Analysis and Mathematical Physics (2021) 11:12
https://doi.org/10.1007/s13324-020-00429-5

®

Check for
updates

Positive energy representations of Sobolev diffeomorphism
groups of the circle

Sebastiano Carpi' - Simone Del Vecchio' - Stefano lovieno? -

Yoh Tanimoto'

Received: 2 July 2019 / Revised: 23 October 2020 / Accepted: 29 October 2020
© The Author(s) 2020

Abstract

We show that any positive energy projective unitary representation of Diff ; (S')
extends to a strongly continuous projective unitary representation of the fractional
Sobolev diffeomorphisms D*(S!) for any real s > 3, and in particular to C*-
diffeomorphisms Diff]_i(S 1y with k > 4. A similar result holds for the universal
covering groups provided that the representation is assumed to be a direct sum of
irreducibles. As an application we show that a conformal net of von Neumann alge-
bras on S! is covariant with respect to DY (S 1y s > 3. Moreover every direct sum of
irreducible representations of a conformal net is also D* (SH-covariant.
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1 Introduction

The group of (smooth) diffeomorphisms of a manifold has been extensively studied
and there have been many interesting results concerning its algebraic and topological
properties, see e.g. [31]. Among them, the group Diff ; (S!) of orientation preserving
diffeomorphisms of the circle S is of particular interest in connection with conformal
field theory. In (1 + 1)-dimensional conformal field theory, the symmetry group of the
chiral components is Diff , (R) and often this can be extended to Diff ; (S'). As this
group contains spacetime translations, the relevant representations must be positive
energy representations and they act on the space of local observables. The representa-
tion theory of positive energy representations has been exploited for construction and
classification of a certain subclass of conformal field theories, see e.g. [24].

Non-trivial positive energy representations of Diff , (S') are necessarily projective.
Any irreducible unitary positive energy representation of the Virasoro algebra extends
to a projective representation of the Lie algebra Vect(S'), the Lie algebra of vector
fields on S!, and it integrates to a positive energy projective unitary representation of
Diff +(Sl) [19,36,45]. It follows from [5, Theorem A.2], see also [7, Section 3.2], that
all irreducible positive energy unitary projective representations of Diff . (S!) arise in
this way. Accordingly they are completely classified by the central charge ¢ and the
lowest conformal energy i [26]. Related results including reducible representations
have been recently obtained in [35,49].

These representations of Vect(S 1) extend to certain non-smooth vector fields as
linear maps [8]. Apart from that this fact had many applications (e.g. the uniqueness of
conformal covariance in conformal nets [8], positivity of energy in DHR sectors [47],
split property in conformal nets [34] and covariance of soliton representations [10,21]),
it leads naturally to the question whether the group representations extend to suitable
groups of non-smooth diffeomorphisms. In contrast to the wide range of results and
applications concerning the algebraic, analytic and topological properties of the group
Diff’jr(M ) of Ck diffeomorphisms and D* (M) of Sobolev class diffeomorphisms (see
e.g. [2,14,16,28,32]) and some results on (true) representations [1,23,27,29], there
appears to be only few results in the literature on positive energy representations
of these groups. Indeed, D* (M) is an infinite-dimensional manifold modelled on the
space H* (M) of H*®-vector fields, which is not a Lie algebra with the usual Lie bracket
for Vect® (M). This makes the study of representations of D* (M) rather subtle.

In this paper, we show that any positive energy (projective) representation of the
diffeomorphism group extends to D*(S') for s > 3. We do this first in the irreducible
case by considering the action of D*(S') on vector fields, and therefore, by exploiting
the representation theory of the Virasoro algebra. To obtain the result for the general
(reducible) case, we show that the irreducible projective representations which have the
same central charge ¢ can be made locally into multiplier representations with the same
cocycle and this allows us to take the direct sum of these projective representations.
It turns out that conformal nets are covariant with respect to this extended action.

For some special representations appearing in Fock space, further extensions have
been done first to C3-diffeomorphisms [46], thento D* (S 1y s > 2[10]. The arguments
depend on realizing these representations in some specific conformal field theory, and
it is open whether the results are valid for general central charge c. In contrast, by our



Positive energy representations of Sobolev diffeomorphism... Page 3 of 36 12

argument, representations extend to D* (S1) for any real s > 3 and for any ¢. While the
extensions to D*(S') do not necessarily act nicely on the Lie algebra representations
when 2 < s < 3, they do so and are differentiable when s > 3.

Indeed, our proof follows in part the strategy in [19] for the integrability of the rep-
resentations of the Virasoro algebra. The extension to non-smooth diffeomorphisms
then follows from the above mentioned extension to non-smooth vector fields of the
corresponding projective representation of Vect(S') given in [8]. Actually, our argu-
ment can be used to give a simpler proof of the results in [19], see Remark 3.8.

This paper is organized as follows. In Sect. 2, we recall the relevant groups and
algebras, their topologies and representations. In Sect. 3, we first extend the irreducible
projective representations of Diff , (S') to D*(S!) withs > 3. Then we lift them locally
to multiplier representations, and show that the direct sum can make sense as projective
representations. Section 4 demonstrates that two-dimensional chiral conformal field
theories described by conformal nets of von Neumann algebras have this extended
symmetry of D*(S'). We summarize possible further continuation of this work in
Sect. 5.

2 Preliminaries

2.1 Diff (5") and the Virasoro algebra

The diffeomorphism group.  Letus denote by Diff , (S!) the group of orientation pre-
serving, smooth diffeomorphisms of the circle §':={z € C : |z| = 1} and Vect(S")
denote the set of smooth real vector fields on S!. Diff | (S') is an infinite dimen-
sional Lie group whose Lie algebra is identified with the real topological vector space
Vect(S!) of smooth vector fields on S! with C* topology [31]. In the following we
identify Vect(S') with C*°(S!,R) and for f € C*>(S', R) we denote by f’ the
derivative of f with respect to the angle 6,

4 _ d i0
@)= @f(e )

elf=z

We consider a diffeomorphism y € Diff, (S') as a map from S' to ' ¢ C. With
this convention, its action on f € Vect(S') is

Fr ). (2.1)

Ei(p:V—l (eig)

. . d .
(e ) () = —ie™? <@y(6”")>

We denote by Diffﬁ(Sl) the group of C¥-diffeomorphisms of S'. Note that this is
not a Lie group, and indeed, the corresponding linear space Vect*(S!) of C*-vector
fields is not closed under the natural Lie bracket (see below).
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The universal covering group of Diff (S 1 (resp. Diff’j_(S ), Diff , (S!) (resp.

Diff’i(Sl)), can be identified! with the group of C*°-diffeomorphisms (resp. C*-
diffeomorphisms) y of R which satisfy

y(@ +2m) =y(@©)+2n.

If y € Diff  (S1), its image under the covering map is in the following denoted
by y € Diff | (§), where y (¢/?) = ¢!V @ Conversely, if y € Diff . (S!), there is an

element y e Diff, (S!) whose image under the covering map is y. Such a  is unique
up to 27 and called a lift of y.

The group Diff(S!) admits the Bott-Virasoro cocycle B : Diff, (") x
Diff , (S') — R (see e.g. [15]). The Bott-Virasoro group is then defined as the group
with elements

(y,1) € Diff (") x R
and with multiplication

(y1,11) - (2, 2) = (V1y2, t1 + 12 + B(y1, ¥2)).

Note that, given a true (not projective) unitary irreducible representation V of the
universal covering of the Bott-Virasoro group, one can obtain a unitary multiplier

representation2 V(y) := V(y,0) of Diff { (S) (with respect to the Bott-Virasoro
cocycle B). Then the map V : Diff, (S!) — U (H) satisfies

V)Y(p2) = e BA2y (319),

where ¢ € R by irreducibility.

The Lie algebra.  The space Vect(S') is endowed with the Lie algebra structure with
the Lie bracket given by

[f.el=f'g— fg.

As a Lie algebra, Vect(S') admits the Gelfand—Fuchs two-cocycle

1 . ; . ,
o(f,8) = 70— /S (SN () = £ )g(e!"))db. 22

! The realization of Diffﬁ_(S 1y works in the same way as Diff 1 (S 1y as in [45, Section 6.1], see also [20,
Example 4.2.6].

2 For the definition of unitary multiplier representation see Sect. 2.4.
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The Virasoro algebra Vir is the central extension of the complexification of the
algebra generated by the trigonometric polynomials in Vect(S') defined by the two-
cocycle w. It can be explicitly described as the complex Lie algebra generated by L,,,
n € Z, and the central element «, with brackets

l’lS—I’l

[L,,Lyl=0m—m)Lyym + 8n+m,OTK-
Consider a representation p : Vir — End(V) of Vir on a complex vector space V
endowed with a scalar product (-, -). We call p a unitary positive energy represen-
tation if the following hold

1. Unitarity: (v, p(Lp)w) = (p(L_,)v, w) forevery v, w € V and n € Z;

2. Positivity of the energy: V = D, cg, oy V2> Where Vi:=ker(p(Lo) —Aly). The
lowest eigenvalue of p(Lo) is called lowest weight;

3. Central charge: p(k) = cly;

There exists an irreducible unitary positive energy representation with central charge
¢ and lowest weight & if and only if ¢ > 1 and 2 > 0 (continuous series repre-
sentation) or (¢, h) = (c(m), hp 4(m)), where c(m) = 1 — m, hpq(m) =

2
(P(m;rnlgn:z’r; =L om = 3.4, ... p=12....m—1,qg =1,2,...,p, (discrete

series representation) [26][11]. In this case the representation space V is denoted by
H" (¢, h). We denote by H(c, h) the Hilbert space completion of the vector space
HO (¢, h) associated with the unique irreducible unitary positive energy representa-
tion of Vir with central charge ¢ and lowest weight 4.

In these representations, the conformal Hamiltonian p (L) is diagonalized, and on
the linear span of its eigenvectors 1" (c, &) (the space of finite energy vectors), the
Virasoro algebra acts algebraically as unbounded operators.

The stress-energy tensor. Let H(c, h) as above and, with abuse of notation, we
denote by L, the elements of Vir represented in H(c, h). For a smooth complex-
valued function f on S! with finitely many non-zero Fourier components, the (chiral)
stress-energy tensor associated with f is the operator

T(f)=) Luf

nez

acting on H(c, h), where

A moge .
fn :/ _e—l)’l@f(ele).
0 21

The stress-energy tensor 7' can be extended to a particular linear space of functions
strictly containing the set of all smooth functions, and when f is areal-valued function,
T (f) is essentially self-adjoint on " (c, ) [8]. This fact will be used in this article
and will be thus resumed in some detail in Sect. 2.2.



12 Page60f36 S. Carpietal.

It is a crucial fact that the irreducible representations H(c, h) of Vir integrate to
irreducible unitary strongly continuous representations of the universal covering of
the Bott-Virasoro group [15]. In other words, denoting by ¢ the quotient map ¢ :
U(H(c, h)) = U(H(c, h))/C (we denote by U/ (K) the group of unitary operators on
IC), there is an irreducible, unitary, strongly continuous multiplier representation U of

Diff , (S!), the universal covering of Diff (S 1, such that

q(UExp(f) =g W)

for all f € Vect(S'), where Exp is the Lie-theoretic exponential map of Diff ; (S')
(see [31)).

For the stress-energy tensor 7', we have the following covariance [15, Proposition
5.1, Proposition 3.1].

Proposition 2.1 The stress-energy tensor T on H(c, h) transforms according to

27 ) )
UWNT(HU)* =T Gu(f)) + f v,z feede
T Jo

7=¢lt

on vectors in Hi"(c, h), for f € Vect(SY) and y € Diff { (S1). Furthermore the
commutation relations

iT@).TNI=TE'f— f'g) +cog, ).

where w is the Gelfand—Fuchs two-cocycle (2.2), hold for arbitrary f, g € C®(S"),
on vectors Y € H(c, h).

Here
3, 2,
el A FERAs)
@ 2\ 490
is the Schwarzian derivative of y and %?(z) = —i Z%)?(eie) L Note that
elV=z
C o .
B, =g [ 17.2)izf @)z
247 sl
and w(-, -) are related by
d
d—ﬁ(EXP(ff), 8| =-—colf, 8. (2.3)
! t=0
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2.2 The stress-energy tensor on non-smooth vector fields

Let T be the stress-energy tensor on H(c, h). Given a not necessarily smooth real
function f of S! it is possible to evaluate the stress-energy tensor on f [8, Proposition
4.5]. First of all we define for a real-valued function f of the circle

1flly:= D 1Al Il ).

nez

We denote? with 8% (S1) the class of functions f € L'(S!, R) such that || f|| 3 is finite,
endowed with the topology induced by the norm || - || 3
The following is [8, Proposition 4.2, Theorem 4.4, Proposition 4.5].

Proposition 2.2 If f : S' — Cis continuous and such that Y onez |fn|(l+|n|%) < 00
then

(1) the operator T(f) = ZneZ Lnfn on the domain H™ (¢, h) is well defined, (i.e.
the sum is strongly convergent on the domain).

(2) T(f)* is an extension of the operator T(f)T = Znez Lnf,n (this is again
understood as an operator on the domain H" (c, h)).

(3) T(f)is closable and T (f) = (T (f)*)*, where T (f) and T (f)* are considered

as operators on the domain H"™ (¢, h). In particular, iff,, = f_n foralln € Z (i.e.
if f is a real-valued function), then T (f) is essentially self-adjoint on H"(c, h).
(4) Forevery & € 9(Lg) we have the following energy bounds

ITCHEN = rllfII 1L+ Lo,

where r is a function of the central charge ¢ only. Consequently, 9 (Lg) C
(T ().

(5) If{fu} (neN)isa sequence4 of continuous real functions on S' in S% (SY) and
If — fall 3 converges to 0 as n tends to oo, then

T(fn) = T(f)
in the strong resolvent sense.

Hereafter, we denote the closure by the same symbol 7 (f) as long as this does not
cause confusions.

The class S 3 (S") contains many non-smooth functions which are useful in appli-
cations, e.g. differentiable functions which are piecewise smooth [47, Lemma 2.2],
[8, Lemma 5.3]:

3 We consider S 3(S 1) and HS(S 1) below as the spaces of nonsmooth vector fields on § 1 and accordingly,
without specification, they are the spaces of real functions.

4 This should be distinguished from the Fourier coefficients fn of a single function f.
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Proposition 2.3 [fa real-valued function f on the circle is piecewise smooth and once
continuously differentiable on the whole S', then f € S 3 (Sh.

2.3 Groups of diffeomorphisms of Sobolev class H*(S")

We introduce (see [13, Section 2] and [13, Definition 2.2], respectively)

e fors e R, s >0,

HY (8" :=={f € L*(S".R) : || fll s < o0},

where | f s := (Z(l +n2>5|fn|2> :

nez

D=

HY(S',C) :={f e L*(S", C) : | fllus < o0},

where || f| s == (Z(l +n2>'*|fn|2> :

nez

Bl —

which we consider as a Banach space (in fact a Hilbert space) with norm || - || gs;
o fors e R, s > %,

D*(S") := {y e DiffL (§") : 7 — e H (S},

where y is alift of y to R and ¢ : R — R is the identity map. Here we are identifying
the 277- periodic functions 7 — ¢ with real valued functions on S' ~ R/27Z.

D5 (S1) has the structure of a Hilbert manifold modelled on H*(S!), see [13,14]. It
turns out to be a topological group, see Lemma 2.5 below (but not a Lie group).

Actually, in the literature there are various definitions of these Sobolev spaces/
manifolds and their topologies. Although it is well-known that they coincide, for the
convenience of the reader we recall them and show their equivalence in Appendix.

If s > %, the space H*(S!) is a subspace of C(S I R). Furthermore, from these
definitions, it is immediate that Diffﬁ(S 1) is continuously embedded in D*(S') for
any positive integer k. Conversely, by the Sobolev-Morrey embedding [22, Proposition
2.2], it holds that D*(S') < Diff% (S') if s > k + 3.

The first statement of the following is a straightforward adaptation of [22, Lemma
2.3]. One can also find various different elementary proofs, for example [40,44]. The
second statement is an adaptation of [22, Lemma B.4].

Lemma224 Lets > % Then H*(S") is an algebra and || fg||us < Csll fllmsligllas.

If g € H*(SY) and info(1 + g(0)) > 0, then ﬁ € H5(SH.

The following is a special case of [22, Theorem B.2] and an analogue of [22,
Proposition B.7], see also the Appendix. According to [25, P.12], Lemma 2.5(a) for
integer s has been first established in [12].

Lemma2.5 Lets > % Then
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(a) (y, f)+ foy, D(SY) x H(S') — H*(S') is continuous.
(b) y >y~ L, DS — D*(SY) is continuous.
(c) D*(S") is a topological group.

By applying these results, we get:

Lemma 2.6 The following hold.

(a) Fors > %, the map

DS+1(SI) X HS(SI) N HS(SI)
¥, ) = (),

where v, (f) is as in (2.1), is continuous.

(b) Fors > 2, the embedding H*(S") — 8% (SY) is continuous.
(c) Fors >3, B(y, f) extends continuously to y € D*(S"), f € L*>(S', R).

Proof (a) follows from Lemmas 2.5 and 2.4 and (2.1).

(b)

(©

is obtained from the following inequality

S 1 fellkl? Z|fk||k|2+€ e [ D Pkl

k#£0 k0 k;ﬁO k#0

for any € > 0.
Note that, with s > 3, D*(S!) 3 y = {y,z} € L2(S', ©) is continuous. To see
it, in the definition

3 o 2 o
L@ 3 =27@

(.2) =
T 0 T2 e

the maps y +— %ﬁ(z) e L*(S',C) and y e H (S, 0) c

1
L9@)
L>®(S!, C) are continuous, hence their product is continuous in L2(S!, C). The

. 2, _ . . .
second derivative y > %y(z) € H*"%(S!,C) is continuous hence so is

d -
szV(Z)

we obtain the continuity of y — {y, z} by the complexification of Lemma 2.4.

Now the claim is immediate because B(y, f) = 55 fS‘ {y,z}izf (z)dz.

d? . 2
“57(@
Y > ( a2 " ) € H'72(S!, C) (by the complexification of Lemma 2.4), hence

O

The universal covering group D*(S!) of D*(S') is algebraically a subgroup of

Diffﬂr(Sl), namely the space of the maps y : R — R satisfying y(6 + 2n) =
y(0) 4+ 27 and locally H® (see Appendix), and this can be identified with an open
convex subset of H*(S1).



12 Page 100f36 S. Carpietal.

2.4 Projective and multiplier representations

A unitary multiplier representation of a topological group G is a pair (U, H) where
U : G — U(CH) is a map such that U(g1)U(g2) = o(g1, g2)U(g1g2) with o :
G x G — T. The map o automatically satisfies the equality

o(g1,82)0(8182, 83) =0 (g1, 8283)0(82, 83).

A unitary multiplier representation U of G is continuous in the strong operator
topology (SOT) if U (g)v tends to U (gp)v for all v € H if g tends to go.

A SOT continuous unitary projective representation of a topological group G is a
pair (U, 'H) where 'H is a Hilbert space and U is a continuous group homomorphism
from G to U(H)/T, where U(H) is equipped with the SOT and U/ (H)/T with the
quotient topology by the quotient map q.

Now let P(H) = H/T be the projective space associated to the Hilbert space H
endowed with quotient topology. Then ¢/ () /T acts on P () in a natural way and, as
a consequence of [3, Theorem 1.1], the quotient topology on U (H)/T coincides with
SOT on U(H)/T induced by this action. Note that every SOT continuous multiplier
representation of G on H gives rise to a SOT continuous projective representation of
G. Conversely, by [3, Theorem 1.1], every SOT continuous projective representation
of G gives rise to a continuous local multiplier representation of G defined on a suitable
neighborhood of the identity. It is well known that a projective unitary representation
U is SOT continuous if its action on B(H) is pointwise SOT continuous, i.e. g >
U(g)xU(g)*& is a continuous map for all x € B(H) and all & € H. We outline an
argument here for the convenience of the reader. It is clear from the above discussion
that if U is SOT continuous then it acts pointwise SOT continuously on B(H). Let
gx be a net in G converging to the identity, £ be a unit vector in H and let pg be the
corresponding projection. Then, since U (gy)ps U (g,)* converges in the SOT to p,
I(U (y5)&, &)| converges to 1. Since & was arbitrary, it follows by [3, Theorem 1.1]
that U acts continuously on P (H) and hence it is SOT continuous.

3 Extension of the Diff . (S') representations to Sobolev
diffeomorphisms

3.1 Irreducible case

The purpose of this section is to extend the (positive energy projective) representation
U on H(c, h) of Diff | (S1) to D*(S!) with s > 3. In the following s > 3 will always
be assumed.

An element y € D*(S') acts on f € Vect(S') via (2.1). If T is the energy-
momentum operator associated with a positive energy unitary representation of the
Virasoro algebra Vir with central charge ¢ and lowest weight &, we define a new class
of operators

TV (f):=T(yf) — B, ),
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where f € Vect(S') and B(y, f) = 73 fSl{y, z}izf (z)dz, which makes sense for
y € D*(S!) by Lemma 2.6 and Proposition 2.2(1). The fact that y, f is in S% (sH

ensures that T (y, f) is an essentially self-adjoint operator on Hf"(c, h) and so is
T7 (f) by Proposition 2.2(3). We denote its closure by the same symbol 77 (f), so
long as no confusion arises.

Note that, if y € Diff .. (S 1), then we have

TV (f) = AdU T (f). 3.D
Indeed, by definition 7V (f) = T (y«f) — B(y, f) and by Proposition 2.1, (3.1)
holds on Z(Lg), and both operators are essentially self-adjoint there, hence they

must coincide. Since in the smooth case the transformation 7 — T is unitarily
implemented, the energy bound holds as well:

IIT”(f)‘s‘II§r||f||%~ll(1+Lg)€II, (3.2)

where L} = T7 (1).
We define for y, y» € D*(S1)

(T2 (H=T"((v2)f) = B(y2, ).

Proposition 3.1 Let y1, y» € D*(SY), s > 3, and f € Vect(S"). Then (T")"2(f) =
TVI}’Q (f)

Proof Using the properties of the Schwarzian derivative [37]

d 2
rive, 2} = {y1, 2@} (EVZ(Z)) +{r2. 2},

where y = y»(z), we infer that

By, )
c 2 ‘0 28
=—7— {riv2, 2} fe'*’deo
241 Jo z=ei®
2 2
c d .
=—r— {v1, v} (—yz(z)) e do
247 Jo y=va(e'?) dz z=el?
c [ 6 20
- , ©)e' dg
217 ), {y2, 2} . fe
¢ o . d i0 —1, ip ip
= [ | o (nE®) oy @ e e
24 0 y:ei(p do e,‘yzyz— (ei‘f’)
c 2 ‘0. 28
e , 2 e'")e' " do
247 )y {v2,2) o £
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T | e () Fos @ ey
247 Jo y=ci¢ do eif=y; (ei?)
_ < 277{ } £ dp
2ar |, V2,2 o e')e
= B, 2.()) + By, ),

: ip _ i0 i6do dys ¢ ,i0 o
where we used the change of variables e'? = y»(e'"),hence e do dz (e )I},z(ele)zew =
ey, %(em) = —ie_ie%yz(eie) and (2.1).

So (T"™)2(f) = T((yD)«((¥2)« ) — By, vos /) — By, ) =T ((ny2)« f) —
Biya, f) =T"72(f). u

Lemma3.2 Lets > 3. Z(Lo) = Z(L}) for every y € D(S!).

Proof By Lemma A.4 we can take a sequence {y,} in Diff . (S') convergent to y in
the topology of D*(S'). We observe that 1 = lim, Vs (Ve (1)) in the topology of
S% (S') by Lemma 2.6. For &€ € Z(Lg) we know from Proposition 2.2(5) and (3.2)

that

ILog ]l = Tim I (77 (™)) + B v (1) &1
(tim rlly Ol - 10+ L&+ 1B v (DIEN)

rllys Wz - 10+ LOEN + 1B v D)IIELL

IA

where the last equality follows again from Lemma 2.6. Recall that we know that
P(Ly) C .@(Lg) from Proposition 2.2(4) and Lg is essentially self-adjoint on Z(Ly).
From the above inequality, we infer that any sequence &, € Z(Lo) converging to
£ e .@(Lg ) in the graph norm of Lg is also convergent in the graph norm of L, and
therefore, we have @(Lg) = 9(Ly). O

Proposition 3.3 (Energy bounds for T7). Let y € D*(S!), s > 3. Then
1T (&l < rIIfII%II(1 + LOEN

forall £ € D(Ly).

Proof Let {y,} a sequence of elements in Diff, (S') converging to y € D*(S') as in
Lemma A.4. By Proposition 2.2(5) and (3.2),

IT7(HEN = lim [T (NHEI < Tim rll 311 + Lyl =
=r||f||%II(1+Lg)EII,

which is the desired inequality. O

Theorem 3.4 Lety € D*(SY), s > 3. TV vyields an irreducible unitary positive energy
representation of Vir with central charge ¢ and lowest weight h on H(c, h).
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Proof We are going to prove the Virasoro relations on C* (L(’)’ ). For this purpose, we
have to take under control the action of various exponentiated operators.

Computationson Z(Lo). Let f and g be real smooth functions. We start by noting that
T ® P(Ly) € Z(Lo). Indeed, using [15, Proposition 3.1] we have, for & € Z(Lg)
and y, € Diff (S!) as in Lemma A 4,

Loe'T"®g = 7" ® (T (1, Exp(—)y, s (1)) — BmExp(—g)y, L, 1)E,

and the right-hand side converges as n — 0o by Proposition 2.2(5). Therefore, since
both ¢! (®)¢ and Loe'T" )¢ are convergent, it follows that /" ¢ € 2(Lg) and

Loe'T"®g = T (T ((yExp(—g)y ~)u(1)) — B(vExp(—g)y ', 1))E.

For y, € Diff (S!), by Proposition 2.1 we have the operator equality

TV (eI T E) = TV (Bxp(g)«(f)) — =—— / {Exp(g), z}izf (z)dz.

Now, for any positive integer k, we consider the function /; : R — R defined by

(S

s

hi(s) =se” k.

Using functional calculus we apply the function %y to the self-adjoint operators
appearing in the two sides of the previous operator equality and we obtain

LTy, (TVrL (f)) e~ T (9

= h (TV” (Exp(8)«(f)) — T [{Exp(g). z}izf(z)dz) . (3-3)

The left-hand side of (3.3) converges strongly to e!7” @ hy (T7 (f))e 7" as
n — 00, because we have convergence of TV (f) to T?V(f) and T"(g) to
T7 (g) in the strong resolvent sense and hence, T &) (T ( f)) converge to
T (T ( f)), respectively, by [39, Theorem VIIL.20(b)]. Similarly, from the
convergence of 77 (Exp(g)«(f)) to TV (Exp(g)«(f)) in the strong resolvent sense it
follows that the right-hand side of (3.3) converges strongly to

<TV(EXp(g)*(f)) _ o f (Exp(g), z}zzf(z)dz)
Thus

T O p (T (f))eT7® =y (TV(Exp(ng)) -— / {Exp(g). z}zzf(z)dz)
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so that, if & is in Z(Lg)

T (T (e W =y (TV(EXp(g)*(f)) -5 /S (Exp(g), z}izf(z)dZ) £

By taking the limit for k — oo, we get for every & € Z(Lg)

AT OTY (e T ©f = T (Bxp(g)o(f))E — (ﬁ f {Exp(g),z}izf(z)dz) E.
S]
(3.4)

Recall that Z(Lg) = @(Lg)/). We get in particular
VT (f)e Mg = T7 (f)8, (3.5)

where f;(¢'?) = f(!@D).

Computationson C °°(Lg ). The right-hand side of (3.5) is differentiable with respect
tot when & € Z(Ly) since for the right hand side we get

1
lim ;(Ty(fz) =TV (f)E = lim TY($(fi — FNE =TV (= f)E = =TV (f))E,

by the continuity of 77 in the topology of S 3 (S") (Proposition 3.3). Let us specialize
itto& € C(LY) := N, Z((LH)™). For the left-hand side of (3.5), we have

di enLg TV (f)e—ingE
=0
= lim (; (e"fLK TY (f)e Lo — ¢itLo TV(f)) £+ % (e”Lg TV (f) — TV(f)) s) :

(3.6)

The first term converges to —i 7Y (f)Lo&. Indeed, by Proposition 3.3,

H% (T (e =T () € i TV ()L

1 STV
=3 (e - )i

y e*itL(;;_l oy
(I+Lgy) f""Lo &

e—iLy o y
————+iLl{ | A+ LDE.

<r
<rlfl;

=r k
171
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Since & € C °°(Lg ), by Stone’s theorem [39, Theorem VIII.7(c)] the above converges
to 0 as + — 0. Thus the limit exists also for the second term of (3.6), and by applying
Stone’s theorem [39, Theorem VIIL7(d)], we get TV (f)& € @(Lg)' ), and the second
term converges to iLgTV(f)S. or in other words, T (f)C*(Lg) C .@(Lg) (actu-
ally, we proved TV ()2 ((L(); ¥)c 2 (Lg )). Thus we have established the following
commutation relation on C*(L{)):

(LY, TV (e =iTY (fE. (3.7)

It follows that C°°(Lg ) is an invariant domain for every TV (f) with f €
C*®(S', R). Indeed, for T7 (f)&, with & € C®(L}) and f € C®(S', R), (3.7) is
equivalent to

LYTY()E =Ly, TV (H)IE+ TV (f)LYE =iTY (f)E + TV (fILE.  (3.8)

We now show that TV ()& € 2((LY)*) for every positive integer k, using induction
on k. Assume that 77 ()& € 2((L}) )?) and all f € C*(S!, R). It then follows from
(3.8) that L{TY (f)E € D2((LH"), ie. TV (fE € Z((LH!). We thus get the
desired claim T7 (f)C®(L{) C C®(L}).

The Virasoro relations. Finally we show that the stress-energy tensor 77 indeed
yields a representation of Vect(S!). For & € C “(Lg ),

i einy(g)TV(f)e*itT’/(g)é
dt t=0
— lim <l (eitTV(g)Ty(f)e—itTV(g) _ eitTV(g)Ty(f)>
t—0 \
1 .
- (TTOTY () TV(f))) £ (3.9)

As for the left-hand side, from (3.4), we obtain (T (g’ f —gf’) +cw(g, ))& by (2.3).
Let us see the right-hand side of (3.9) term by term. As for the first term, we have

H; (eitTV(g)TV(f)e*itT”(g) . eitTV(g)Ty(f))é + T (@), l'Ty(f)TV(g)‘%“H

% (Ty(f)e—”mg) - TV(f))S + iTV(f)TV(gEH

1
<y |+ (e <g>—1)s+(1+Lg>-iTV(g>sH

< V||f||% (H (; (e—itTV(g) _ 1) + iTy(g)> 5”

+ H (;Lg (e*””g) — 1) + iLgTV(g)) gH) . (3.10)
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The first term of (3.10) goes to 0 by Stone’s theorem [39, Theorem VIIL.7(c)]. The
second term can be treated by (3.4) and (3.7) as follows:

1 .
H;Lg@—"”@ il TY ()8 ”

L it
= H; (7@ 17 Explg)(1) — BEXPU), 1) — L] ) €
HGATY () + TV (DL

<

%(e—"’T”g>TV<Exp<rg>*<1>) — e MO LYY — TV (g))E H

1 .
+ H?(e M@ LY — L) +iT? (g)LyE

1
‘ + ‘;IB(Exp(tg), 1)‘||§||~

Each term can be seen to converge to 0: the first term is done by noting that L) =
T7 (1), continuity of T? (Proposition 3.3), [g, 1] = g’ and unitarity of e*/7" (&) The
second term vanishes by using Stone’s theorem. The last term also converges to zero
by (2.3) and using the fact that w(g, 1) = 0. To summarize, the first term of the
right-hand side of (3.9) tends to —i TV ()T (g).

The second term of (3.9) is equal to iTV(g)TY (f). Indeed, since C°°(L();) is
invariant under the action of 77 ( f), this follows by Stone’s theorem.

Altogether, we obtained the equality i [T (g), TY (f)]1 = TV (g’ f—gf ) +cw(g, )
on C °°(Lg ), which is the Virasoro commutation relation.

Note that until here we have only used that 7T is a positive energy representation of
the Virasoro algebra with central charge ¢ with diagonalizable L, but not irreducibility.
Therefore, one can iterate our construction for another element in D* (S 1 ). In particular,
by taking y ~!, we obtain by Proposition 3.1

T (f) = T(f). (3.11)

We claim that the new representation 77 is irreducible and has the same low-
est weight h. Indeed, by (3.11), one can approximate 7'(f) by T”(y.'f) +
By, (yn_l)*(f)) in the strong resolvent sense, where {y,} C Diff+(S1) and y, —> y
in the topology of D*(S1). As {¢!T/) : f e Vect(S')} generates B(H(c, h)), so does
(e TV () f € Vect(S")}, and this shows that 7% is an irreducible representation of
the Virasoro algebra. Furthermore, the new conformal Hamiltonian Lg = TV (1) has
spectrum which is a subset of the spectrum of the old conformal Hamiltonian L since
it is obtained as a limit in the strong resolvent sense of {Ad U (y,,) (L)} with the same
spectrum [39, Theorem VIII.24(a)]. Again by iteration, we have

spLo=sp(T?)” (1) CspL} =spT? (1) C sp Lo,

therefore, all these sets must coincide. In particular, / is the lowest eigenvalue
of LY. |
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As T and T are equivalent as irreducible representations of Vect(S') and thus of
the Virasoro algebra, there is a unitary intertwiner U (y), defined up to a scalar such
that U()T (f) =TV (HU(y).

Corollary 3.5 The map y +— U(y) where y € D*(SY), s > 3, is a unitary projective
representation of D°(S1), i.e. U(y1y2) = U (1)U (y2) up to a phase factor:

Proof We know that for every y € D*(S")
UNT () =T (HU)
holds for every f € Vect(S!). So

UlyDU)T () =UDT(HU ) = Uly)(T (e f) — B2, U 2)
= (T"(y2 f) = B2, U DU (2)
= (T (v« f) — By, vax ) — B2, U DU (v2).

Consequently by the computations of Proposition 3.1

UynU )T (f) =T"72(HU(y)U (y2),

therefore U(y1y2) = U(y1)U(y2) up to a phase because we are dealing with irre-
ducible representations of the Virasoro algebra. O

Corollary 3.6 Let U = Uy p) be the irreducible unitary projective representation of
Diff . (S') with central charge ¢ and lowest weight h. Then U extends to a strongly
continuous irreducible unitary projective representation of D*(S'), s > 3.

Proof The only thing that remains to be proven is continuity, namely that the action
o : DY(SY — Aut(B(H(c, h))), y — Ad U (y) is pointwise continuous in the strong
operator topology of B(H(c, h)).

Let {y,} C Diff, (S"), y € D*(S") with y,, — y in the topology of D*(S'). Then

lim U(y, )eitT(f)U(y )* — lim ei[TV}L(f) _ eilTV(f)
n—00 ! " n—00

where the limit is meant in the strong operator topology. By taking f = 1, we obtain

the convergence of Lg” to Lg in the strong resolvent sense. As they are in the (c, h)-

representation of the Virasoro algebra, the lowest eigenprojections Ej, Eg are one-

dimensional, and it holds that lim,,—, oo Ad U (y,,) (Eo) = Eg. Let 2, QY be the lowest

eigenvectors. By fixing the scalars, we may assume that Q" := U (y,,)Q2 — Q7.
With this U (y,,) with fixed phase, the sequence

Uy)e TUD Lo T Q = (T U i T (i) Qi

isconvergenttoe! T’ (1) ... o T"(fO QY because all the operators e’ " 1) /T (fi)
are uniformly bounded and convergent in the strong operator topology. Since vectors
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of the form /T ... ¢T(f)Q span a dense subspace of the whole Hilbert space
‘H(c, h), together with the uniform boundedness of U (y;,), we obtain the convergence
of U(yy) to U(y) in the strong operator topology.

The claimed continuity follows from this, because for any x € B(H), Ad U (y,,)(x)
is convergent in the strong operator topology, again because U (y;) is uniformly
bounded. O

Corollary 3.7 Let U = U n) be the irreducible unitary projective representation of
Diff . (S') with central charge ¢ and lowest weight h. Then U extends to a strongly
continuous irreducible unitary projective representation of Diff]_i(S Y with k > 4.

Proof This is an immediate corollary of the continuous embedding Diff’jr(S ly s
DS (S, s < k. o

Remark 3.8 Our argument for the construction of projective representations of D (S!)
can be used to simplify the proof of the integrability of the irreducible unitary positive
energy representations of the Virasoro algebra to strongly continuous projective unitary
representations of Diff , (S!). Such a proof was first given in [19, Section 3, Theorem
4.2] by realizing them in the oscillator algebra. One can do it now only within the
Virasoro algebra as follows.

Besides the energy-bounds (a priori estimates) in [19, Section 2], see also [4], which
are used in [8] and are crucial to our proof, we also used (3.1) coming from [19]. More
precisely, we used the fact that forevery y € Diff  (S!) there is a unitary operator U (y)
suchthat U ()T (f)U (y)* = TV (f)forall f € Vect(S") and U (y)2(Lo) = Z(Ly).
This can be proved directly following the strategy in pages 1100-1101 of [6], see also
the proof of [7, Proposition 6.4]. One only needs some of the direct consequences of
the energy bounds proved in [45, Section 2]. We outline the arguments here:

e Since Diff  (S') is simple [31, Remark 1.7], it is generated by exponentials,
because the subgroup generated by exponentials is a normal subgroup.

e By the proof of Corollary 3.5, the set of y such that a unitary U (y) with the
required properties exists forms a subgroup of Diff, (S'). Hence, it is enough to
consider the special case where y = Exp(g) for g € Vect(S").

o Itfollows from the linear energy-bounds by [45, Proposition 2.1] that T 2 (L)
= @(L’é) for all positive integers k and all 1+ € R. As a consequence
T C®(Lg) = C®(Lo) forall t € R.

e Now, let & € C®(Lg) and let £(t) = TEPU(f)e!T®g By [45, Corollary
2.2] we have {]‘;—te”T(g)S = ie"T® T (g)& in the graph topology of Z(L§) for
all positive integers k. It then follows from the energy bounds that %é(t) =
iT(g)&(r). Hence, £(t) = e"TO T (f)& forall £ € C®(Ly) so that TEXPU) () =
T T (f)e~'T®) which is the required relation. Continuity of U follows as in
Corollary 3.6.

3.2 Direct sum of irreducible representations

Here we prove that every positive energy projective unitary representation of Diff , (S!)
extends to a unitary projective representation of D*(S!) for s > 3. A similar result
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Fig.1 The covering of the unit circle

holds for the universal covering groups provided that the representation is assumed to
be a direct sum of irreducibles. This is not an immediate consequence of Corollary 3.6,
because, in general, the direct sum of projective representations does not make sense:
U(H;)/Cisnotalinear space. On the other hand, if we have multiplier representations
of a group G with the same cocycle, U;(g1)U;(g2) = o(g1, 82)U;(g1g2) where
o(g1, g2) is a 2-cocycle H2(G, C) of G, then the direct sum EBj Uj(g) is again a
multiplier representation with the same cocycle o. If we are interested in a projective
representation of a certain quotient G/H by a normal subgroup H we have to make
sure that the direct sum € U j(h) reduces to a scalar when € H.

Continuous fragmentation of Ds(S!). Let / be a proper open interval of S' and
I’ = (S'\I)° be the interior of its complement. We denote by I the closure of I.
Diff (1) (resp. D*(I)) denotes the subgroup of diffeomorphisms Diff (S 1 (resp.
D*(S")) such that y(x) = x for x € I’. We also say that y € Diff . (I) (resp.
y € D*(I)) is supported in /.

Let {;};=1,2,3 be a cover of the unit circle as Fig. 1. Let us name the end points of
the intervals: I = (ax, br). We also take slightly smaller intervals fk = (dy, l;k) C Iy
which still provide acover of S!, and take pomts a1 € (ar,ay), b1 € (b1 by), c.f. [9].
Furthermore, we take bz, b2 such that a1 < b2 < bz < bs.

Any given diffeomorphism y can be written as a product of elements supported
in I. This is known as fragmentation (see [30] and references therein). We need a
slightly refined version of it, namely, if y is in a small neighborhood V of the unit
element ¢, then we can take the fragments y, also in a small, but larger neighborhood
V. The precise statement is the following.

Lemma3.9 Lets > % andk € {1, 2, 3}. There is a neighborhoodV of the unit element

—_~—

t of D5 (SY) and continuous localizing maps xi : V — D5 (Iy) with

Yy =x1(Mx2)x3(y)



12 Page200f36 S. Carpietal.

qnd Xk(W) = ¢, supp xx(y) C I, where suppy = {0 € S! : y(0) #0}. If suppy C
I U L4 1, then Yp42(y) = t, where the indices k + 1 and k 42 are considered mod 3
as elements of {1, 2, 3}.

Proof We may assume without loss of generality that 0 < a; < d; < a1 < by <
az < 1;1 < 51 < b] < 27‘[, (see Fig. 1).

Let us take a smooth 27 -periodic function D¢ with D¢ 1(t) = 1 fort € fl =
[a1,b1]and D 1(1) = 0 for ¢ € [0,d;] U [by, 2] and 0 < D¢ 1(r) < 1 everywhere.
Let 0 < Dy 1(¢) < 1 be another smooth 27 -periodic function with support in (a1, d;)

and with fozn Dy (t)dt = fa&ll Dy (t)dt = %(Zzl — ay) (which is possible because the

interval (ay, ap) is longer than %(al, ap)). Similarly, let 0 < Dy ;(¢) < 1 be a smooth

2m-periodic function with support in (l; 1, b1) and with f027'r D, 1(t)dt = %(bl —b 1)-
We consider the following neighborhood of the unit element of Z;ES/I)

Veim [y e DS(SYY : [y(6) —1(0)] <&, 1y'0) — 1] < & forf € [0, 271]}.

Note that since s > 3/2, V; is open by the Sobolev-Morrey embedding theorem.
Suppose y € V.. We set

M :=max {D.1(1), 1 € [0, 27]}

and define the constant o1 (y) by

ai
ai(y) = (V(&l) —a —/0 (@) — 1)Dc,1(f)df) . (3.12)

&1 — aj
It follows that

2 A
la1 ()] < mb"(l +aM) (3.13)

by the definition of V, and

y(@) = /o (Y1) = D D1 (1) + 1+ a1 (y) Dy1(1)dr.

Similarly, set the constant 81 (y) by

2
Bi(y) = = (/ ((y'(t) = )De,1 (1) +061()/)Dl,1(t))dt)
b1 — b1 \Jo
2 - - b
<= < (b1 —y(®) — | (J/(t)—l)Dc,l(t))), (3.14)
b[ - b] b1
then it follows that
2 N
1Bi(y)| < ————e(|by —bi|M + 1) (3.15)

|b1 — b1
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and

by
by = A ((y'(t) = D)De1(t) + 1+ a1(y)Dy1 (1) + Bi(y) Dr1 (1))dr.

Now, the function

0
y1(0) =/0 (') = D)De1 (1) + 1+ a1 () D11 (1) + B1(¥) Dr,1 (1))dt - (3.16)
is 2 -periodic, the first derivative
yi(0) = (y'(0) — 1)Dc1(0) + 1 +a1(y)D1.1(0) + Bi(y)Dr.1(0)

is positive by (3.13), (3.15) if ¢ is taken sufficiently small and y{ — 1 € H~1(sh
(by Lemma 2.4, using that y —t € H*(S 1Y), therefore, y; can be regarded as an

element in DS (S!). It also has the desired properties, namely y;(6) = 6 for 6 € I 4

—~

and y1(0) = y(0) for 6 € fl. Note that the assignment V, — D5(S1), y — yy is
continuous by (3.16) (3.12) (3.14) and Lemma A.1.

We choose ¢ such that y| is positive for y € V,. Now the assignment V, — D*(S1),

—~

y — yyf] is continuous by Lemma 2.5. We take V C V, to be the neighborhood of
the identity of D5 (S!) such that for y € V we have yyl_l € V,, where g1 is small

enough that we obtain y», € D*(S') (in particular yz’ is positive) if we do an analogous
construction on I, for yyf1
/Ii(_)i y € V we set x1(y) = y1. The continuity of the map x; in the topology of
Ds(S1) is clear from (3.16) and (3.12) (3.14).

Next we construct x2(y). By construction (yy]_])(é?) =0 forH e fl, therefore
, supp )/yf1 C I, U I3. We can apply an analogous construction to I and yyfl to
obtain y; such that supp y» C fz (@) = (yy_ )(0) for6 € fz In this way we obtain

the continuous map x2(y) := y». Furthermore, by our choice a; < b2 < b2 < by,
@) =y, )(9) for 9 € Il where both are equal to 8, hence for 11 U 12

Now we have (y)/1 Yy )(9) =0 forf e 11 U 12, and as {Ik} is a cover of S,
(f1 U fz)’ C fg. Therefore, if we set x3(y) = yyl_lyz_l, it is supported in f3 Cc Iz
and the map x3 is continuous because it is a composition of continuous maps (Lemma
2.5). O

If y is already localized, we can have the following improvement.

Lemma3.10 Lets > %, k € {1,2,3} and ik = Iy U Ix4+1 where the index k + 1 is
considered mod 3 as an element of {1, 2, 3}. Then there exists a neighborhood V of

the unit element 1 of DS (S') and continuous localizing maps

3O VD) > D).
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—_—~—

X V0D ) — D (Ies),

k k k k
such that y = x () x5 () and 300 = 0 =
Proof Without loss of generality, we may assume k = 2. This is done by applying the
steps of the construction of x2 and x3 in the proof of Lemma 3.9 to slightly enlarged

Iy and Iy, so that xi* (y)(6) = y(6) for 6 € I, O

Lemma3.11 Let U p,), Ucc.ny) be irreducible, projective representations of D*(S!)
with central charge c and lowest weight h, hy respectively, constructed as in Sect. 3.
Let I be a proper interval of S'. Then the projective representations U (e,hy) and U e pny)
restricted to D*(I) are unitarily equivalent. Furthermore, a unitary U intertwines
Ue,ny) and U pnyy restricted to D*(1) if and only if it intertwines T p,)(f) and
T, ) (f) forevery f € Vect(S') with support in 1.

Proof Let I an open proper interval of S' such that / O 1. By [48, Theorem 5.6]
there exists a unitary W which intertwines the representations U j,), U(c,n,) When
restricted to Diff - (I). Let y € D*(I), then by Lemma A.4 there exists a sequence of
C-diffeomorphisms {y,} C Diff , (I) converging to y. By Corollary 3.6,

AdWU (Y)W = Ad nlggo WU n) () W = Ad nlglgo Ue.ny) (Vn)

= AdUc hy) (¥)-
The last assertion follows from [48, Lemma 2.1]. O

We are going to show that we can take the direct sum of irreducible projective rep-
resentations of D*(S1), (U, hj)}’ with the same central charge ¢ but possibly different
lowest weights {4}, where differences h; — h - are integers. We split the proof into
two steps. First, we make U, ;) into continuous multiplier representations with the

—~

same cocycle in some neighborhood V of the identity diffeomorphism ¢ € Ds(S1).
Then it is straightforward to take the direct sum. Next, we show that the direct sum rep-
resentation reduces to a projective representation of D* (S!) if the differences & j—hj
are integers.

Let G and G’ be two topological groups. Given a neighborhood V of the identity in
G, acontinuous map  : ¥V — G’ is alocal homomorphism if (g1)u(g2) = n(g1g2)
forall g1,82 € Vand g1g2 € V.

We say that a map U is a local unitary multiplier representation of a topological
group G on a neighborhood V of the identity if U is a map from V to the uni-
tary group U (H) of a Hilbert space H which satisfies the equality U(g1)U(g2) =
0(g1,82)U(g182), where o : V x V — T and o(g1,82)0(8182,83) =
o(g1,8283)0(g2, g3) whenever g1, g2, g3, g182 and grg3 are in V. The following
is obtained by reversing the idea of [42].

Proposition 3.12 Let s > 3. For a family {(c, h})} of pairs with the same central

charge c, there is a neighborhood V of DS(S') such that the irreducible unitary
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projective representations U n ) lift to local multiplier representations of V with the
same cocycle o (-, +).

Proof Let us take hy. As explained in Sect. 2.4 (cf. also [33, Proposition 12.44]), in

a neighborhood V of the identity ¢ € Ds(Sh), Ulc,ny) lifts to a continuous multiplier

representation, with some continuous cocycle o, (-, -), which we will denote by Uj.
Because Ds(S!) is a topological group, and by Lemmas 3.9, 3.10, for each

neighborhood W, there is a smaller neighborhood p(W) such that p(W)> C W

and i (1), X)X () C W for y € p(W). We take V = pl'(D) =

p(p(p(---V--))).

11-times

Construction of multiplier representations U;. We show that we can take U; with
the same cocycle o.(:, -). Let us take a local multiplier representation Uy = U(c n)
with (c, hy).

We fix a covering {I;} of S! as in Lemma 3.9. For y € p(]>), we define U; as
follows: By Lemma 3.11, there are unitary intertwiners {V; r} between U(c ;) and
U(,;,hj) restricted to D* (I;). We set

UjOu(y)) = AdV; (Ut (xx(v)))s

which makes sense because p(f/) c V. Note that U i (xk(y)) does not depend on the

choice of unitary intertwiner V; x, since, if V;  and \A/j, k are both unitary intertwiners,
then by Lemma 3.11

AdVEV kU ) = Uj ()

for y smooth, and by continuity of U; for yx(y) € D*(I) N V.
Let us denote yx = xx(y) for simplicity. Now, since y = yi1y2y3 with yx €
D*(Ix) NV, we can define U (y) by

Uj(y) =Uj(y)U;j(y)U;j(y3)0c(v1, v2) " Loc(nya, v3) 7, (3.17)

and note that the corresponding equation holds for Uj.

Well-definedness. We used a particular set of maps i to define U}, but actually
they do not depend on the choice of such map yy if y satisfies certain properties and
is sufficiently close to (. Namely, we take two decompositions y = y1y2y3 = )/1/ )/2/ y3’
where yi, v, € D*(Ix) N %)

Itholds thaty; 'y, 'y y{yav4 = ein D (SH and Uy (vD)* = ac(y1, v DUy ),
hence we have

oY1, V2, V3, Vi V3, v3) 1= U () * U (r2)*Us (v v UL (v3) U () € C.
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Furthermore, as U; is a multiplier representation in V, we have

Ui(y) = Ui(yDU1(32) U1 (13)0c(v1, v2) " Loc(niya, v3) ™!
= U1(yDUV ) UL (P o], v3) Loe(rlvs, vi)

By putting all factors in one side, we obtain

a1, v2, V35 Vi v3 Yo v, v Docn, y)ocnyva, v3)oe(v], v) 7!
x oc(y{vh V) =1 (3.18)

Note that U; is unitarily equivalent to U; on any proper interval, therefore,
Ui(r)*Us(r)) = oe(ryvDoetv, v DU Oy and vy = maysys” vy ™!
has support in / U /3. Then we can again use the unitary equivalence between U; and

Uj on I, U I3 to obtain
Ui () U; r2)* U (7 yDU r) U (78) = 0c (1 v, 73, VL v5s VA,
which is, by (3.18), equivalent to the equality

UiypU;(y2)Uj(y3)oc(y1, y) loc(riya, v3) 7!
=U;(yDU; (U (v9oe(v. v) Loe(vivs, v~

In other words, U; is well-defined on p6(l>).

Cocycle relations. Next we show that U; is a local multiplier representation on V.
Lety,y’ € V = p''(V) and we take decompositions y = y172y3, ¥’ = Yivavs- We
first look at the product y3y;. This is supported in I; U I3, and we can find another
decomposition y3y; = y{'y3 using Lemma 3.10, where ny’ e D'(Ij) N p3(V). By
repeating such operations and taking new decompositions in proper intervals, we find

/ o7
YY =VV2y3viaYs

"o

=V1V2V1 V3 VaV3
ne_ o o !

=YV Y2 V2 V3 V3

where y;k) eDUj)N p6(]>).
Again, by considering the multiplier representation U1, we can prove the following
relations

Ui(y)Ui(y]) = Ut UL (r)oe(vs, vis v v3)s

" "

Ui Ui () = Ui(r{HOUL 0 Doe vl vl va),
Ur(yHUi(yy) = Ui ()" UL (v Do v v s o vd ), (3.19)
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"o
1

where o¢(y3, ¥1, ¥1'» v3)s 0c(va, v v va')s o (v va, vy v3") € C are defined
by these equalities. Therefore, as U; has the cocycle o,

oc(y. yOHUi(yy"
=Ui(y)Ui(y")

= oc(r1. v2) "oy, v3) T roc (] v) Tl oe (v va v T by (3.17)
xUt(yD Ui (y) Ui (y3) Ui (U1 () Ui (v3)

= oc(y1, ) Lociva, v3) Lo (], v3) Lo (vl vs. v3) 7!
xUr(ynD)Ur(y{ UL (v VUL (") UL (3" Ui (v3) by (3.19)

" " " ////)

XO'C()/:;, 7/1/, yl//s V3//)‘7c()/2, J/]U’ J/1 ’ )/2 )Uc(yé/’ J/2/7 )’2 ’ y3
=oc(y1. ) Loc(nya. v3) Loe(. v) T loc vy, vy !

" " " ////)

xoe (3. v v V3o v, v vl vi Do (v va vy v3
Xo'c()/la )/]W)UC(VQWVZ/W)GC()/3//”]/3/) . Ul()/l V{”)UI(VQWVZW/)UI ()/3////)/3/)

= a1, v2) Locnya, v3) Lo, v3) loe(vivs, v4) !
xoe (3, v Vi v o, v vl va o vy va v v3)
xoe(y1, Yoy vy o vy v4)
i "

xocniv!"s v vy o riv! vy vy v v Uiy y")

or equivalently, the following relation between scalars:

oc(y, v = ac(r1, y2) Loc(niya, v3) Loe (v, v3) Loe(nivs, vi) !

x oc(v3, V1, Vi Voo, vt v v oy s v vy va)
x oc(y1, Yo (s vy Noe (v3" v3)
x ol v vy o vy vy v v3). (3.20)

Since U is locally equivalent to Uy, the following also follows from (3.19):

Ui(ydUj(y) = Uj(yHU; (3o, i v v3),

Ui(y2)U; () = Uy U Voe o vl s vl v,
Ui(rHUj(y3) = Uiy U (rsoe s v v vs™). (3.2

Now, in order to show that U is a local multipler representation with the cocycle
o, we only have to compute

Ui)U;(y"
= oe(y. y2)~ oy y3) "l oe(v]. v) o (v vy v by (3.17)
xUi(y)U;(y2)Uj(y)U; (v DU (v U (y3)

= a1, y2) Lo va, v3) Loc(vf vp) T loe (s, vi) !
xU;(y)U; (U (aUj (MU (3" U (v3) by (3.21)

n " " ////)

xoc(v3, Vi Y1 v oe o v v v Do vy va va s v

" "y, i M I s

-1
= (0c1. o vy vy o (" voc vy v v Noe v v v v)) by (3.20)

xoe(y, YU (yDU;(r{OU; (v YU (v U (iU (v3)
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n ", mn " ", ,r ) 1

= (ccnv{". v)'v3 )ac(ym vy vs'vs)
xoe(y, YU (iU (v vy U (3" v3)

= oc(y. ¥OHU;(y¥),

where we used local equivalence between U and U in the 2nd and 4th equalities, and
the well-definedness (independence of the partition of a group element into D*({x) N
p 5(V)) in the 5th equality. Namely, U; has the cocycle o, on V = pl ) O

Direct sum of multiplier representations. Since all the projective representations
U; can be made into the local multiplier representations with the same cocycle o,

the direct sum U := P ; Uj is again a local multiplier representation of D*(S 1) on
V. By forgetting the phase, we can interpret U as a local projective representation of

V C Ds(S1h), or in other words, a continuous local group homomorphism from V into
UH)/T (see Sect. 2.4), where H = P ; H(c, hj). As Ds(S1) is simply connected

—~—

and locally connected, U extends to a continuous projective representation of DS (S1)
[38, Theorem 63].

Theorem 3.13 Let s > 3. For a family {(c, h j)} of pairs with the same central charge
c such that hj — hj € N, the above defined direct sum projective representation U
of D*(S1) satisfies U(R(2w)) € C, where R(-) is the lift of rotations to D5 (S1), or in
other words, U gives a projective representation of D*(SV).

Proof Let U(C,h ;) the irreducible global multiplier representation of Diff 1 (S 1) with
central charge ¢ and lowest weight /; associated to the Bott-Virasoro cocycle. As

a projective representation, we have U | =& j U(c,h ;)¢ this is because, by

Diff  (S!)

definition of U, they agree on a neighborhood of the identity of Diff  (S!), and since

Diff 1 (S!) is simply connected they agree globally. Since PSf(\Z',/R) is a simply con-

nected and simple Lie group, U | extends to a true representation of PSL(2, R)

PSL(2,R)
by changing U (y) only by a scalar [3, Theorem 7.1]. The lift to a true representa-
tion of PSL(2, R) is unique, since if V| and V, are true representations which give
rise to the same projective representation, we have that Vi(g) = x(g)Va(g) for all

g € PSL(2, R), where y is a character. Since PSL(2, R) is a perfect group, x(g) = 1

for all g. By the uniqueness of the lift of U |PS/LE/1R) to a true representation V, we

have that V- = B Vic,n;), where V(¢ ) is the lift of U(C'hj)|PS/L—(\ﬁ§) to a true repre-
sentation. As we assumed that ; — & ;- are integers, V(R(2m)) € C. O

From the previous theorem, it follows that every positive energy projective unitary
representation of Diff , (S') extends to a unitary projective representation of D*(S!)
using the following well-known fact that we here prove for self-containment.

Proposition 3.14 Let U be a positive energy unitary projective representation of
Diff  (S') on the Hilbert space H. Then U is unitarily equivalent to a direct sum of
irreducible positive energy unitary projective representation of Diff  (S') and extends
to D*(S1), s > 3.
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Proof As in the proof of Theorem 3.13, we have that U |PSL(2 R) can be lifted to a

true representation of PSf(\Z,/R). Thus we can take the generator of rotations Lo and,
since ¢/>7L0 e C1 from the fact that U is a projective representation of Diff  (S),
it follows that L is diagonalizable with spectrum Sp(Lg) C {h| + N} with i} € R,
hi > 0. Let H™ be the dense subspace of H generated by the eigenvectors of Ly.
We can apply [7, Theorem 3.4] to conclude that there exists a positive energy unitary
representation 7ry; of Vir on A",

The representation of Vir on Hfi" is equivalent to an algebraic orthogonal direct
sum of multiples of irreducible positive energy representations of Vir in the fol-
lowing sense. Let V| be the smallest 77y -invariant subspace of ™™ which contains
ker(Lo—h114n) where iy is the smallest eigenvalue of L. By induction let V,, be the
smallest wy-invariant subspace of (Vi @ Vo, & --- @ Vn,l)l N Hf" which contains
Viev,d---& Vn_l)l N ker(Lg — hj 1) where h,, is the smallest eigenvalue
of Lo restricted to (Vi @ Vo @ -+ & V)T N HI Tt is straightforward to see that
Hin = P, Vu in the algebraic sense. Now choose an orthonormal basis {e’}} of
W=V, Nker(Lo — h, 1yn). We define H ]” to be the smallest 7y -invariant subspace
of W, which contains the vector e;?. By construction H ]" has no proper wy -invariant

subspaces, H J" and H;! are orthogonal subspaces for j # k and Vo=@ f H_;“ LetT
be the stress-energy tensor associated to the representation 7ty of Vir. By construction
T(f)| H! is essentially self-adjoint on H j”

To conclude the decomposition of U, we have to show that Ty )H_]’-‘ C H_;’

for all f € Vect(S'). We note that @(((T(f)m;))e) C HT(HHY) and if

—\¢ —\¢
£ e @(((T(f)m;)) ) then (T(f)|H;;) & = (T(f))%. Thus the analytic vec-

l(T(f>|H7)$ _ eiT(f)g, Using

TP _ g1,
J

tors for (T (f )|er;) are also analytic for T(f) and e

the density of the analytic vectors in H_]” we obtain that e

Irreducibility of U | follows because T'| H! is irreducible.
J

The extension to D*(S!) is now a mere corollary of Theorem 3.13. O

Corollary3.15 Let U be a positive energy unitary projective representation of
Diff  (S') on the Hilbert space H. Then U is unitarily equivalent to a direct sum of
irreducible positive energy unitary projective representation of Diff  (S') and extends
to DiffX (S') with k > 4.

Proof This again follows from Proposition 3.14 and the continuous embedding
Difft (S') < D (1), s < k. o

We do not know whether our local multiplier representations can be extended

to a global multiplier representation of D (S!). It is also open whether the global
multiplier representation of Diff  (S') with the Bott-Virasoro cocycle [15, Proposition

5.1] extends to D5(S!) by continuity.
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4 Conformal nets and diffeomorphism covariance

Let PSL(2, R) be the Mobius group and Z be the set of nonempty, non-dense, open
intervals of the unit circle S'. I’ denotes the interior of the complement of the interval
I € Z,namely I’ = (S'\I)°. A Mibius covariant net (A, U, Q) on S! is a triple of
afamily A = {A(J), I € T} of von Neumann algebras, a strongly continuous unitary
representation U of PSL(2, R) acting on a separable complex Hilbert space H and
Q € 'H, satisfying the following properties:

(1) Isotony: A(I) C A(l),if ) C I, 11,1, € T.
(2) Locality: A(I}) Cc A(L),if1NL=0,1;,, € L.
(3) Mobius covariance: for g € PSL(2,R), I € Z,

U@ANU(g) ™" = Agl)

where PSL(2, R) acts on S! by Mobius transformations.

(4) Positivity of energy: the representation U has positive energy, i.e. the conformal
Hamiltonian L (the generator of rotations) has non-negative spectrum.

(5) Vacuum vector: €2 is the unique vector (up to a scalar) with the property U (g)2 =
Q for g € PSL(2, R). Additionally € is cyclic for the algebra \/, c AD.

With these assumptions, the following automatically hold [18, Theorem 2.19(i1)][17,
Section 3]

(6) Reeh-Schlieder property: €2 is cyclic and separating for A(I).

(7) Haag duality: for every I € Z, A(I') = A(I)’ where A(I)’ is the commutant of
AD.

(8) Additivity: if {I,y}yea 1s a covering of I € Z, with I, € T for every «, then
A c \/, Ally).

(9) Semicontinuity: if 7, € T is a decreasing family of intervals and I = (), I,,)°

then A(I) = A\, A(Ly).

By a conformal net (or diffeomorphism covariant net) we shall mean a Mobius
covariant net which satisfies the following:

(10) The representation U extends to a projective unitary representation of Diff ; (S')
such that for all / € 7 we have

U)AMDUy)* = A(yD), y eDiff (S,
U(y)xU(y)* =x, xe All), y e Diff+(1/)

where Diff ;. (I") denotes the subgroup of diffeomorphisms y such that ¥ (z) = z
forall z € I.

A positive energy representation U of Diff , (S!) is equivalent to a direct sum of
irreducible representations, see Proposition 3.14. Every irreducible component U; in
the decomposition has the same value of the central charge ¢ and if £ is the lowest
weight of U;, hj — hy € Z for every j, k. This fact is crucial for our purpose, which
is to extend the conformal symmetry of the net to the larger group D*(S!), s > 3, in



Positive energy representations of Sobolev diffeomorphism... Page 29 of 36 12

the sense that we want to show that the conditions in (10) are satisfied for arbitrary y
in D*(S!) and D (I') respectively.

Proposition 4.1 A conformal net (A, U, Q) is D*(S')-covariant for every s > 3.

Proof Let {y,} be a sequence of diffeomorphisms in Diff | (S!) converging to y €
D*(S") in the topology of D*(S') as in Lemma A.4. For all n € N it holds that

U(Vﬂ)-A(I)U(Vn)* = -A(an) C A(Uzzm Vkl),

where we used isotony of the net A. For x € A(I), it follows for m < n that

Uyn)xUyn)* € AUz D =V iem A D),

by additivity. By Proposition 3.6 it follows that U (y)xU (y)* = lim,,— 00 U () xU (y)*
(convergence in the strong operator topology) is in (=, A(y - I) for any m, hence
we have by upper semicontinuity that

U AMDU ) [ VAUR,, ) = A D).

The other inclusion follows by applying Ad U (y ~!).

Now consider y € D*(I") and x € A(I). We know from Lemma A .4 that there
exists a sequence {y,} C Diff (/) converging to y in the topology of D*(S 1) and
a decreasing sequence of intervals I, D supp (y,) D I’ such that ("), I, = I'. For
x € A(lp), UWm)xU(ym)* = x if m > n, hence by Proposition 3.6 we obtain
U(y)xU(y)* = x. As n is arbitrary, this holds for any x € A(, I,) = ‘A(I) by
additivity. O

Representations of conformal nets

Let (A, U, 2) a conformal net. A representation p of (A, U, Q) is a family p = {p;},
I € I, where p; are representations of A(/) on a common Hilbert space H, and
such that py| 4y = pr if I C J. The representation p is said to be locally normal
if p;y is normal for every I € Z (this is always true if the representation space H,
is separable [41, Theorem 5.1]). We say that a representation p of a conformal net
(AU, Q)/i\s_giffeomorphism covariant if there exists a positive energy representation

U’ of Diff ; (S') such that

UL () pr()UP ()" = pyrU)xU @)Y, forx € A(), g € Diff 1 (S1),

where p is the image of y in Diff , (S!) under the covering map.
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Now let p be a locally normal representation of the conformal net .4 and assume

that ¢27L0 has pure point spectrum (this is always the case if p is a direct sum of irre-
ducibles). By using [5, Proposition 2.2] and arguing as in the proof of [5, Proposition
3.7]itis not hard to see that p is diffeomorphism covariant (this will be directly proved
in [42]) and that the corresponding positive energy projective unitary representation

U, of Diff 4 (S!) is a direct sum of irreducibles. By our previous results U, extends

P

to DS(S1), s > 3, and this extension makes p D5 (S!)-covariant. Furthermore, if p is
a direct sum of irreducible representations, then the adjoint action Ad U, (R(2r)) is
trivial, and in this sense p is D* (S 1-covariant. We summarize this fact in the following
proposition.

Proposition 4.2 Let p be a locally normal representation of the conformal net A and

i LP . . .
assume that ¢'*" L0 has pure point spectrum. Then p is D5 (S)-covariant for every
s > 3. If further p is a direct sum of irreducible representations, then it is also
DS (SYH-covariant.

5 Outlook

For all positive integers n and some £, the irreducible unitary representation Uy, ;) can
be extended to D*(S1), s > 2[10]. It would be interesting to better understand to what
extent the regularity of the diffeomorphisms can be weakened in such a way that the
representations Uy, ;) may be extended to such a class in a continuous way. The proof
of [10] (based on the strategy of [46]) relies on the better-behaving U(1)-current, and
it appears that such extensions do not act nicely on the stress-energy tensor 7', which
we are currently able to extend only to S 3 (S1). On the other hand we know that at
least some degree of regularity is required, i.e. we cannot just completely drop differ-
entiability, at least when assuming that the representation has reasonable properties.
Indeed, using the modular theory of type III; factors, it can be shown that a posi-
tive energy representation does not extend e.g. to the group of orientation preserving
homeomorphisms, still satisfying the locality property. For a detailed discussion on
this point see [10], in particular how this fact is related to the construction of soliton
sectors for conformal nets.

Another interesting question is whether the global multiplier representations in

[15] extend to D5 (S!). The question is whether these representations are continuous
in the D*(S')-topology. Instead, what we used in Proposition 3.12 is the continuity
of our extensions as projective representations, and the existence of local multiplier
representations follows. In particular, we do not know whether there is a multiplier

e~

representation of D*(S!) with the Bott-Virasoro cocycle.
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A Appendix: Various definitions of Sobolev spaces

By Fourier coefficients. In Sect. 2.3 we introduced for s > 0 the Sobolev spaces
H*(S") through the Fourier coefficients,

HY(SY) == {f € L*(S". R) : D (1 + k)| fa|* < o0}, (A.1)
and for s > % the Sobolev groups

D*(S") := {y e Diff.(s") : 7 — e H*(SH}, (A.2)

where y is a lift to Diff _li_(S "yand(: R — R is the identity map. We can also give the

topology first to DS (S!) as an open subset of H*(S') 4 ¢ with the topology given by
H* (S, then to D* (S!) by the quotient map. The definition by Fourier coefficients is
convenient for us because it is crucial that D3¢ (S1) acts on the set of vector fields in
S 3 (SY) (to which the stress-energy tensor can be extended) and the latter is defined

again through Fourier coefficients. However, we also cited Lemmas 2.4, 2.5 from [22,
Lemma B.4, Theorem B.2] where the Sobolev spaces are defined in another way.
Therefore, we have to check that these definitions coincide.

By local integral.  Let us first observe that an analogue of [22, Lemma B.1] holds.

LemmaA.l Let f € L>(S',R) and s > 1. Then, f € H*(S") if and only if f €
P(i45) and f' € HTL(SY). Moreover; the norm || fII + || f'|| ys—1 is equivalent to
| f | s, where || f1l = | f 1l go is the L%-norm.
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With this Lemma, we can consider the second characterization, parallel to [22,
Lemma B.2].

LemmaA.2 Lets > 0,5 ¢ Z and A = s — |s], where |s] denotes the largest integer
not exceeding s. Then f € H*(S) ifand only if f € H'S) and [ f (15D, < oo, where
[f D1, is the L2-norm of the following function on S' x S!

| fsD ity — pUsD(eif2))

1
0y — 6,12

01, 02) —>

where |01 —6,| denotes the distance® of two points 01, 0> along the circle st = R/27Z.

Proof Following [22, Lemma B.2], we prove the Lemma by induction. Let us assume
ls] = 0, hence s = A. We have

01y _ F(oifh)[2 HO140)Y _ £ (oi01[2
/ / |f () — f(e™)] d91d92=/ / | f (™) — fe™)] 461d0
st /s st /s

161 — 92|2A+1 |9|2A+1

1 X .
= fS T /S fE )= fe ) Pdodo.
By Parseval’s theorem,
Agﬂa@”h—ﬂwm%m=§:u@H%»—ﬁF
k

=D 1M — 112 Al
k
therefore,

If(e"") — f(2)? ~o [ 1€ — 112
d61d6, = ————db
/S1 /31 — g, [P 142 Z'fk| FENTIEEE
lk9 1|2

22
Z|k| |f| f |k|2)”|9|2}‘+1 do.

Note that, for k # 0, by substitution 6 = k6 we obtain
ik0 __ 1 2 T ik0 __ 1 2
/‘k;__Ldezf 1™ =17
gl |k|2k|9|2k+1 o |k|2k|9|2k+1
km |€ié _ 1|2
= / ——do,
ke |9|2A+1

5 We may assume that —7 < 61,6, < m, and |#p — 01| = min{|fp — 61,27 — |y — 61]}, hence this
depends only on 6, — 65.
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and this last integral is uniformly bounded both below and above with respect to k.
Therefore, for f € HYI(S') = LS, R), [ fllgs = Y, (0 + KD /il < oo if
and only if ), |k|2k|fk|2 < 00, if and only if

i0 i671)2
//1 |f(e™) — f(e™)] 461d6y < oo,
st s

|91 _ 92|2A+]

Assuming that the statement holds for s — 1, we can conclude induction by applying
itto f’ and using Lemma A.1. O

The whole Appendix B of [22] can be adapted to H*(S') and D*(S') using these
norms and one obtains Lemma 2.5 for s ¢ Z, corresponding to [22, Lemmas B.5,B.6]
(for s € 7Z, see [22, Section 2]). We believe this is the fastest way for the reader not
familiar with Sobolev spaces.

By local Sobolev spaces.  Alternatively, one may start with the Sobolev spaces on R,
following [22]:

H*(R,R) := {f e L*(R,R) : /(1 + D If(©O1Pde < oo} :
R

where f denotes the Fourier transform for f € L%*(R,R) (with a slight abuse of
notation: f depends on whether f € L*(R,R) or f € L2(S',R)). For an open
connected set Y C R, we set (see [22, Definition B.1], where the boundary ol is
required to be Lipschitz, but in R it is not necessary):

H'U,R) :={f € L>U,R) : thereis f € H' (R, R) s.t. f = fly}.

Let us consider S' as a manifold, namely supplied with an atlas {L}.
For s > 1, we may take another definition for H°(S') = H*(S!, R):
{(f € C(S'",R) : foreach® € S' thereisU > 6 s.t. flyy € H (U, R))}.

Now, from Lemma A.2, it is clear that being in H*(S') is a local property (note that
Stis compact). If f € H*(S 1) (in the sense of (A.1)), for any smooth function v with
compact support, ¥ f € H*(S') by Lemma A.2. To a chartZ{ in the atlas, take a smooth
function ¥ which is 1 on I{ and supported in a non-dense interval. Then v f can be
considered as an element of H* (R, R) by [22, Lemma B.2], hence the definition (A.1)
is stronger. Conversely, if for each 6 € S ! there is U > 6 such that flu € H* U, R),
by compactness of S! one can take a finite cover {4} of S and a smooth partition of
unity {1y} subordinate to it, and it follows that f = )", ¥ f € H*(S 1) in the sense
of (A.1), therefore, the two definitions are equivalent.
It is also clear that the following definition [43, Section 4.3]

H'U,R):={f € L>U,R) : ¥ f € H' (R, R) forany ¥ € C°U, R), suppy C U}

is equivalent to the definition through Fourier coefficients for s > 0.
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Now, we define HS(SI, Sl) to be the maps f : Ss! — S! such that there are two
atlases {Uy}, {Vx} of S! such that f g, € H® Uy, R), where we identified f () C Vi
as a subset of R by the chart (see [22, Section 3.1]) and

D*(S") = {y e DiffL.(S") : y € H*(S', SH}.

Recall that the definition (A.2) is local, and the identity map ¢ is a smooth function,
hence it is equivalent to the definition above which is manifestly local.

Now that we have the equivalence of definitions, we can use [22, Theorem B.2],
which we cited and specialized as Lemma 2.5.

Local approximation of diffeomorphisms. We also need that elements in D (S!)
with compact support can be approximated by elements D*(S') with slightly larger
support.

LemmaA3 Let s > 0. For a fixed [ € HS(SY), the rotation R > t +— f;, =
F(etD)y e H5(SY) is continuous.

Proof We have f; ; = ¢/* fi, and hence | f; x| = | fi| and fix — fi ast — 0. By
Lebesgue’s dominated convergence theorem (applied to the measure space Z with the
counting measure, with the dominating function k — 4|(1 4+ k%) fx|%)

D U+ fix— fil> > 0.
k

This means || f — f;|lgs — 0. .

LemmaA4 Let s > % For every y € D*(S"), there exists a sequence {y,} C
Diff  (S') converging to y in the topology of D*(SV). Furthermore, if y is supported
in I, we can take y, such that supp y, D Yn+1 and (), supp y» = 1.

Proof Let y € DS (S') and @ € Ds5(S!) such that (6 + 27) = (@) + 27 and
y (%) = ¢*©@ If y is supported in a proper interval we may assume without loss
of generality that ¢(0) = 0 if 6 € [—m,a) U (b, w]. The function ¥:=¢" — 1 is
2m-periodic and has compact support [a, b] as a function on [—, 7].

We now choose a set of C°°-functions {g, } with compact support strictly contained
in [—m, 7] such that foralln € N g, > 0, [ g, = 1, supp(gs) D supp (gn+1),
supp (gn) — {0}. In addition, if y is supported in [a, b], we may assume that [a, b] +
supp (gn) D supp (¥ * g,), where the convolution is defined on S! ~ R/277Z as an
abelian group. With this choice, ¥ * g, + ¢ defines an element in D*(S 1), because
ft Y * g, (t)dt = 0 and ¥ * g, > O for sufficiently large n.

To obtain the claim, it is enough to show that ||y — ¢ * g,|lgs — Oasn — 0.
This follows from

1 =& *gnllms < /sl O = Vil msdr

and Lemma A.3. O
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