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Abstract

We study the relation between representations of certain infinite-dimensional Lie groups
and those of the associated conformal nets. For a chiral conformal net extending the net
generated by the vacuum representation of a loop group or diffeomorphism group of the circle,
we show that any conformal net representation induces a positive-energy representation of the
corresponding group. Consequently, we prove that any representation of such a conformal net
is automatically diffeomorphism covariant. Moreover, we show that the covariance cocycles of
conformal net representations satisfy naturality with respect to the action of diffeomorphisms,
i.e. the diffeomorphisms act equivariantly on the category of conformal net representations.

1 Introduction

Representation theory of infinite-dimensional Lie groups and Lie algebras is deeply intertwined
with two-dimensional conformal field theory (CFT) since the seminal work of Belavin-Polyakov—
Zamolodchikov [BPZ84]. There, the authors exploited the fact that the chiral components of the
stress-energy tensor (underlying conformal symmetry) generate an infinite-dimensional Lie algebra,
namely the Virasoro algebra, to strongly constrain and to determine the correlation functions.
The study of unitary representations of the Virasoro algebra led [GKO86, FQS86| to a striking
classification result for two-dimensional CF'Ts, solely based on the positivity of the Hilbert space
inner product. Another type of symmetries, namely the symmetries generated by local currents,
are also described by a different family of infinite-dimensional Lie groups, the loop groups [PS86].
Since [KZ84], the theory of unitary and positive-energy representations of such loop groups and
of the associated affine Kac—-Moody algebras has been applied to provide a suitable mathematical
tool to determine the number and the fusion rules of superselection sectors for a notable class of
CFT models, i.e., Wess—Zumino-Witten (WZW) models.
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These models are specific but important, e.g., because they are the first examples where the
charge structure has been fully understood. Moreover, the Virasoro algebra is contained in a
suitable sense in any CFT. All these examples can be studied in several model-independent frame-
works, ranging from formalisms which are tailored for CFTs, e.g., chiral and full vertex opera-
tor algebras [Kac98, Mor23], to formalisms for more general quantum field theories, e.g., local
nets of operator algebras [CKLW18], or quantum fields in the Wightman formalism [AGT23] or
Osterwalder—Schrader axioms [AMT24]. In this paper, we choose to use the operator-algebraic
framework of local conformal nets [GF93, CKLW18], due to the simple mathematical description
of their superselection sectors, i.e., equivalence classes of DHR representations.

A two-dimensional conformal net is a family of von Neumann algebras {A(O)} (the local
observables of the theory) parametrized by regions {O} in the two-dimensional Minkowski space,
acting on a common Hilbert space H endowed with a vacuum vector € (the ground state of the
conformal Hamiltonian), and satisfying physically motivated axioms, such as locality, covariance
(with respect to the spacetime symmetry group), positivity of energy [Haa96]. Such axioms are
adapted to two-dimensional CF'T from more general quantum field theory.

A prototypical example comes from a quantum field ¢(t,x) smeared with test functions f,
namely an operator-valued distribution satisfying similar axioms, where the local algebras are
defined by A(0) := {() : supp f € O} and we denote the (self-adjoint) closure of the smeared
operator by the same symbol ¢(f). More generally, each local algebra A(O) is considered as
the algebra generated by the observables (self-adjoint operators) that can be measured in the
spacetime region O. The Einstein causality (locality) imposes that the algebras associated with
spacelike separated regions should commute. Positivity of energy (in the vacuum representation)
is required to assure the stability of the theory in the vacuum state. While the algebraic relations
define a model, the same model can be in different states and by the GNS construction one obtains
different representations of the net of algebras, see [SW00, Haa96] and references therein. A (chiral)
conformal net {A(I)} on S! is a family of von Neumann algebras parametrized by intervals {I} of
S1 satisfying analogous axioms. These should be viewed as the building blocks of two-dimensional
“full” conformal field theories, where a pair of chiral conformal nets appears as subnets (“chiral
components”) of the full theory [Reh00, KL04b].

Examples of conformal nets on S can be constructed by considering vacuum representations
of the above mentioned infinite-dimensional Lie groups or algebras [BSM90, GF93]. Once we have
a conformal net, we can consider its representations [FRS89, FRS92, GF93], which we refer to as
DHR representations after Doplicher—-Haag—Roberts, who originally considered states with charges
localized in bounded regions in four-dimensional Minkowski space [DHR71, DHR74].

On the one hand, the same infinite-dimensional group or algebra admits not only the vacuum
representations but more general (positive-energy, projective, unitary) representations. On the
other hand, one can consider charged (non-vacuum) DHR representations of the conformal net.
The purpose of this paper is to study the relation between these two representation theories. More
specifically, we will show that, for any conformal net which is covariant with respect to the group
Diff , (S') of orientation-preserving diffeomorphisms of S! or a conformal net which extends the
conformal net generated by the vacuum representation of a loop group, every DHR representation
gives rise to a positive-energy representation of the corresponding infinite-dimensional group (loop
groups or Diff  (S1)).

The problem is not new, and indeed several authors studied related problems. Most impor-
tantly, we mention [Hen19], where Henriques considered the colimits of the corresponding localized
infinite-dimensional groups and constructed a functor from the representations of a loop group con-
formal net to the representations of the corresponding loop group and affine Kac—-Moody algebra.



Related questions have been addressed by Carpi [Car04] for the Virasoro nets, namely the confor-
mal nets generated by a vacuum representation of Diff | (S1). Our proof strategy is different and
based on the local and global structures of the infinite-dimensional groups, see the end of Section
5.1 for more results in this direction.

As a consequence of our main result, we show that every factorial DHR representation (in
particular, every irreducible or direct sum of irreducibles) is necessarily diffeomorphism covariant.
This result has also been proved in [Gui2l], cf. [DFKO04], see Section 5.2 for comparison. As a
further consequence, we show that the covariant cocycles of DHR representations are natural with
respect to the action of diffecomorphisms. This condition has been explicitly considered in [DG18]
and used to prove covariance of conformal net extensions both on S* and on the two-dimensional
Minkowski space, [KL04a, DG18, MTW18, AGT23].

The proof idea of our main result goes as follows. Both for loop groups and for Diff, (S'), one
can consider the subgroups of elements localized in proper intervals I of S'. We first show that
there are continuous fragmentation maps from a small neighbourhood of the unit element of the
corresponding group that represent its elements as the product of elements localized in intervals
covering the unit circle S and having pairwise small overlaps. Then the vacuum representation
of the given conformal net can be restricted to the localized subgroups, and any other DHR repre-
sentation can be composed with the fragmentation maps. This allows to define a local multiplier
representation with the same cocycle of the vacuum representation on a sufficiently small neigh-
bourhood of the unit element, by gluing together the fragmented elements composed with the DHR
representation and by showing that the group law is preserved locally. As our infinite-dimensional
groups have universal simply connected central extensions, we can extend the local multiplier rep-
resentations to (true, everywhere defined) unitary and also positive-energy representations of the
central extensions.

This paper is organized as follows. In Section 2, we recall the basic concepts and examples.
Starting with the group-related notions such as local groups and representations, 2-cocycles, central
extensions, projective and multiplier representations, we summarize their constructions and basic
facts. Then, we recall the definition of conformal net on S* and of DHR representation. Our basic
examples are the loop group nets coming from the vacuum representations of loop groups, and
arbitrary conformal nets with diffeomorphism covariance. In Section 3, we construct the continuous
fragmentation maps, first for the loop groups and then for Diff ; (S'). In Section 4, we state and
prove our main technical result. For a conformal net which contains either a loop group net or the
Virasoro net and a given DHR representation, we construct a new local multiplier representation
of the corresponding infinite-dimensional group as described above. In Section 5, we discuss some
applications of these constructions, such as conformal covariance of DHR representations and
naturality of covariance cocycles.

We will use the following notations throughout the paper, for the sake of uniform presentation.
e S! for the circle as manifold, T as group.
e (G for a compact, connected, simple and simply connected Lie group, while LG its loop group.

Diff (S!) for the group of orientation-preserving diffeomorphisms of S', while Diff (S!) its
universal covering group.

I' = LG, Diff . (S"), T its universal central extension, so I' = LG, Vir (see Section 2).

e ¢ or er for the unit element of the group I' = LG, Diff  (S'), and 0 for the Lie algebras.
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e A for a generic conformal net, p, o its DHR representations, py the vacuum representation.

e 7l generic (possibly projective or multiplier) representation of I' (upper index to distinguish
from 7 = 3.14...), 7 for a generic vacuum representation of I', 7, the induced representation
by a DHR representation p of I" (see Section 4).

e U,V for open sets in T, T.

e $1.%0 for open sets in the infinite-dimensional Lie algebras (loop algebras or the Virasoro
algebra).

2 Preliminaries

2.1 Central extensions and multiplier representations

Local homomorphisms. Let I',I" be topological groups. A map f from I' to IV is called a
local homomorphism if there is a neighbourhood U of the unit element e € I' such that if
Y1572, Y172 € U, then f(v1)f(72) = f(ny2) [Pon66, §47B]. In particular, if T” is the group U(H) of
unitary operators on a Hilbert space H, we call it a (unitary) local representation. By [Pon66,
Theorem 63], if I" is a connected, simply connected and locally path connected group (see Lemma
2.1), then any local representation of I' extends to a global representation.

Moreover, the notion of local homomorphisms can be defined even for local groups [Pon66,
§23D], namely sets with a local group structure. Here, we consider a weaker notion (cf. also
[Pon66, §23F]): a local group is a topological space I' and an inclusion of open neighbourhoods
YV C U of a distinguished element e € I" such that

e If a,b €V, then the product ab € U is defined, and the map a,b — ab is continuous.
e If ab, (ab)c, be, a(be) are defined, then (ab)c = a(be).

e ae and ea are defined for all a € U and ae = ea = a.

1

e If a € V, then it has an inverse a=! € U, i.e. an element such that aa™! = a~'a = e, and the

map a — a~ ! is continuous.

One can define the notions of local homomorphisms and isomorphisms also for local groups (for
isomorphism one should require that the inverse is continuous as well), cf. [Pon66, §23H]|. Clearly,
the composition of two local homomorphisms is again a local homomorphism. In particular, the
composition of a local homomorphism and a local representation is a local representation.

Algebraic central extensions of groups. For an abelian group H, a central extension of I' by

H is a short exact sequence of group homomorphisms of the form 1 — H LA N NN 1, where
1 denotes the trivial group, such that for every h € H and k € T' one has ¢(h)k = k¢(h). From
now on, by abuse of notation, we will often indicate a central extension just by I'. In particular,
a central extension is called ¢rivial if T = H x T'.

Having two central extensions of I' by the group H, specifically 1 — H 205 T 51 and
N < QAN VNG S 1, one can investigate whether they are equivalent, namely whether there
exists an isomorphism of groups II : [ — I’ such that ITo ¢ = ¢ oidy and idp o Y = oIl. We
say that a central extension splits if it is equivalent to a trivial central extension.
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Every central extension gives rise to a so-called 2-cocycle, or just cocycle, on I' with values in H,
i.e.amap c:I'xT' — H such that c(er, er) = ey and c(v1,72)c(7172, 73) = (71, 7273)c(72, 73) for
every 71, Y2, 73 € I'. For a section s of the central extension, i.e., a map s : I' — I" such that s(er) =
er and ¥ o s(y) = v for v € ', the 2-cocycle c is defined as c(v1,72) := ¢~ (s(71)s(72)s(1172) 7).

On the other hand, for a given 2-cocycle c : I' x I' — H, one can construct a central extension
of I' by H associated with ¢ given by 1 — H " X I N (R 1, where H x.I' is supported
on the cartesian product H x I' and is equipped with the multiplication defined by (hi,71) ¢
(h2,v2) := (c(y1,72)hi1he, 172) for (hi,m), (he,v2) € H x I'. However, for topological groups, ¢
is not necessarily continuous and does not give the right topology to the central extension. For
further reading, cf. [Sch08, Ch.3].

Topological central extensions. Let 1 — H %P % T = 1 be a central extension T of
a group I' by an abelian group H. If I') H and [ are topological groups, ¢, ¥ are continuous
homomorphisms with ¢~! being continuous on its image, then we will call it a topological central
extension. If there is a global continuous section s : ' — [, that is, s is a section, namely
s(er) = ep and 1 o s(y) =~y for v € I, which is continuous on every point of I', then c(y1,72) =
&1 (s(71)s(72)s(7172) 1) defines a continuous 2-cocycle on T’ x T' with values in H. However, in
general, there may not be any global continuous section.

For a neighbourhood U of the unit element e € I'| if we can take a local continuous section
s : U — T such that ¢ o s(7) =7, v € U, then we can define an H-valued local continuous
cocycle on U x U by c(v1,72) = ¢~ (s(11)s(12)s(1172)~"). The map (h,7) = ¢(h)s(y) € T
defined for h € H, v € U is a local isomorphism, where H x U is equipped with a local group
structure defined by c as above, by taking V C U such that e € V and for any a,b € V,ab,a™* € U.

Projective representations and topological central extensions. It is known that, for a
Hilbert space H, the unitary group U(H) can be seen as a non-trivial central extension of the
unitary projective transformation group U(P(H)) by T, the unit circle group, cf. [Sch08, Lemma
3.4]. Note that U(H) and U(P(H)) are topological groups, the group homomorphisms in such
central extension are continuous, and ¢ : T — U(H) is defined as ¢(z) = zidy, thus ¢! is
continuous on its image. Therefore, such central extension is also topological.

Let T be a topological group. A continuous homomorphism I' — U(P(H)) with respect to the
strong operator topology is called a projective representation of I'. For a given everywhere
defined T-valued cocycle ¢, a multiplier representation of I' is a continuous map 7 : I' — U(#H)
such that 7(v1)7(y2) = c(71,72)7(1172), for every 71,72 € T.

Let 1 > H ST 5T 5 1bea topological central extension of I' by H as above. Further
assume that 7 is a continuous unitary representation of I' on H such that #(¢(H)) C T1, where
1 denotes the identity operator on H. Then I' 5 v +— II(v) := 7(5)/T is clearly a well-defined
continuous projective representation of I' 2 I'/¢(H ), where 4 = v ¢(H) € I'/¢(H).

Assume that there is a global continuous section s : I' — [, hence, in particular, s is globally
continuous and it holds that 1) o s(y) = v for every v € I'. In this case, v — 7(s(y)) can be seen as
a multiplier representation of I', since it satisfies 7(s(71))7(s(72)) = ¢(1, 12)7(s(1172)), 11,72 € T,



for the T-valued cocycle ¢ defined as follows. Let mg := 7o¢, then the following diagram commutes
r 1

T

1——>T——U(H) —= U(P(H)) — 1

¢ Y

T

and let ¢(v1,72) := mp(c(y1,72)), 71,72 € ', where ¢ is the H-valued cocycle defined above.

Local multiplier representations. Let I' be a topological group. If there are a neighbourhood
U of the unit element e € I, a continuous map 7 from U into U(H), a continuous map ¢ : U xU — T
satisfying the cocycle identity c(y1,72)c(m172,73) = c(71,7273)c(72,73) such that 7(y1)m(72) =
c(y,72)m(71y2) with v1,792,73 € U, we say that 7 is a local multiplier representation of T
Furthermore, if IT is a continuous projective representation of I' on #H such that 7(vy)/T = TI()
for v € U, then 7 is a local multiplier representation associated with II.

Let T be a topological central extension of I by H, s a local continuous section on U and ¢ be
the corresponding continuous local H-valued cocycle. If 7 is a continuous unitary representation
of I such that #(¢(H)) C T1, then we obtain a continuous local multiplier representation 7 :=
7os:U — U(H) of T' with continuous local T-valued cocycle ¢ defined by 7y := T o ¢ and
c(v1,72) := mu(c(y1,72)) where c is defined as above.

Let 7 be a continuous local multiplier representation of I' with continuous local T-valued cocycle
c. Suppose further that there is a continuous representation 7y of H with values in T such that
c(v,72) = ma(c(y,72)). Then we can see (my X m)(h,v) := wy(h)7(y) as a continuous local
unitary representation of I' through the local isomorphism (h, ) — ¢(h)s(y) € T of H x, ' on T
(in this case, one has H x. U ~ ¢(H)s(U)).

Summarizing and applying [Pon66, Theorem 63], in the notation above, we have the following.

Lemma 2.1. Let I' be a topological group, H a topological abelian group, T a topological central
extension of I' by H which is connected, simply connected and locally path connected:.

Assume that there is a neighbourhood U C T of the unit element e € I' and a local continuous
section s which defines a 2-cocycle ¢ such that T and H x. ' are locally isomorphic. Let 7rg be a
continuous unitary representation of T' such that 7o(¢(H)) C T1 and let ¢ be the T-valued cocycle
of the local multiplier representation of T' given by c¢(v1,72) := mo(c(y1,72)), where wy := 7g 0 .

For every continuous local multiplier representation w, of I' with the same cocycle ¢, Ty X m,
extends to a (global) unitary representation of T.

Remark 2.2. Modifying the definitions accordingly, Lemma 2.1 holds true even if the (local) rep-
resentations are not unitary, since the range would be contained into invertible operators of the
Hilbert space H, which is a connected group.

2.2 Conformal nets

Let Z be the set of non-empty open non-dense (proper) intervals I of the unit circle S', and denote
I' :== (S'\ I)° € T the interior of the complement of I € Z. Consider the group PSL(2,R) :=

!Such assumptions on the topological central extension [ of I by H are required to apply [Pon66, Theorem
63], although the terminology “local connectedness” in the statement of [Pon66, Theorem 63] is more commonly
referred to as “local path connectedness”, see [Pon66, §46J].



SL(2,R)/{£1} which acts on S by Mobius transformations. Consider also the group Diff , (S') of
orientation-preserving diffeomorphisms of S*. Denote B(H) the algebra of bounded operators on
‘H and by U(#) the unitary subgroup, as in the previous section. For a subset M C B(H), denote
M ={zx € B(H) : xy = yx for all y € M} the commutant of M in B(H).

A Mobius covariant net on S! is a triple (A, U, Q) consisting of a family of von Neu-
mann algebras indexed by Z and acting on a common complex separable Hilbert space Hy, A =
{A(I) C B(Ho) : I € I}, a strongly continuous unitary representation U : PSL(2,R) — U(H,),
and a unit vector €2 € H,, satisfying the following properties

(i) Isotony: A(l;) C A(ly),if I C Iy, 1,1, € T.
(ii) Locality: A(I,) C A(L), it [ NI, =0, 1,1, € T.
(iii) Mobius covariance: U(y)A(I)U(y)™' = A(yI) for every I € Z, v € PSL(2,R).
)

(iv) Positivity of energy: The generator of the one-parameter rotation subgroup of PSL(2, R)
has non-negative spectrum.

(v) Vacuum vector: 2 is the unique vector (up to a phase) such that U(y)Q2 = Q for every
v € PSL(2,R). Moreover, (\/,.zA(I))Q is dense in Ho, where \/,.; A(I) denotes the von
Neumann algebra generated in B(H,) by A(I), I € T.

The algebras A(I) are referred to as the local algebras of A and H, as the vacuum Hilbert
space. By abuse of notation, we will refer to a conformal net just as the local algebras A(I). The
defining representation of each A(I) on Hy will be denoted by po and referred to as the vacuum
representation of A. In the sequel we will identify A(I) and po(A(I)), namely we will think of
po as A(I) — B(Ho). With these assumptions, it follows automatically that each A(I) is a type
I1T factor and Haag duality: A(I) = A(I'), cf. [GF93].

A conformal net on S! is a Mobius covariant net (A, U, Q) as above that satisfies in addition

(vi) Diffeomorphism covariance: The representation U of PSL(2,R) extends to a strongly
continuous projective representation of Diff, (S'), again denoted by U, such that

U(AMU (v)*1 = A(yI), ~ € Diff (SY),
U)azU(y) ==z, x€ A(l),~ € Diff . (I')

for every I € Z, where Diff  (I’) C Diff  (S') denotes the subgroup of diffeomorphisms ~
with supp~y C I'.

For background and references we refer to [CKLW18, Section 3], [GF93].

2.3 DHR representations

Together with the (defining) vacuum representation py on Hy, a conformal net may have non-trivial
“charged” representations. A representation (or DHR representation) of a conformal net A
is a family p = {p; : A(I) = B(H,)}1ez of normal (i.e., o-weakly continuous) representations of
each A(I) on a fixed Hilbert space H, with the following compatibility condition: If I; C I,
then pr,|a) = pr,- Two DHR representations p and o are called unitarily equivalent if there is a
unitary U : H, — H, such that Up;(z) = o;(x)U for every I € Z and = € A(I). A DHR sector is
a unitary equivalence class of DHR representations.
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As every local algebra A(I) is a type III factor, each p; is a spatial isomorphism (unitary
equivalence), i.e., py = AdV,; on A(I) for some unitary operator V,; : Hy — #H,, where
AdV,;(-) == Vpr - Vi on A(I). In particular, AdV); o pr = pos on A(I). In other words,
for every DHR representation p and every fixed interval I € Z, the unitarily equivalent DHR
representation AdV; o p:={AdV;0p;: A(J) = B(Ho)}sez acts on the vacuum Hilbert space
and it coincides with po; on A([).

A DHR representation o with the property that o = po; on A(l) is called “localized”
in the complementary interval I’ € Z, and every DHR representation is “localizable” in each
interval. Moreover, if o is localized in I’) it gives rise to endomorphisms (also called DHR
endomorphisms) of each A(K) associated with every bigger interval K € Z, K D I'; i.e,
ok (A(K)) C A(K).

We refer to [GF93, Section IV], [GL96, Section 2] for background on DHR representations of
conformal nets, and to [DHR71, DHR74] for the original context regarding DHR representations.

2.4 Example: Loop group nets
2.4.1 The loop group and its basic central extension

We take a simple, compact, connected and simply connected finite-dimensional Lie group G. We
consider the loop group

LG :={feC®S", @)} ={f e C®R,G): f(t+2r) = f(t)},

with pointwise multiplication, see [PS86], [Neel4, Introduction).
The loop algebra

Lg:={¢ € (5", 9)} = {¢ € C™(R,g) : &(t + 27m) = (1)},

is also equipped with the structure of the Lie algebra with the pointwise Lie bracket, namely for
& € Lg, [§,m)ry(t) := [€(t), n(t)]; for every ¢ € ST,

Topology and manifold structure of LG. The topology in LG is given by the uniform con-
vergence of functions together with all their derivatives, namely, a sequence {v,} converges to - if
d:;k" converges uniformly to Z%Z for every k € N. The pointwise exponential map exp;, : Lg — LG
is a local homeomorphism between any open neighbourhood U of the unit element e and
== exp;4(U), which is an open neighbourhood of O, cf. [PS86, Section 3.2]. Moreover, LG is
simply connected, see [PS86, after Proposition (4.4.2)]. The loop algebra Lg is the Lie algebra of
LG in the sense of infinite-dimensional manifold, cf. [PS86, Section 3.2], [NWO09, Appendix A].

For each I € Z, we define the subgroup LG of LG of loops supported in I (in this paper, by
“support” of a loop v we mean the closure of the set of x € S* such that v(z) # eg).

The basic central extension LG. As G is simple, there is a symmetric invariant bilinear form
(-,-) on g unique up to a scalar factor, the Killing form. We normalize that form in such a way
that (ha, he) = 2 for all longest roots h, [PS86, Section 4.4], [Neel4, Definition 3.3]. Using the
normalized Killing form, we define a 2-cocycle on Lg by

1
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Furthermore, the group Diff, (S!) acts on Lg by composition and w is invariant under its action,
ie., for every f € Diff , (SY), w(€o f,no f) = w(&,n), for all §,;n € Lg. We can construct the
central extension Lg = Lg X, R of Lg by R by taking Lg = Lg® R as vector space, and by setting

(&, @), (n, B)] = ([§,m], w(&,m)).

By [PS86, Theorem 4.4.1 (iv), (i)], the chosen normalization for the Killing form in G ensures
that the Lie algebra central extension Lg = Lg X, R of Lg by R gives rise to a Lie group central
extension 1 — T — LG — LG — 1, which is the unique simply connected central extension LG
of LG by T by [PS86, Proposition (4.4.6)], the so-called basic central extension of LG. Moreover,
Diff ; (S') also acts on the group central extension LG.

Let us describe the central extension LG in more detail, cf. [PS86, Sections 4.4, 4.5]. We should
see w as a skew-symmetric bilinear form on the tangent space Lg of the unit element of LG. Then
it defines a left-invariant 2-form w on LG as follows (with an abuse of notations, we denote it
by w as well). For each other point v € LG, any tangent vector on 7,LG can be seen as &,,
where { € Lg = T.LG and &, is the image of the differential 7.LG — T,LG (the pushforward)
of the left-multiplication (cf. [PS86, Proposition 4.4.2]). We define the 2-form w on LG as the
collection of 2-forms w, on 7., LG defined by w,(&,,n,) := w(&,n) for each point v € LG. In this
way, w is a left-invariant 2-form on LG. For a piecewise smooth loop ¢ on the manifold LG, let
C(€) == exp(i [ w) € T, where o is a piece of surface in LG that has ¢ as the boundary. C'is well-
defined because w/27 is integral by [PS86, Theorem (4.4.1)]. It is furthermore independent of the
parametrization, additive with respect to the concatenation of loops, and left-invariant with respect
to LG. We can construct a group extension as follows: Consider the set of triples (7, p, u) where
v € LG, p a piecewise-smooth path from e to v, and v € T. We introduce an equivalence relation
between (v,p,u) and (v,p’,u') by v = +',u = C(p/ * p~')u’, where * denotes the concatenation
of paths (first p/, then p~!). On the quotient by this equivalence relation, which we denote by
LG, we define the group operation (y1, pr, u1) - (Y2, a2, ) = (7192, P1 * (Y1p2), urz) (to show that
the relation is an equivalence relation one uses the additivity of C', while the independence of the
parametrization, additivity and left-invariance of C' are used to show that the group operation is
well-defined).

Recall that the exponential map is a local homemorphism between any open neighbourhood U
of the unit element e, and the corresponding open neighbourhood 1 := epoé (U) of 0,4. Hence
for v in a small neighbourhood U of the unit element in LG, there exists a unique path p, from
e to v, defined using the exponential map. Therefore, the map (v,u) — (v,p,,u) is a bijection
between U x T in LG x T and its image in LG. Thus, its inverse provides a local trivialization of
LG. The product of two elements (71, u1), (72, u2) in U x T is defined through the product of their
images (71, Py, 1), (72, Py, u2). The pre-image of such product corresponds to another element
(172, €(71, Y2)uruz), where ¢ is a map U x U — T, specific to this local trivialization. Using the
associativity of the product in LG, it is straightforward to show that ¢ is a local 2-cocycle. With
this local trivialization, we have (y,u) = (v,1) - (e,u) = (e,u) - (,1). For more detail about the
fibre bundle structure of LG, we refer to [PS86, Section 4.5]. As w is invariant under the action of
Diff, (S?), by [PS86, Theorem 4.4.1 (i),(ii)], it lifts to LG.

Clearly, LG is locally path connected.



2.4.2 Positive-energy representations

As for representations of the loop group LG, if we do not specify, we consider strongly continuous
unitary representations [Neel4]: a representation #°C of the basic? central extension LG by
unitary operators on a Hilbert space H such that for all £ € H, v + 7E¢(y)€ is continuous
in the norm topology of H. Recall that Diff  (S') acts on LG, and thus S! acts on LG by
rotations. If one considers the universal cover R of S, for a strongly continuous (defined as before)
unitary representation of LG x R on a Hilbert space #, by strong continuity we can consider the
generator of the R-part. A positive-energy representation of LG is a strongly continuous
unitary representation of LG x R on a Hilbert space H such that the generator of the R-part has
spectrum contained in Rxq. If one identifies the elements of G with the subgroup of constant loops
of LG, then the compact group G x T embeds in the group central extension LG, since for constant
loops of LG the derivative £ vanishes, and so does the 2-form w. Furthermore, in any irreducible
positive-energy representation of LG, the central T-part of LG is represented by a scalar using
Schur’s Lemma. Moreover, the lift of the 27-rotation from S* to R in LG x R commutes with all
elements of L@ since w is invariant under the action of Diff, (S1), thus it must be represented by a
scalar in any irreducible representation. Hence the generator of the R-part has discrete spectrum.
On elements of G x T < LG, when any positive-energy irreducible representation is restricted
to the lowest eigenspace H; with respect to R, we can define an invariant of the representation,
(X, k), where X is the lowest weight of G on Hj,, and k € R. All smooth? irreducible positive-energy
representations of LG are classified by an integer k called the level and the lowest weight A [PS86,
Theorem 9.3.5].

Actually, any positive-energy representation 7¢ is smooth [Zel15, Theorem 2.16]. This allows
one to pass to the positive-energy representation d7~¢ of Lg, and in particular, to the subalgebra
L'g spanned by e, ® = and ¢ (the central element), where e,(f) = € and z € g (see [Neel4,
Example 2.4] for these notations). Each operator in the range of the restriction of d#’C to LP°lg
preserves, and hence can be restricted to, the subspace H spanned by the eigenvectors of the
lift of rotations S'. On Hf", one can also construct a representation of the Virasoro algebra
{L, : n € Z} using the Sugawara formula [GW84, §2].

As we saw above, LG has a local trivialization, thus we can choose a neighbourhood U of
the unit element e of LG that trivializes LG as T-bundle. A (positive-energy) representation
7LG restricted to LG and composed with the inverse of the local trivialization can be seen as a
local multiplier representation of LG (“local” refers to the restriction to U): there is a 2-
cocycle ¢(y1,72) € T such that 7C(v)7L% () = (71, 7) 7% (1172) for 71,72 € V in a smaller
neighbourhood V C U such that V? C U.

Among the irreducible positive-energy representations, for each level k € N there is a special
case, A = 0, the vacuum representation denoted by 7 ;. In this case, the lowest weight vector
Q2 (the vacuum vector) is annihilated by Li, Ly, L_;. From this, we can construct a conformal
net [GF93, Section II1.9] by

A1) = {7ax(y) 1 v € LG}, IcC S,

where LG/ is the preimage of the subgroup LG of loops supported in I defined above.

2Later, we may omit the term “basic” and refer to LG just as central extension of LG.
3Let H> be the subspace of vectors such that the orbit map is smooth, hence on which the elements of Lg can
be applied arbitrarily many times [Neel0, Section 3]. A representation is said to be smooth if 7> is dense in H.
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Together with the (projective) representation U of Diff  (S!) generated by {L, : n € Z} by the
Sugawara construction and the vacuum vector Q, (Ag, U, Q) is a conformal net. It is called the
loop group net of GG at level k.

2.5 Example: Virasoro nets
2.5.1 The diffeomorphism group and the Virasoro group

Let us consider the group Diff ; (S*) of the orientation-preserving diffeomorphisms of the circle S*.
By identifying S = R/27Z, we can realize its universal covering group as

Diff  (S1) 2 {y € C*(R,R) : y(t + 27) = ¥(t) + 27, and for all ¢,~'(¢) > 0},

with the composition as group operation. The unit element in Diff, (S1) is the identity function
e(t) = t for every t € R. We can obtain Diff, (S!) by taking the quotient of Diff, (S!) with the
subgroup generated by (the lifts of) 27-rotation.

Diff, (S') can be given a structure of infinite-dimensional Lie group modeled on the Lie algebra
of smooth vector fields

Vect(S') :={f € C*(S",R)} 2 {f € C®°(R,R) : f(t+2n) = f(t) + 27},
[, 9]:=f'9—fg"

Topology and the manifold structure The Lie algebra Vect(S') is equipped with the topology
of the uniform convergence of all derivatives and becomes a topological (Frechét) vector space. The
neighbourhood system of 0 in Vect(S?) is generated by the following sets, where €, -+ , €, > 0,

MGO,"'&n = {f € veCt(Sl) : |f(])<t>| < €j7.j = 07' N, le [0727T]}

Correspondingly, neighbourhoods of the unit element e = id (for simplicity, we denote it as e
instead of em) is given by

Ue... o, = {7 € DIff [(ST) : |(y — )V (1) < ¢;,7 =0, -+ ,n, t € R},
where €, -+ , ¢, > 0 and ¥(t),e(t) = t are considered as elements in C*°(R,R) as above!. For
€0, "+ , €, small, the map v — v —e gives a coordinate around e. By acting on it by the left-regular
action, we obtain a chart on Diff ; (S!) that turns it in a Frechét manifold.

For each interval I C S', we consider the subgroup Diff, (I) C Diff  (S') of diffeomorphisms
supported in I (in this paper, by “support” of a diffeomorphism v we mean the closure of the set
of x € S! such that y(z) # z)

“Note that Diff | (S1) is a special case of the diffeomorphism group of a differentiable manifold M of all the
smooth maps M — M. It can be endowed with two different topologies, called weak and strong topology. When
M is compact, the two topologies are equivalent, cf. [Hirl2].

However, even if R is not compact, the two topologies inherited by C*°(R,R) coincide since we are considering
only a subgroup of C*°(R,R). One can show this fact by showing that a system of neighbourhoods of the identity
in Diff; (S1) is equivalent to a system of neighbourhoods of the identity of Diff , (S!).
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The central extension The Lie algebra Vect(S!) has a central extension R x. Vect(S?) with
Lie bracket [(«, f), (8,9)] = (c(f, 9),[f, g]), where

1
271

21
clh.9)i=—5 [ OG0+ 9" O
0
cf. [Zell5, Definition 2.17]. If one complexifies Vect(S!) by taking instead complex-valued smooth
vector fields on S, denoted by Vect(S!)c, then one can complexify R x. Vect(S!) to the central
extension of Vect(S!)¢ by R.
Since every f € Vect(S!) can be written as a Fourier series, without loss of generality, it is

enough to consider the monomials L, (f) := €. They satisfy the Virasoro algebra commutation
relations, cf. [Sch08, Chapter 5,

m(m? — 1)
————"0m,—nC,
12 —nC

[Lin, Ln] = (m — 1) Ly +
where C' is the central element in the R-part of the complexified R x. Vect(S?).
Correspondingly, the group Diff | (S') has a central extension, the Virasoro group Vir := R xg
Diff | (S1), where the Bott cocycle B is defined for Diff, (S') x Diff | (S1) [NS15, Section 4], [FHO5,
Section 3.1], by

21

~ 5 [ Toal( 022) (D)o 400

B(71772) =

that is, the group relation is given by
(a1,m) - (a2,72) = (a1 + a2 + B(71,72), 71 © 72).

Also here, Vir ~ R x Diff | (S') as manifolds, hence Vir is connected, simply connected and locally
path connected, and it is called the Virasoro group.

Note that, by simple calculations, the Bott cocycle between the lifts of rotations vanish. There-
fore, when restricted to (the lifts of ) rotations in Diff ; (S!), the central extension splits and we can
identify (the lifts of) rotations in the Virasoro group Vir. The group Vir admits localized subgroups
Vir, that are the inverse images of the simply connected subgroup Diff , (I) (diffeomorphisms sup-
ported in I C S*) of Diff, (S') with respect to the projection Vir — Diff | (S1).

2.5.2 Positive-energy representations

In the case of the Virasoro group Vir, we are interested in representations (continuous in the
strong operator topology) such that the subgroup of (the lifts of) rotations is represented with
positive generator, so-called positive-energy representations. Again any such representation 7V
is smooth in the sense of the infinite-dimensional Lie groups [Zell5, Theorem 2.18], [NS15]. One
can thus differentiate the representation #V* and pass to the Lie algebra representation dVir
of R x. Vect(S?), then restrict d7Vr to Vect(S') and complexify it to obtain a positive-energy
representation of the Virasoro algebra, which is a dense subalgebra of the central extension of

Vect(S')c by C. Any such irreducible positive-energy representation of the Virasoro algebra has
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been classified by ¢, the value the central element is represented by, and h, the lowest eigenvector
of the generator of (the lifts of) rotations, [GKO86, FQS86, KR87, NS15].

If h = 0, we denote by 7yj . the so-called vacuum representation of Vir. The Virasoro net
with central charge ¢ [Car04, Section 2.4] is then defined by

AVir,c<[> = {ﬁVir,c<7) e € Virl}lla I C Sla

where Vir; is the subgroup of Vir localized in I as above. Together with the (projective) represen-
tation U of Diff , (S') given by 7vi,. and the lowest weight vector €, again called vacuum vector,
(Avire, U, Q) is a conformal net.

2.6 General setting

Let either I' = LG or ' = Diff, (S1). In both cases, I' is a topological group, and for each proper
open interval I C S! there is a corresponding subgroup I'; C T of elements (either smooth loops
S1 — G or orientation-preserving diffeomorphisms S* — S') supported (“localized”) in 1.

We shall need the following property of localized subgroups: If I; and I, are two intervals
with disjoint closures both contained in the interval I3, then any element in I';, whose support is
contained in I; U I is a product of two elements supported respectively in I; and I,. We already
know that two subgroups I';,,T'z, of I' commute element-wise if [; N [ = (). In the respective
simply connected central extension I' = LG or T' = Vir (by T for LG and by R for Diff, (S1))
the preimages I';,, Ty, of I';;,T';, C T also commute element-wise. This follows because in both
cases ' = LG, Diff , (S1) the 2-cocycle of the corresponding Lie algebra is localized, that is, for two
elements &, & (respectively f, g) with disjoint supports, w(&;, &) = 0 (respectively c(f, g) = 0).

Let (A, U, Q) be a conformal net as in Section 2.2. We assume that there is a distinguished
(true’) strongly continuous unitary representation 7, of I' such that #o(I';) € A(I) (this 7, is
not necessarily irreducible), and assume that 7o(¢(H)) C T1, where ¢, H (either H = T for
LG or H = R for Diff  (S')) are as in Section 2.1. Furthermore, we assume that the projective
representation U of Diff, (S') giving the diffeomorphism covariance of A

1. either coincides with 7y when I' = Diff, (S1), when U is extended to Vir (see Remark below),

2. or makes @ covariant when I' = LG, namely® U([y])7o(A)U([7])* = To(Aoy71), for v €

Remark 2.3. Every positive-energy projective representation U of Diff, (S!) can be decomposed
as direct sum of irreducible ones, and every such representation is unitarily equivalent to the
projective representation Uy, ) for some fixed ¢ > 0 and varying h > 0, obtained by integrating
the corresponding Virasoro module [Wei05, Theorem 3.2.6], [Car04, Proposition 2.2|, cf. [Car(4,
Theorem A.2]. If we denote the corresponding representation Hilbert space as Hny, each U
is indeed a global multiplier representation of Diff , (S!) on H. ) defined through unitaries acting
on H.py [FHO5, Proposition 5.1]. Such representation is constructed thanks to the existence of
a global section of the central extension of Diff | (S1), which one can think of as a certain fiber

bundle over Diff, (S). One has the same cocycle ¢*B(+) for all summands, where B is the Bott
cocycle of Diff ; (S!) lifted to Diff, (S1), cf. Section 2.5.1, [FHO05, Section 3.1.3]. Thus the direct

®For a unitary representation 7 of a group I, the use of the world “true” means that 7(y1)m(y2) = 7(y172) for
every v1,7v2 € I.
6We think of Diff; (S') as the quotient of Diff | (S?) with the subgroup generated by (the lifts of) 27-rotation.
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sum gives a (true) unitary representation of the central extension Vir = R xg Diff , (S!) satisfying
the condition that the R-part is represented by a scalar. This gives the claimed extension of U
to Vir, that we denote by U. Moreover, by the assumption that U is a projective representation
of Diff, (S") (rather than Diff(S1)), it holds that U(0,75) is a scalar, where 75 € Diff | (S1) is
the lift of the 27-rotation. Lastly, note that U(Vir;) € A(I') = A(I) by conformal covariance and
Haag duality, where Vir; is the localized subgroup of Vir in the interval I C S!, see Section 2.2.

We take a DHR representation p = {p;} of the net A on #, as in Section 2.3. As each local
algebra A(I) is a type III factor, the representation pr of A(I) is a spatial isomorphism. Therefore,
pr defines a representation of I'; by unitary operators on H, by the formula

Tp1(7) = pr(fo(y)), for every y € I, (2.1)

and 7, 7(y) € T if and only if 7y(y) € T, since p; is a spatial isomorphism. By DHR compatibility
of the family p, see Section 2.3, the unitary 7, () does not depend on the chosen interval I C S*
as long as suppy C I.

The condition 7y(¢(H)) C T1, where ¢, H are as in Section 2.1, implies that 7, ;(¢(H)) C T1.
Indeed, by definition T'; is the preimage of I'; in T’ and the image of ¢ coincides with the kernel
of ¢ in the central extension T, thus 7, (¢(H)) is well-defined. Therefore, by taking a local
trivialization of I' (if I' = LG, see Section 2.4, if T' = Diff | (S1), it trivializes globally), from 7, s
we can define a local multiplier representation of I'; that we call 7,;. In Section 4, we show
that m,; extends to a local multiplier representation of I".  Note that the cocycle ¢ such that
o1 (V1) p,1(72) = (71, 72)7p,1(7172) does not depend on I, as it coincides with the cocycle of the
local multiplier representation 7y of I' defined by 7.

Examples. Any conformal net A as in Section 2.2 satisfies the condition (1) above by considering
I' = Diff ; (S!) in our construction.

If Ais an extension of the loop group net Ag j, then we can also take I' = LG and the vacuum
representation 7y = g of LG at level k satisfies the condition (2). Also in this case, U giving
the diffeomorphism covariance of A satisfies the above condition (1).

Further, note that in both the aforementioned cases, the DHR representation p is arbitrary.

3 Continuous fragmentations

For I' = LG, Diff , (S'), we will construct a continuous fragmentation: Let {I;};-1 23 be a cover of
the unit circle by non-empty open non-dense intervals such that every point of S! is in at most two
intervals at the same time as in Fig. 1. We find a neighbourhood U of the unit element e of I' and a
triple of continuous maps Z; : U — I, j = 1,2, 3, such that Z;(y) C I'z; and v = Z1(7)Z2(7)Z3(7)-

3.1 Continuous fragmentation of loop groups

Recall that, for a proper open interval I C S, LG; is the subgroup of LG of loops supported in
I, where the support is defined by suppy := {z € S : y(x) # eg} with e the unit element of G.

Lemma 3.1. There is a neighbourhood U of the unit element e of LG and continuous maps
= :U — LG such that



I

N

Figure 1: The covering {I;};—1 2,3 of the unit circle.

for every v € U, Z;(U) C LGy, and Ej(e) = e for every j = 1,2,3. Furthermore, if v € U has
suppy C Iy, then supp Zs(y) C I1 NIy and supp Z3(y) C I1 N I3 (but Z5() and Z3(y) need not be

e).

Proof. For the given covering {I;};—1 23 of the circle, let x; be a smooth function supported in I;
and such that y;(z) = 1 for x in a slightly larger interval than S\ I, U3 = (I;\ )N (I \ I3). Let
X2 be a smooth function supported in (I3 \ I3) U I5 such that xa(xz) = 1 for = in a slightly larger
interval than I \ 7.

Let V be a neighbourhood of e in LG homeomorphic via the exponential map Exp to the open
neighbourhood V' := Exp(V) ™" of 0 in Lg (see Section 2.4). Recall that the multiplication m,, by
a smooth scalar function y; is continuous as a map Lg — Lg. We define the following decreasing
open neighbourhoods of 0 in Lg:

o Vii={{cV:xi§£cV}=Vnm (V). This is open and non-empty, as it contains 0.

o Vo :i={e Vi :Exp(xa&)™t - Exp(&) € V} =Vin{€ eV :Exp(xi&)~! - Exp(§) € V}. This
is the intersection of the open set V) with the pre-image of a continuous map obtained as
composition of (continuous) group operations in LG, a local homeomorphism Exp from Lg
to LG and the scalar multiplication in Lg. Again this is open and non-empty because 0 € V5.

o V3 = {6 € Vy: xoExp ! [Exp(x1€)~! - Exp(¢)] € V}, which is open and non-empty by a
similar argument.

o Vi={¢€ Vs Exp (x2Bxp~! [Exp(xa€) ™ Exp(€)]) - Exp(x:€)~" - Exp(§) € V}, which is
open and non-empty by a similar argument.

Let U :=V, C V and set U := Exp(U) C V. Then U is an open neighbourhood of the unit
element e € LG. If v € U, then there exists n € U such that v = Exp(n). Define

e Zi(7) == Exp(x1n)
o S5(7) := Exp(x2Exp~! [Exp(x1n) " - Exp(n)])

o S3(7) :==S2(7) - E1(y) Tty = Exp(x2Exp ! [Exp(xan) - Exp(n)]) ' - Exp(x1n) - Exp(n).
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With these definitions,

e For # € S' such that y;(z) = 1, one has Zi(y) = 7. Moreover, supp=;(y) C I; and
Z1(y) € V since n € V; and x37 is supported in ;.

e Asn e U C Vy, Exp(x1n) ™' - Exp(n) € V and it is supported in I, U I3 because Exp(x17)
and Exp(n) coincide on {z € S*: x1(x) = 1}, which is slightly larger than S*\ (I U I3). As
ne U C Vs, Z5(y) € V and its support is contained in I5.

e For n € U = Vy, Z3(y) € V and its support is contained in I3 as ZE,(7y) coincides with
Z1(y)7! -~ on a slightly larger set than S*\ I3 = (I \ I3) U (2 \ I3). Indeed, this is immediate
for x € Iy \ I3, since xo(z) = 1 for x in a slightly larger set than Iy \ I3. Consider now
T e ]1\]3. If z € (Il\jg)ﬂlg C ]2\]3, then XQ(I‘) =1 Ifz € (Il\lg>\]2 :]1\(IQU13),
then = (y)(x) = ~v(z) for every z € I \ (I U I3), and therefore (Z;(7)™'y)(x) = eq =
Exp(0y) = Exp(xa(z)0g) = Z2(7)(x).

Then, it is straightforward to show that v = Z;(v)Z2(7)Z3(7). If supp~y C I, then by construction
supp(Z1(7)~'y) C I and then Z5(v) C I, N [;. Similarly, Z3(y) C 13N . O

Remark 3.2. In the proof of Lemma 3.1, n and x;n for j = 1,2,3 commute, namely [n, x,;n] =
[x;n, xxn] = 0 for j, k = 1,2,3 because the Lie bracket is pointwise and x;, are scalars. Therefore,
one can write

e =(7) = Exp(x1n)
e =5(v) = Exp(x2(1 — x1)n)

* S5(7) = Exp[(1 = (x1 + x2(1 = xa))n] = Exp [(1 = x1)(1 — x2)7]

and observe that Z3(y) is supported in I3 since x; # 1 and y2 # 1 for a slightly smaller set than
I U I3 and (I \ I3)" = I3 U I} respectively. These conditions hold at the same time on a smaller
set in (]2 U [3) N (]3 U Ié) = Ig.

Remark 3.3. Exp is a local homeomorphism between Lg and LG, but not between Vect(S!) and
Diff, (S'). Hence, the observations in the previous remark are no longer true for the diffeomorphism
group. Nevertheless, we carry out a similar construction in Section 3.2, but without using the
exponential map Exp.

3.2 Continuous fragmentation of diffeomorphisms

Recall that, for a proper open interval I C S, Diff,(I) is the subgroup of diffeomorphisms
v € Diff, (S') such that suppy C I, where supp~y := {x € S : y(x) # x}. For our purpose, we
need to adapt the results of [CDVIT21] (done for Sobolev difformorphisms of S') to Diff  (S?), cf.
also [DFKO04], [G1607]. For the convenience of the reader, we detail the arguments.

Let {I;};=123 be a cover of the unit circle as in Fig. 2, and write [; = (a;,b;) for a;,b; € S*.
We also take slightly smaller intervals fj = (aj, lA)]) C I; that still provide a cover of S*.

We now construct a fragmentation of the diffeomorphisms relative to the cover {I;};—1 23,
that is, continuous maps {=Z;};—123 defined on a small neighbourhood U of the unit element
epifr, (s1) € Diff 1 (S'), such that Z;(vy) € Diff (I;). By continuity, the image of each Z; can be

taken inside any other neighbourhood U of e by suitably restricting /. The precise statement is
the following.
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Figure 2: The covering of the unit circle and the subinterval of I;.

Lemma 3.4. There is a neighbourhood U of the unit element e of Diff  (S') and continuous
localizing maps Z; : U — Diff  (I;) such that

v = E1(7)Z2(7)Z3(7)

for every v € U, and such that =;(e) = e and supp Z;(~y) C I; for every j =1,2,3.
If v € U has supp~y C Iy, then supp Zo(y) C 1 N Iy and supp Z3(y) C 11 N I3 (but Ea(7y) and
E3(7y) need not be e). If suppy N (az, by) =0, then Z1(v)(0) = 6 for 6 € (ag, by).

Proof. The statement of continuous fragmentation is concerned with a neighbourhood of the
unit element e, hence we may work on the universal covering group Diff (S1) and its subgroups
Diff, (1;) = Diff, (I;) since Diff | (I;) is simply connected. Accordingly, we consider the realization
of Diff, (S') as a subgroup of C*(R,R) (see Section 2.5.1): By identifying S* with R/27Z, any
element v € Diff , (S!) can be identified with a smooth function v : R — R satisfying 7/(¢) > 0 and
y(t+27) = ~(t) + 27, where intervals in S' are identified with their inverse image in R, e.g., under
the covering map t — e R — S! sending [—7,7) onto S'. The unit element e (for simplicity,
instead of egFrery) Diff 4 (S") is the identity function e(t) =t for every ¢ € R.

Moreover, we may assume without loss of generality that, under the covering map R — S, the
extreme points of [; for j = 1,2 in St are such that 0 < a3 < by < 27 and 0 < ay < by < 27 modulo
27. By abuse of notation, a;, b;, a; lA)j will also denote points in R. Hence, in our convention, i.e.,
we identified 0 € R with a point in I3\ (I; U I) and our orientation on S' is anti-clockwise, we
have 0 < a1 < a1 < by < by < as < Ga < by < by < az < a3 < by < by < 27, see Fig. 2.

Let us take a smooth 27-periodic function D.; (where “c” stands for center) with D.;(t) =1
for t € [dl,IA)ﬂ, with support in (ag,b1), and 0 < D.1(t) < 1. Let 0 < Dy1(t) < 1 be another
smooth 27-periodic function (where “1” stands for left) with support in (a4, a;) and fo% D, (t)dt =
fadll Dy (t)dt = 3(a; — ay), which is possible because the interval (aq, @) is longer than £(a; — ay).
Similarly, let 0 < D, (¢) < 1 be a smooth 27-periodic function (where “r” stands for right) with
support in (by,b;) and fOQW D, (t)dt = [;bll D, (t)dt = 3(by — by).

For € > 0, we consider the following neighbourhood of e(t) = ¢ in Diff | (ST)

U, = {’y € DIt (S1) : [y(t) —e(t)| < e,|Y(t) — 1| <€ fort € [O,QW]} .

Note that U, is open in the uniform convergence of all the derivatives topology.
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Let v € U, and define the constant a;(y) by

) i= s 2o (s -an - [ ") - DDt (3.1)

a; — a;

It follows that

2 R
01 ()] € el + ) (32)

by definition of U, and

v(a1) = /Oal((v’(t) —1)Dea(t) + 14 ar(y) Dia(t))dt.

Similarly, define the constant (;(7) by

Ba(v)

2 - . b
= (bl —(by) - /b (7 (t) — 1)DC,1(t)dt) (3.3)

=2
b, — by

( /0 2W((v/(zf) —1)Der(t) + a1 (7)Dis(t)) dt) |

where the equality follows by using the definition of a4 () and the fact that D.;(¢) = 1 on [a4, 51]
It follows that

B < ——e(1+ by — bn) (3.4)

1_b1

and
by
= [0 = DD+ 1+ () Dus(t) + (1) D (),

where all integrals cancel but fobl 1dt = b,. Now, the function

0
m(0) = /O ((V(£) = D) Dea(t) + 14 on(y) Dra(t) + Bi(y) Dra(t))dt (3-5)

for 0 € R, satisfies 1 (0 4+ 2m) = 71(0) + 27. Indeed, one can rewrite v, (0 + 27) as y1(0) + 71 (27),
which gives the desired results observing that v, (27) = 27 and all the functions appearing, i.e., 7/,
D1, Dy, and D, ;, are 2m-periodic.

The first derivative of v,

71(0) = (¥(0) = 1)Dea(6) + 1+ aa(y) Dra(0) + 1 (7) Dra (0)

is positive if € < ¢ for a fixed €; estimated using (3.2) and (3.4). Therefore, for v € U, for € < €,
v, can be regarded as an element of Diff , (S!). It is also easy to check that ~; has the desired
properties, namely ~;(0) = y(0) for 6 € [a1,b1] and ~,(0) = 6 for 6 € [0,a;) U (by,2n], hence
suppy1 C Iy, i.e.,, v1 € Diff . (I;). Note that, for € < €, the assignment U, — Diff  (I1), v — 7
is continuous by (3.5), (3.1), (3.3) in the uniform convergence of all the derivatives topology.
Therefore, from now on we will assume € < €.
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For v € U, we set Z1(7) := 1. Next, we construct Z5(y). By the continuity of =; and the
inverse in Diff, (S!), the set U; . := {y € U. : 77 'y € U.} is a non-empty open neighbourhood of
the identity in Diff; (S1). Thus, for v € U, we define 7, similarly to (3.5), with 7, '7 instead of
~ and with I instead of I, as follows

Y2(0) == /0 (') (#) = 1) Dea(t) + 1+ ca(yy ') Dra(t) + Ba(v; 'v) Dro(t)] dt (3.6)

for € R, where D.o, Dy3, D;2,az, 3, are defined as before but on I instead of I; and (v 'v)(6)
instead of . In particular, we have

ao(yily) = 2 (w;lw(az)—az— /f((v;lv)'(t)—1>Dc,2<t>dt)=o (3.7)

Ao — G2

because, recalling that v, (6) = v(6) on [ay, 0] D [a, Gs], we have (77'4)(f) = 6 on the support
[az, Gz] of D.y and (77 ') (a2) = as.

Thus, 7, belongs to Diff, (S1), for a sufficiently small e. As before one has 7»(0) = (7, '7)(6)
for 0 € [ag, by), and v5(0) = 0 for 6 € [0, as) U (by, 27], thus supp s C L. In this way, we define the
continuous map Z(7y) 1= 7s.

We claim that (75 '977)(0) = 0 for 6 € [a1, by] U [ag, by]. Since we already know that 45 (0) =
A7 '9(6) for 6 € [ag, bs], we only need to check the claimed equality for 6 € [ay, by]. There it holds
that (7, '7)(0) = 6, therefore, we need to prove that v5(#) = 6 on [a1, b1]. To do so, observe that
(a1, 1] is the union of [ay, d2] and [ag, by] (see Figure 3). One can prove the desired equality on each
of these intervals using the definition (3.6) of 2, and using that v; () = @ (thus (y; *v)' () = 1)
for 6 € [ay, by).

([ ]1 \ I
(S )
a1 aq ag as by by by by
( )
: [ ’ \
I C = )
I,

Figure 3: The overlap of I} and I5.

Since {fj}jzl,lg is a cover of S', we have (fl Ufg)/ c Is. Therefore, if we set Z3(7) := 75 vy 7,
it is supported in fg C I3 and the map Z3 is continuous because it is a composition of continuous
maps. Moreover, v = Z1(7)Z2(7)Z3(7).

To show the last statements, let v € U with suppy C I;. Then, arguing as above, supp Za(7) C
(ZA)l, b1) C Iy N I, and supp Z3(7) C (a1,a;) C I; N I3. Next, assume that suppy N (ag, by) = 0. In
this case, it is straightforward that 51(7y) = 1 and ~,(6) = 6 for 6 € (az,by) by (3.5) (by noting
that 7/(0) = 1 for 0 € (as, b1)), concluding the proof. O

4 From DHR representations to local multiplier represen-
tations

Let (A,U,Q) be a conformal net, I' an infinite-dimensional Lie group, either I' = LG or I' =
Diff | (S1), I its universal central extension, 7y a (true) unitary representation of I', and p a DHR
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representation of A as in Section 2.6. Let U C I' be a neighbourhood of the identity element with
continuous localizing maps as in Lemma 3.1 or Lemma 3.4. By taking a smaller neighbourhood if
necessary (and call it again /), we may assume that U trivializes T', and we take a local continuous
section s : U — T, where o s =1id on U and ¢ : T — T is the projection in the central extension.
The map 7y := 7y 0 s can be seen as a local multiplier representation of I' with T-valued cocycle
¢, satisfying mo () mo(v) = c(v, ) mo(yy') for v,~" € U, cf. Section 2.1.

For simplicity, we write v; := =Z;(7), for v € U and j = 1,2, 3, where the neighbourhood U of
identity element e € I' and the localizing maps Z; are as in Lemma 3.1 or Lemma 3.4, subordinated
to the cover {I;};—123 of S*. Recall the unitary representation 7, ; of ['; for each proper open
interval I C S' defined in (2.1) from a given DHR representation p of A. This gives a local
multiplier representation m,; of I'y, such that 7,; = 7,705 = pr o7y o s = p; o my, using Section
2.1 and (2.1).

We define a map 7, on U by

To(7) 7= Ty (1)1, (V2) T 15 (V3) (11, 72) (172, 73) ™ (4.1)
where we recall that ¢ does not depend on I, see Section 2.6. We need a preliminary lemma.
Lemma 4.1. If v € U has suppy C Iy, then m,(v) = 7,1, (7). Moreover, if suppy C 1N (1o U13),
then m,(y) = Tp,1, () = Tp, 101, (7)-

Proof. 1f suppy C I, then suppve C I1 N Iy and suppy3 C I; N I3 by Lemma 3.1 or Lemma 3.4,
where both I; N I and I; N I3 are (proper connected) intervals. Hence, since for every I C U the
section s maps I'; in I'; and we assume that 7T0(F]) C A(I), we have my(y2) € A(I; N 1) and
mo(y3) € A(I; N I3), since s(I';) € Ty and 7o(I;) € A(I) for all I € Z. By the compatibility
condition of the DHR representation

(e, 73)_1
c(v1,72) te(nye, vs) !

\/

WP('V) = Tp,1, ('71)7Tp I ('72)7/)7 5 (13)e(71, 72
= pr, (70(11))pr (To(12)) P13 (0 (73)

)

(

o~~~
~— ~—

= pr, (mo(1))pr, (mo(72))pr, (mo(73) C( 1,72) " (e, 78) 7

= o1, (V) Tp,1, (V2) T, 1, (V3) (71, 72) ™ (e, vs)

= 7,1, (), (4.2)
since 7, 1, is a local multiplier representation of I'7,. If, moreover, supp 7 is contained in the disjoint

union (I3 N I3) U (I3 N I3), then 7 in the fragmentation of 7 is actually a product of two elements
M = Y1,271,3, Where suppy; ; C Iy N1, j = 2,3. Again by the DHR compatibility condition

\_/

To,Ih (’YLJ‘) = 011(7?0(71,3')) = melj(ﬁo(%,j)) =PI (WO(%J))
= prus(To(714)) = Tp. oz (V1,5)-
Therefore,
Tp,Iy (1) = Tp, 1, (71,2)7%,11 (71,3)0(71,27 71,3) = Tp,IrUIs (71,2)7Tp,12u13 (71,3)0(71,27 71,3)
= Tp,IUIs (’71,271,3) = Tp,IUI3 (71)7
and hence
To(Y) = Tp1, (V) Tp.1,(V2) 70,1, () (71, 72) (172, 73) ™!
= Tp, Ul (71)7%,12 (’72>7Tp,13 (v3)e( 7, 72)710(7172, ’73)71
= Tp, LUl (7)a

where we used the fact that 7,7, (7;) = pfj(ﬂo(yj)) = prurs(mo(7;)) = Tonun(v;) for j=2,3. O
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The key idea to construct a new representation of I' is that the local multiplier representations
{m,.1} of the subgroups {I';} of elements localized in I defined through a DHR representation p can
be glued together, see (4.1). Yet, there is a concern that the cocycle does not match on the whole
circle S* and 7, is no longer a local multiplier representation. We will exclude this possibility by
exploiting the fact that the cocycle is completely determined by localized elements and by using
the localized unitary equivalence between 7, ; and the vacuum representation .

Theorem 4.2. There is a sufficiently small neighbourhood V C U such that the map m, defined in
(4.1) restricted to V does not depend on the decomposition v = 1273, where v; € V, and 7; has
support in I;, 7 = 1,2,3. Moreover, the map m, is a local multiplier representation of I', namely,
fOT’ v P)/ € V;

To(NT(V) = e(v,7)m (7)),

where ¢ 1s the same cocycle of the local multiplier representation .

In the following proof, “local” refers to neighbourhoods of the group I', while “localized” is
about the supports of group elements.

Proof. Let V be a neighbourhood of er such that there is a large enough n € N such that V" .=
V.-V CU. Let v = v17y7; be another decomposition, where again «; € V and v} has support in

n-times

I;. As it holds that v v 'y 'Yivhys = er in T and mo(7; ") = (71,95 ) mo(n)*, we set

(V1725 135 V1 Vo Vs) = o (V3) o (2) *To (V1 Y1) o (V4) o (V4)-

Using the assumption (see Section 2.6) that 7(¢(H)) C T1, where ¢, H are as in Section 2.1, we
see that ¢(v1, 72, 73,71, 75, 75) € T. On the other hand, in the vacuum representation my we have

10(71’727 v3) 7

c(Vivs,v5)

mo(7) = mo(11)70(72)m0(Vs) (71, 72)

= mo(Y)mo(va)mo(v5) (71, 75) "

where the local multiplier representation 7y is defined in the beginning of this section. Therefore,
the following relation involving the cocycle ¢ from the vacuum representation 7y holds

(71,72, Y3, V15 Vo V) Y ey, ) el v2) e, 1) e(n, va) T e(Vives vs) T

=1, (4.3)

where c(y1, Y2, 3,71, V4, %) € T is defined above.
Now we take two decompositions v = 717273 = 717475. Note that 7, is unitarily equivalent
to mo|r, on any proper interval I as p; is spacial (see Section 2.3), therefore,

Tor (1) Tpn (71) = (1 v (v ) o ('), (4.4)

and that ;') = 27375 75 has support in I; N (I; U I3). Then we can again use the unitary
equivalence between 7, and my on I, U I3 and Lemma 4.1 to obtain

To15(98) 7,1, (V2) Ty (V7 Y1) 12 (V9) T 15 (73)
* * —1_7 / /
= Tp,I,UI5 ('73) Tp,IoUI5 ('72) Tp,IoUI5 ('71 71)7Tp,12UI3 (/72)7Tp,12UI3 (73)

= (71,72 V35 V15 Vo V5)-
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Using (4.3) and (4.4), the above computations lead to the equality

-1

Tp, 11 (71)7%,12 (72)7%713 (v3)e(y1,72) (e, 73)_1
/I\—1

= T 1, (V)01 (V3) T2, (V) (01, V8) ™ (Y375, 73)

In other words, 7, is well-defined on V.
Next we show that 7, is a local multiplier representation of I' in V. Let v,7" € V and we take
! A

decompositions v = y17273,7 = V17575 We first look at the product ~37). This is supported in
Iy U I3. We can find another decomposition 37 = 77y3, where v} is supported in [;. Indeed,
using the map =; from Section 3 and by shrinking I if necessary such that I, Nsuppy; = 0 we
can define 7] = Z;(v37) supported in I;. We now define v§ = (7{) 'v37, and we show that ~4 is

supported in I35. We treat the two cases separately:

e The case of I' = LG: following Lemma 3.1, Z1(v37;) = Exp(xi1n), where y; = 1 on a
slightly larger set than S'\ (I, U I3) and n € Lg such that Exp(n) = v3v;. Hence, y37;(0) =
Z1(7371)(0) implies v4(0) = eq, which holds on S'\ (I, U I3). For § € I, \ I3, one has
v3(0)v1(0) = eq since 3 is supported in I3 and 44 is supported in I; \ I,. Altogether,
v4(0) = eq on S*\ I3.

e The case of I' = Diff ; (S!): following a similar argument as in the case of I' = LG, but
using Lemma 3.4, we again have that 3(6) = 6 where 4371 (0) = Z1(7377)(#). We know that
v3y1(0) = =1 ( 371)( ) on [ay,by] = I, hence supp~y € S*\ I. Moreover, in (ag,bi) C I
we have ;(f) = 0 (since the support of 7] is disjoint from Iy by assumptlon) and v3(6) =0
(since (ag, by) is disjoint from (as, b)), thus v37;(0) = 6 for 6 € (aq, b)) and by the last part
of Lemma 3.4 Z1(v371)(0) = 0 as well, showing that v4(6) = 0 for 6 € (ag,b1). Altogether,

suppy4 C (I U 13) \ (fl U (ag, b1)) C Is.

By repeating the above argument to 57y, by shrinking I3 if necessary such that I3 Nsupp~; = 0,

we obtain a decomposition v{"74" where 1", 74" are supported respectively in I; and . Swapping

the role of I; and I, we can construct a new decomposition for v5+5 following a similar argument.
In conclusion, we have

Y = MY YsVive Vs
= V1YY Vs Vo Vs

ne_n_m_ i _ 1

=771 V2 V2 V3 V3

where 77", 77" are supported in ;.
" " "

Agaln there are (s, v, 77, V4 )s (2 Y1V Vo) (Vs s va, 75" 4" ) € T that satisfy the follow-
ing relations in the vacuum representation

mo(78)mo(71) = mo(v])mo (Vs ) (Vs V1 V15 V5)s
To(2)mo(7)) = mo(1)mo (v )e(v2, 71, 18 ),s

" "

To(V5)mo(75) = To(V5" ) mo (V5" ) e(Vy , V5, V5" s vs")-
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Therefore,

(7,7 mo(vY)

= 7o(7)m0(7)

= c(71,72) " e(1av2, v8) T e(VE, 7a) T e(1 s, V)
x mo(71)mo(Y2) ™o (3) ™o (1) ™o (V2) ™o (73)

= c(71,72) " e(rv2,v8) T e(V1, 78) T (1, V)

X (Y3 V1, 1> V3 ) (V2 VIV v )e(Ys s Ve Va5 Vs )

" " " "

X 7?0(71)7&)(71 )0 (73 )mo (e )mo (75" ) mo(73)
= c(71,72) " (12, v8) T e(V1, 78) T (1, V)

X 6(737 717 71/7 73) (727 71 ) 71//7 P)/g/) (73 727 ’Yg//7 72/3///)

" " " " _ 1 mnt_1

X C(’Yla%”) (72,73 ) (73 7’73) mo(177")mo(Va Vo )7 (75" ¥3)
= c(71,72) " (2, s) eV 78) T e(g, v8) T

X 0(737 717 71/7 73) (727 71 ) 71”7 73/) (73 ) 727 ,}él//, 7;///)

" " " " " _ 1 mn_mn_ mn_1

X (v, )e(vs s v e s e s e Ya el Ve e s vs) - mo(vY'),s

-1

-1

-1

or equivalently, the following relation between scalars holds

c(7,7) = c(y,72) ez, v3) T re(v, ) (Ve va) T
" "

T o e L e 0 Tl (o T N G (0 Tl T s A
X (1,71 )e(vy s )e(vs vs) - el ve v ) ey Vs e v )

Now, in order to show that 7, is a local multiplier representation, we only have to compute

7Tp(7)77p('7/)

= c(71,72) " (2, v8) T e(VE, v8) (1, vs) T
X 7o (71) 7o (72) 0 (43) 0 (1) 0 (75) T (75)

= c(71,72) " e(ny2, 13) " e(11,75) T (72, 75)

X Tp (1 )7Tp (71”)7% (75/) Tp (VQ///) Tp (’Yém) Tp (Vé)

" " " ///l)

X (V3,715 71> 78 ) (Y2, Y11 Ve )e(Vs Yo, Va5 Vs
= c(7,7") (e, W)y s v eV As) - el Ve e(ny vy ) T

X (7)o (N )T (72 )T (e )T p (15 )0 (73)
= c(7,7) (e 155 Ve 5 s A )

mne_r

X () (Ve Ve )T (Vs 5)
= c(7,Y)m(vY")

-1

-1

where we used local equivalence between 7, and 7 in the 2nd (on I3 U Iy, I, U Iy, and I3 U I5)
and 4th equalities (on I, I, and I3), the previous scalar relation in the 3rd equality, and the
well-definedness of 7, (independence on the partition of an element of I' into localized elements)
in the 5th equality. O]

Koster states that a DHR representation induces a projective representation of Diff, (S!)
[K6s03, after Proposition II1.2]. In comparison, here we construct a local multiplier represen-
tation in the case I' = LG, Diff  (S1), with the same cocycle as that of the vacuum representation.
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5 Some applications

5.1 Group representations from DHR sectors

Let (A,U,Q), I' (either LG or Diff { (S1)), 7o, p be as in Section 2.6. In Section 4, we obtained
a local multiplier representation m, of I' on the Hilbert space H, of the DHR representation p.
Furthermore, denoted by U the extension of U (projective representation of Diff,(S)) to Vir,
we have that U(Vir;) € A(I), and that the lift of the 27-rotation is a scalar (see Remark 2.3).
Therefore, given any conformal net (A, U, Q) and one of its DHR representations p, the construction
in Section 4 can be applied to the extension U of U to Vir, giving a local multiplier representation
U, of I' = Diff ; (S1). In the case I' = LG, the local multiplier representation U, of Diff | (S!) makes
7, covariant, since we assumed that U makes 7, covariant. Note that for a generic conformal net

(A,U,Q), we assumed U = 7.

Theorem 5.1. The map 7, defined in (4.1) extends to a unitary positive-energy representation of
r (either LG or Vir) denoted by 7,. Furthermore, if this construction is applied to U, above in
place of w, and if p is factorial’, then U, induces a projective representation of Diff 4 (S'), i.e., the
lift of the 2m-rotation is scalar.

Proof. AsT is connected, simply connected and locally path connected, 7, in Theorem 4.2 extends
to an everywhere defined unitary representation 7, of r by Lemma 2.1. Similarly, denote by U
the unitary representation of Vir extending the local multiplier representation U, of D1ff+(51)
constructed in Theorem 4.2. In the latter case, since Vir = R xg Diff; (S1) has a global section,
U, can be extended everywhere in Diff | (S!) as a global multiplier representation, again denoted
by U,.

Weiner showed that any DHR representation p of a conformal (diffeomorphism covariant) net
has positive energy, cf. [Wei06, Proposition 3.8]. Note that the implementation of diffeomorphisms
as a projective representation used in [Wei06, Proposition 3.3] is given by [DFKO04|, whereas our
construction applied to U seen as local multiplier representation of I' = Diff, (S1) fixes the phase
in Weiner’s implementation. Thus, by our implementation of the Mobius group sitting in Vir, the
representation U , of Vir becomes a positive-energy representation.

o If T' = Diff  (S1), this gives the positivity of energy, where we take 7, as U,.

o If I = LG, we see that U , satisfies the covariance relation with 7, in any interval I, since 7
is coviariant with respect to U. Thus it satisfies covariance in LG. Then the representation
(7p,U,) of LG x Vir (restricted to LG x R) has positive energy.

Assume that p is factorial. We denote by 7, € Diff  (S') the rotation by ¢t € S' and by 7
the lift to Diff  (S1) of the rotation by ¢ € R (we are first given ¢ € R and ¢ is its quotient by
277Z). Recall that for ¢ € R and t = /27Z, it holds that AdU,(r)(pr(2)) = prr(AdU(7)(x))
for any x € A(I),I € Z. If t is a lift of the 2r-rotation, then it holds that AdU,(m)(ps(x)) =
pi(AdU(r)(x)) = pi(x). This implies that U,(r) € (Ujezpr(A(I))). As one can write 7
as a product of diffeomorphisms localized in intervals with disjoint closures, one has U,(7) €
(Urer ,01(.,4([)))” too. As p is factorial, this implies that U,(7;) € T1 and we can see U, as a
projective representation of Diff | (S?). O

"p is factorial if (J;ez pr (.A(I)))H is a factor, i.e. a von Neumann algebra with trivial center.
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Zellner showed that, assuming the (unpublished) results of [Gl1615] (see [Zell5, Reference 6]),
any positive-energy representation of LG is smooth [Zell5, Theorem 2.16]. Let I' = LG, Ty = gk
the vacuum representation of LG at level k. Let p be one of the DHR representations of the
loop group net. Assuming the result of Zellner, we can show that the representation 7, of LG
constructed above has the same level k. Indeed, as 7, has positive energy by Theorem 5.1 and 7,
is smooth, it is the direct sum of irreducible representations with the same level, constructed and
classified in [PS86]. The cocycle coincides with ¢ of the vacuum representation 7¢ , therefore, it
has level k£ as well. This result has also been proved by Carpi and Weiner by different methods,
and is to appear in [CW].

In [Hen19], for A = Ay, I' = LG, and a DHR representation p of A x, a corresponding level &
positive-energy representation of LG has been constructed. Here we extended the result to include
also chiral extensions of the loop group nets Agy, using the argument of local representations
instead of colimits.

5.2 Conformal covariance of DHR representations

Let A be any conformal net as in Section 2.2, I" = Diff, (S1), and p = {p;} be a DHR representation
of A as in Section 2.3. We say that p is diffeomorphism covariant if there is a projective
representation W, of Diff { (S') on H, (the representation space of p) such that for any I € Z and
z € A(I) it holds that p,;(AdU(y)(x)) = AdW,(v)(pr(x)).

It turns out that diffeomorphism covariance is automatic for factorial p (consequently, if p is a
direct sum of irreducible representations). By Theorem 5.1, we can choose W, to be the projective
representation of Diff { (S') on H, induced by U,. Indeed, let x € A(I) for some I € Z. Let U be
a small neighbourhood of Diff, (S') as in Lemma 3.4. There is a smaller neighbourhood V of U
such that any v € V can be written as v = 7172, where «; are supported in I; € Z, j = 1,2, where
LUl, =8 TCI,vI CI and v; € U (cf. Lemma 3.4). In this situation, LN T = (D and we
have (the cocycle appears with its conjugate thus it cancels)

py1(AdU(y)(z)) = pr, (AdU(y)(x))
= pr,(UM)2U (%)) = pr,(U(1)U(2)aU (32) U (1))

(U(r)zU(n)*) = Up(r)pr(z)Up(m)*
U,

= U,(m)U,(72) pr(2)Up(72) " Up(m1)*
= AdU,(7)(pr(z)).

This proves the desired covariance relation for p.

In [Gui21], Gui defines and proves “conformal covariance” of a DHR sector p (; in his notation)
as the existence of a representation W, of a central extension G4 of Diff, (S?) such that W,(y) =
p1(U(7)) for ~ in the group G4(I) ([Gu121 Theorem 2.2]). This property follows also from our
construction, and indeed we can take Wp =U », as G4 is a certain quotient group of the universal
central extension Vir.

5.3 Naturality of covariance cocycles

Let p = {pr},0 = {0} be DHR representations of a conformal net A as in Section 2.3. Without
loss of generality, assume that they are “localized” respectively in Iy, Iy € Z, i.e. py = po and
o1, = po, where py is the vacuum representation of A (in particular, the representation spaces H,,
and H, are both H,). In particular, py,, oy, are endomorphisms of A(l7), A(l3) respectively, as in
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Section 2.3. Assume further that I; U I, C I for some proper interval I € Z. Then, both p; and o;
are endomorphisms of A(/) and every intertwining operator V' between the DHR representations
pand o (i.e. V € B(Hy) such that Vp;(x) = o,(x)V for all z € A(J) and J € ) belongs to A(I).
Indeed, Vo = Vpp(z) = op(z)V = 2V for every x € A(I'), hence V € A(I') = A(I) by Haag
duality.

For a DHR endomorphism o and « € Diff, (S!), we define the covariance cocycle z,(vy) =
U(7)Uy(7y)*, where U, U, are global multiplier representations of Diff, (S1) on H, from Theorem
5.1. By definition, z,(7) is a unitary intertwiner between ¢ and o7 := AdU(y) o 0 o AdU(y71).
Note that if o is localized in I € Z, then ¢7 is localized in yI € Z.

As a consequence of the fact that U and U, have the same cocycle ¢ by our construction, the
unitaries z, () satisfy the covariance cocycle identity:

Zo(N172) = U(’Yl’Yz)U (7172)"
= ¢(71,72) T U (1)U (v2)e(1,72)Us (2) Us (1)
= U(m)U(12)Us (72) " Us ()"
= U(m)U(2)Us(72)"U (1) U (71)Us (1)
= AdU(m)(25(72)) - 20(m1),

where we used the equality Us(7172)* = ¢(71,72)Us(12)*Us(71)* and c is the same cocycle of U.
Another consequence of our result for I' = Diff, (S1) is that the covariance cocycles satisfy the
following naturality property: z,(y)V = V7z,(v) for every v € Diff (S') and V intertwiner
between p and o, where V7 := AdU(v)(V) is an intertwiner between p? and ¢7. Indeed, if
~ € Diff, (1), we have U,(y) = o, (U(y)) and

z2(MV =UM)Us(7)'V

U)o (U()")V
U)Vpr(U%)Y)
=AdUM)(V)-U()pn(U()")
V72p(7)-

If v € Diff { (S!) is v = 7172 - - - 7 With 7; localized in some interval I;, then z,(y172 -+ 7))V =
Vzing (4172 - - - ,) using the covariance cocycle identity.

This property of the covariance cocycles is a necessary ingredient to show that certain extensions
of a conformal net are again diffecomorphism covariant, see e.g. [KL04a, DG18, MTW18, AGT23].
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