let ¢1, oo € B(O) with charge A as in the previous paragraph. As lightlike translations U (T} x¢)
belong to J;, ¢z 75(As, (I+ x 1-)) as B is a conformal extension of Ay, (see the beginning of this
Section), and

OLU(T; x 1)y = U(T; x 1) - U(Ty x 1) ¢nU(T, x )6 € | 7s(Ay, (I x 12)),

I+ €T

thus (U, o1 U(T; x 1)¢p5®) = 0 for all t. By positivity of energy, this extends to the upper half
plane, and then by Schwarz reflection principle, it is 0 for all ¢ € R. Apply this also for U(c x T3),
and by the uniqueness of €2, it must hold that (¥, ¢,;Q)(Q¢3, ) = 0. As 2 is cyclic for B(O) and
¢1, po were arbitrary operators with charge X, we conclude that ¥ = 0. O
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By Lemma 5.3, @ is an additive subgroup of RY. If we assume that it is discrete, then by

[Neu99, (4.2) Proposition|, it is a (not necessarily N-dimensional) lattice in h. Recall that we
defined simple (not twisted by the 2-cocycle) shift operators ¢/* for any lattice @ in (3.10). For
any v € Ay, (I, x 1), it holds that ¢* - 75(x) - Y** = 78(0—an()) € T5(Ap, (I x 1_)).
Lemma 5.4. Let Q be a lattice in RN and let B be a (local) conformal extensions of 5(Ay,) on
He defined in (3.6), where 75 = @y pan @pan and h € C>(S") has supph C I as before. Then
for each o € Q, there is a g € B(I x I) such that Y§*¢* = @y es(a, A) for some ep(a, A) € S*.
Moreover, @) is an even lattice with respect to ().

Proof. We take an isometry ¢* € B(I x [, AdV,A) as in Lemma 5.3, and we use the same notation
introduced in its proof for oy, and Hyy,. By assumption, ¥*¢** preserves each Hy, and commutes
with o, (Ay, (I’ x I'))), therefore, as each oy, is an automorphism, by Haag duality of Ay, , it holds
that P*¢% = e oan(Wa) for some Wy € Ay, (I x I) depending on A € Q.

Let us consider 0 € @ and set ¢g := 75(Wp)¢*. Then, denoted by Fp the orthogonal projection
onto Hop, it holds that

Py = Fooo(Wo) o™
— Roy®

therefore, for any = € Ay, we have
Po(vg - m8(2) - ¥5") = Ro(v - m8(x) - ).

Note that, by taking z € Ay, (O), where T x I C O, we have ¢g-75(7) - 1/&* ,¢ () Y** € Ahp( ).
By the separating property of the vacuum, we have that ¢g - 75(z) - ¥g* = ¥ - 18(z) - ™, or
equivalently,

8(%) - Y% = VT - Te(2).

Moreover, if o' € Ay (I’ x I'), then by relative locality and the fact that 73 is localized in I x I
(by the choice of localization of the function h), we have

TB(I’/) . %*%a _ g*ga . TB(ZL‘/).
As Ahp(é) and Ay, (I" x I') generate the whole net Ay, this shows that ¢g")* = Py, esla, A)
for some eg(a,A) € C. As ¢§ is an isometry and ¢* is unitary, we have [eg(a,A)| = 1, thus

EB(C!, A) € St

Recall that B is local. Then, for any 7., v- € Diff ; (S1) x Diff ; (S!) that map I x [ to [, x I_,
where I, is in the past of I and /_ is in the future of I, Ad U (v4 x v-)(¥%) and % must commute.
On the other hand, as each ez(a, A) clearly commutes with U (y4 X~y )|x,, for every XA € @, arguing
as for (3.11), we get

Y5 - AdUqg(v+ X 7-)(¥8) = 75 (0pan((2pan(V+)) @ Opan(zpan(7-))) V55
AdUq(v+ X 7-)(Vg) - U5 = 78 (Zpan(1+) @ 2pan(7-)) Y5UE (5.1)

By the definition of braiding between the automorphisms of Ay, see (2.1) and (2.3),

8(Zpan (14) @ Zpan(7-)) T8(Tpan ((Zpan(7+)) © Tpan(2pan(7-))) = € pan pahErah poh = emele).

Thus, it must hold that (a|a) € 2Z to have locality of B.
For any pair @, € @, it holds that (a + Bla + B8) = (ala) + 2(a|B) + (B|B) € 27Z, hence
(a|B) € Z. That is, @ is an even lattice with respect to (-|-). O
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Theorem 5.5. Let Ay @ Az C B be a local conformal extension and assume that Apy @ Agy
on H is a direct sum of Hpxn @ Hpn, for X € Q C RY possibly counted with multiplicity and
corresponding to the representations opxp, @ opan. Assume that the set Q) is discrete in RYN. Then
each X appears with multiplicity 1, Q is a (not necessarily N-dimensional) even lattice in RY with
respect to (+|-) defined in Section 3.2, and B is unitarily equivalent to the two-dimensional lattice
conformal net Ag constructed in Section 3.3.

Proof. By assumption 75 = @y oan and @ (disregarding multiplicities) is a discrete subset of
RY containing 0. By Lemma 5.3 and Lemma 5.4, Q) is an even lattice and the multiplicity of each
A € Q in the decomposition of 75 is 1. Recall the short-hand notation introduced earlier for oy,
and Hyp,. To show that B is unitarily equivalent to Ag, for each a € () we take 9§ as in Lemma
5.4, such that Yg* ¢ = Pyp es(a,A) and es(a, A) € S

From this it follows that, for any = € Ay (O), O a double cone in R, we have ¢g7z(x)y§* =
8(0_an(x)) € T8(Ap, (O)), just as with ¢)*. Then it follows that ¢g¢g = Z(a, B)V5 o8 and a priori
Z(,B) = @%Q Z(a, B,7) with Z(a, 8,7) € C, but by the separating property of the vacuum,
actually Z(a,B,7) does not depend on 7. Moreover, Z(a,f) satisfies the 2-cocycle equation.
By repeating the calculation of (5.1) for possibly different a, 8, and imposing locality, we obtain
Z(a, B)Z(B, )" = €l@lB),

Recall that, on the same Hilbert space Hg, we defined in (3.8) the twisted shift operators 9%,
a € Q, which satisfy ¥*# = €(a, B)y*™, and we also have €(a, B)e(B,a)™! = /@P) see below
(3.1).

The quotient of 2-cocycles is again a 2-cocycle, and e(a, 8)Z(a, )~ satisfies

(@, B)Z (@, B)" (e(B, @) Z(B,a)™) ™ = 1.

By [Bau95, Lemma 3.4.2], it is 2-coboundary: (e, 8)Z(a,8) = x(a)x(B8)x(a + B)~! for some
function y : Q — S'. This means that ¢ := y(a)yg € B(I x I) satisfy

VEVE = ela, By (5.2)
Note that ¢ = 1 = ¢°. Furthermore, by (5.2),
R CH (U (5.3)

therefore, & is completely determined by {¥2|#,, }req and .
Now we can write ¥ = Py epla, A for some ez(a, A) € C. It follows that €5(0,0) =1
Therefore, with the unitary V := @, ez(A, A), it holds that

Adv(d})\”HOh = EIB()‘v)‘)GIB<070)¢A|HOh = G/B()‘>)‘)¢/\|7'l0h = g\|7‘[0h

As AdV (¢*)]4,, has the same cocycle ¢, it follows from the remark below (5.3) that Ad V (¢®) =
5. As AdV commutes with 73(z) = 7¢(x) for any x € Ay (O), we conclude that two extensions
Ay, C B and Ay, C Ag are unitarily equivalent. O

Remark 5.6. In general, our technical condition, that the representation of A,y ® Az, is a direct
sum of irreducible representations and its spectrum is discrete in R”, is not true: We have coun-
terexamples from Example 3.5 (see [MTW18, Section 6] for details), where the spectrum is the
diagonal embedding of Q in R2, which is clearly not discrete. We do not know whether one can
exclude direct integral instead of direct sum, which can happen e.g. in the Liouville theory (see
[GKR24, Theorem 6.4, spectral decomposition]).
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On the other hand, we observe that some compactness or nuclearity conditions imply our
technical condition. For example, if one assumes that e ## is compact for 3 > 0, where H =
Lo® 14+ 1 ® Lg is the conformal Hamiltonian, then in particular it must have discrete spectrum
and in particular the representation of A, ® Ay must be a direct sum (otherwise H and e ##
would have continuous decomposition and the latter cannot be compact) and the sectors must be
discrete in RY (otherwise e would not be compact).

6 Two-dimensional Wightman fields

Let b, p, @, € as in Section 3. Using the charge structures studied for conformal nets, we construct
Wightman fields on the Hilbert space H¢. For this purpose, it is more convenient to take

Ko =P K@K, (6.1)
AeQ

where KCpy, s are the completion of M, (1, pA), My (1, pA) including the actions of the operators

pa(m), pa(m), thus K,x = Hp, (the constant function 12%)’ see Section 2.3.2. As we remarked
27

there, Hpan = Hpn = Kpa as representations of Ay, and similar for Agz. In this sense, there is a
2m
natural unitary equivalence

Ho = @%p/\h ® Hpan = EB’Cp,\ @ K = Kq
AEQ A€Q
intertwining the actions of Ay, .

We use the following convention of formal series of vectors or operators, cf. [AGT23, Sec-
tion 5.2], [AMT24, Section 2.1]. Let z,z be two independent formal variables®. For a family
{A, s}rser of vectors in W (we often take W = End(V') for some vector space V'), we write
Alz) =", Asmz_r_lé_s_l. The elements A, ; are referred to as Fourier components. We note
that in maﬁy cases A, ; = 0 whenever r — s ¢ Z.

6.1 Vertex operators

On each My(1,) of Section 2.3.1, we use the same symbol for the operators a(n), irrespectively
of X. We define formal series (with a slight abuse of notations “a(-)”)

a(z) = Za(n)z‘"‘l,

neZ
Et(a,z) :=exp (— Z a(n>z_”>
) * n Y
neZ,n>1
E™ (a,2) :=exp ( Z a(_n)z”>
) . n .
neZ,n>1
By [TL97, Chapter VI (1.2.2)], it holds that
_(avﬁ)
(1-2) T Efaw)E(B,2) = E(B.2)E (e, w), (6.2)

5% is not the complex conjugate of z, although they are natural notations when one considers correlation functions,

see [AMT24].
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where (1 —u)* = Znez,nzo (Z) (—u)™ by definition, giving only integer powers of u.
Let IZD be the infinite-dimensional Lie algebra generated by pa(m), pa(n) and a central element

K, where a € B, with the following commutation relations

[paci (m), pay(n)] = 6m,—nm - (pory, paes )y KK,

[pay (M), pag(n)] = 0y —nm - (Pory, Por)y K,
[pai (m), pas(n)] = 0.

There are modules of this algebra parametrized by A = pA @ pA, where A € h again. In-
deed, for each A € b, we denote My, (1,A) = U(b,)/Jx, where Jy is the ideal generated by

pa(m), pa(n),m,n > 0,pa(0) — (pA, pa)y, pa(0) — (PA, pa)y, K — 1. As b, = ph & ph, there is
a natural isomorphism My (1,X) = My, (1,pA) ® Mpy(1, pA) see Section 2.3.1.
On each My, (1,A), we define formal series with two variables z, Z by

a(z) =) (pa(n)z""" + pa(n)z "),

Et(a,z) = e:Za (— 3 <paT<")z—" + par(bn) 7”)) , (6.3)
B (o, 2) = exp (Z (pa(n—n) o pa(n—n) Zn)) '

With respect to the tensor product structure My, (1,A) = Mpy(1, pA) ® My (1, pA), we can write

a(z) = pa(z) @ 1+ 1@ pe(2),
Ef(a,z) = ET(pa, 2) @ E* (pa, 2), (6.4)

E~(a,z) = E (pa, 2) @ E~ (pey, ).

With respect to this decomposition, we can construct a pair of the Virasoro algebra representations
by the Sugawara formula, which we denote Ly ® 1,1 ® Ly, respectively (where we omitted the
dependence on ).

Let us write 220 := 2702720 " where pa(0)[c,, = (poa, pA)y and pa(0)|x,, = (pa, pA)y on
each A € Q. We introduce the pre-vertex operators as in [AGT23, Section 6.4]:

(2) = B (a,2) E* (a0, 2)27*) = Yy (2) © Y5a(2), (6.5)

where the last tensor product refers to (@m Mph(l,p/\)> ® (@ﬁ/\ Mﬁh(l,ﬁ/\)>, but it can be
restricted to @AEQ My, (1,A) = @AGQ M,,(1, pX) @ Mgy (1, D).

6.2 Formal Wightman fields
On ¥ = (Vy)acq € Kg (see (6.1)), we take the twisted shift operator ¢, defined by

(Caqj)a—l-)\ - 6(&,)\)\1/)\ (66>
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(we use a notation different from (3.8), in order to distinguish the specific equivalence classes KCy

from Hyp). Then it holds that (cf. [AGT23, Section 6.4])
1) @By,
cagﬂ(o) — Z*(Pa,Pﬁ)h5*(1701715/3)132[3(0)60_ (6.7)

The formal series for our Wightman fields are given by

Ya(2) = caYa(2). (6.8)
There are only countably many non-zero Fourier components Y, . s of Yo (2) = Zr’s Ya,r,sz_”_lz_s_l
and when restricted to My, (1,X), its image is My, (1,a + X) and only the components Yy ., such
that r + (pa’;)‘)" , S+ (ﬁa’f)‘)“ € 7 are non-zero.

Compared with [AGT23, Section 6.4], our Y, has more tensor components in each chiral and
antichiral components, and ¢, is twisted by the cocycle €. Note that the cocycle € takes values in
{—1,1}, and we have the action of the pair of the Virasoro algebras L,, ® 1,1 ® L, on K¢, thus
the commutation relations remain the same (cf. [AGT23, below (6.5)]):

a(m)cg = cg(a(m) + (a, B)yom.o),
Ly ®1-cq=co(Ly @1+ pa(m)) + (pa’—zpa)h&m,o,

(por, pav)

1® Ly, - ca = a(1® Ly, + pa(m)) + 5 D G-

From this, it is analogous to [AGT23, Section 6.4] to show that Y, are primary with the scaling
(por,par)y (ﬁa,ﬁa)h):

dimensions (

(Lo @ 1, Ya(2)] = 8,Ya(2)2"* + w(m 4 1)Yal(2), (6.9)
(po, por)y,

[1® L, Ya(2)] = 0:Ya(2)2™ + (m+1)Ya(2). (6.10)

2
Using (6.8)(6.5)(6.4)(6.2)(6.7), we have (cf. [AGT23, (6.4)])

(1 _ i>(pa’pﬂ)” <1 _ i>_(ﬁa’ﬁﬂ)" w™ B = IBNY, (1) Y(2)
w w _ B

—(pa,pB) 0\ ~(P:B)y o
= (0@ (1-7) T (1= ) oo pP gm0 BE Y (2) Yo () (6.11)

A zZ

6.3 Wightman fields

We say that a formal series A(z) or A(Z) with coefficients in End (M, (1, pA)) or End(Mu (1, pA))
satisfies polynomial energy bounds if ||A;V|| < C(|s| + 1)P||(Lo + 1)9¥||. Similarly, we say that a
formal series B(z) in z = (z,2) with coefficients in End(Dycq Mpy(1, pA) @ Mpy(1,pA)) satisfies
polynomial energy bounds if || Bs; V|| < C(|s|+[t|+1)?||(Lo® 1+ 1® Lo)?V||) for some C, p, g > 0.

By [TL97, Proposition VI.1.2.1] [Guil9, Theorem A.2], Y,a(2), Y;a(Z) satisfies polynomial en-

ergy bounds. Thus by the arguments of [AGT23, Lemma 5.5] Ya(z) satisfies polynomial energy
bounds as well.
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Let us write
.@)‘ZCOO(L0|;CP)‘®1+]1®LQ|K%) C Ko @ Kpx = Ky (6.12)

and Y = EB/\EQ Py (the algebraic direct sum). By polynomial energy bounds, the Fourier com-
ponents of Y, (2), which are first defined on M,(1,pA) @ Mz (1, pA), extend to Py, thus to .
Moreover, for a test function f on (—m, ) X (—m, ), define

1

fr,s = (27_(_)2

/ f(04,0-)e i0++0-)q0. dg_.
Then the sum

Ya(f) = Z Ya,’r,sfr,s

r,s€R

converges on each 7y of (6.12), thus on Zg.

Recall that we defined conformal Wightman fields on the Einstein cylinder in [AGT23, Section
5.1], by requiring locality, diffeomorphism covariance, positivity of energy, vacuum and
the Reeh-Schlieder property and polynomial energy bounds for a family of such fields.
Among them, the cyclicity of vacuum is required for a family of fields and not for single fields (see
[AGT23, (2dW4)]). For simplicity, we include the fields a(f),a € b,,.

Theorem 6.1. The family Yo(f), @ € Q witha(f),a € b, together with Ug = Pyeq Upn@Upa (cf.
Section 3.3) and g, satisfies the above axioms for two-dimensional conformal Wightman fields.

Proof. As most of the proofs are analogous to [AGT23, Theorem 5.9, Theorem 5.7], we will be
brief except for locality. We have checked polynomial energy bounds of all these fields. Positivity
of energy follows by construction, cf. Theorem 3.2. Moreover, as we have (2dCN6), by covariance
all the fields extend to the Einstein cylinder. As we include chiral and antichiral fields a(f), they
span Ko from Qg, and as Yo (f) maps Ky to K, their image exhausts Kg.

To verify diffeomorphism covariance, it is enough to consider diffeomorphisms of the form ~, x¢

or ¢ X y_. For this, we apply the arguments of [CKLW18, Proposition 6.4], [AGT23, Lemma 5.4]:

from (6.9) the commutation relations with the scaling dimension % follow:

([Li(f1) ® 1, Ya(fo)] = Ya (2L 11 £y — £105, f),

where f; € C5°(S1), fo is a compactly supported test function on (—7, 7) x (=, 7). From this, the
covariance with respect to U(yy x ¢) follows exactly as in [AGT23, Lemma 5.4]. The covariance
with respect to U(c x v_) is similar. The covariance of the chiral and antichiral fields are known,
e.g. [CKLW18, Proposition 6.4].

Locality between a(f),B(g) and between a(f),Ys(g) is analogous to [AGT23]. In order to
show locality between Y, (f) and Yg(g), we take technical elements of [AGT23, Lemma 5.3]: On
Dirco Kpr, with ¢, the simple shift operator by pa (without cocycle), we have the commutation
relations between formal series, just as we did for Y,(z) (even more easily)

(1 B i) hw—(pa,pﬂ)hcgayﬂ(w) dgYpp(2) = (1 _ E) b

: ) O a8 (2 - Vi)

32



By the same arguments as in [AGT23, Lemma 5.3], this translates into the commutation relations
between operators: Let fi, g, € C3°((—m, 7)) such that supp f < supp ¢4, then

; —(pa,pB)y |
(f+) CpgLpB ﬁ(g+) - C>hOr,ICl—>—1C Yﬂ(ng) pa(f+)7
where (* is defined as the analytic continuation of positive roots on Rs to C\R<j. These relations
hold even when restricted to Kpy, and thus to Kpy ® Kpx. Similarly, if supp f- > supp g_,
_ : —(pa,pB
CaYpa(f-)CpYa(9-) = = Tm ¢ BBy . ! V(9 )Che Y ()

On Ky, we have Yo (2) = caYpa(2) ® Yia(Z), where ¢4 is the shift ¢, @ cjq 1 Kx = Kpy @ Koy —

Kair = Kparn) ® Kiara followed by the scalar e(a,A).

Recall that cacg = (—1)@Pcge,. Altogether, for test functions f, g € C((—n,7) X (=7, 7))
with compact supports such that supp f is on the left of supp g, (6.11) implies on each Ky that

— (_1\(«B) : —(pa,pB)y | ; (P, pB)y
Yal/)Ve(g) = (-7 T ¢ im0 Ya(g)Yalf)
— (_1\(@B) . : —(pa,pB)y | : (pa,pB)y .
(=1 dm ¢ e ¢ Ys(9)Ya(f)
= (~1) @B . (—1)~@B)Yp(g)Ya(f)
= Ya(g)Ya(f),

where in the second equality we calculate the limit on the circle ST\ {—1} and used the fact that
the limit ¢ — —1,Im ¢ < 0 amounts to the limit (! — —1,Im ¢ > 0.
O

Ezample 6.2. Let us take the case of Example 3.3. The restriction of €(a, A) 'Y, (2) to M (1,A) C
K, has the form

€(0,A) " Ya(2) = Ya(2) ® Yia(2)

and the tensor component Y, (z) can be identified (up to a change of notations) with V,a(cpa, )
of [Guil9, Theorem A.2(a)]. Thus its Fourier components are bounded uniformly in A, say by C,
if (pa, pa)y, <1 (similar for Ym(Z)).

If we have both (pa, pa)y < 1, (pa, ]504) <1, then the smeared two-dimensional field Y, (f) is
bounded (cf. [Reh97]) This holds if & = \f @ 7 with R? <2 or a = \[1 ® —\} with R72 < 2.

Therefore, if \[ < R < /2, they together generate the two-dimensional conformal net. By the
uniqueness result, Theorem 5.5, the generated net must be Ag of Theorem 3.2.
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