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Abstract

We describe a procedure to deform the dynamics of a two-dimensional conformal net
to possibly obtain a Haag-Kastler net on the de Sitter spacetime. The new dynamics is
given by adding a primary field smeared on the time-zero circle to the Lorentz generators
of the conformal net.

As an example, we take an extension of the chiral U(1)-current net by a charged
field with conformal dimension d < i. We show that the perturbing operators are
defined on a dense domain.

1 Introduction

The first interacting quantum field theories, the Z(¢)s-models, have been constructed by
starting with the free field on the Minkowski space, defining an interaction term, perturbing
the dynamics by it locally, finding the interacting vacuum and changing the Hilbert space
[GJ72]. The Z(¢),-modes have been constructed also on the de Sitter space [FHKNT75], then
recently formulated into the operator-algebraic framework [BJM23|. Perturbing the dynamics
on the de Sitter space has the advantage that one may construct interacting models on the
same Hilbert space, as one can avoid Haag’s theorem [Weill].

These procedures of perturbing the dynamics have been formulated more generally in
[JM18]: One starts with a Haag-Kastler net on the de Sitter space (in the sense of [BB99]),
chooses the new dynamics with an interacting vacuum. The above &?(¢)s-models fit in this
programme. As the arguments do not depend particularly on the free fields, one may wish
to find other examples. We propose such an example in this work, where the starting QFT
is a two-dimensional conformal field theory and the perturbation is given by a primary field.
Specifically, the conformal field theory is a two-dimensional extension of the chiral U(1)-
current algebra, and we take the charge-carrying field as the interaction term. Such fields
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have been constructed recently as two-dimensional conformal Wightman fields [AGT]. Such
a conformal field can be seen as a field on the de Sitter space through a conformal map.

The U(1)-current algebra is defined on the Hilbert space Hy, and the two-dimensional
extension contains two copies of it as the left and right chiral components. The chiral
components have charged sectors H, parametrized by @ € R. For a fixed a € R, we take
@D,z Hio @ Hja as the Hilbert space’. There is a charged field Y, (2) that maps Hg @ Hg to
Hpra @ Hptq. This is the basis of our perturbing field. We show that the symmetric field
Yo(2) @ Yo(27™') + Yo(2)* @ Yo (271H)* can be added to the Lorentz generators of the de Sitter
space, and they still satisfy the Lorentz relations weakly.

From a physical point of view, perturbing the Hamiltonian of a CFT by a (relevant)
field has been proposed to obtain massive integrable models in [Zam89]. Depending on the
initial CF'T and the perturbing field, various integrable models should be obtained. While
our results are specific to the U(1)-current, the proof of (weak) Lorentz relations depends
essentially on the fact that we take a primary field that is commutative at the time-zero
circle. Therefore, the idea should generalize to many CFTs and primary fields.

This paper is organized as follows. In Section 2, we briefly recall the algebraic framework
on the de Sitter spacetime, how a two-dimensional CF'T can be considered on the de Sitter
spacetime and the perturbation of the dynamics by a local field. In Section 3, a family of
two-dimensional extensions of the U(1)-current net and their charged fields are reviewed. In
Section 4, we make estimates of the charged fields restricted to the time-zero circle and show
that the restriction defines operators if the charge « satisfies |a| < \/Li Section 5 shows
that the time-zero charged fields commute with each other. In Section 6, we show that the
Lorentz generators perturbed by the charged field still satisfy the Lorentz relations weakly
on a certain domain. In Section 7, we describe how this programme can be completed.

2 General strategy

2.1 Haag-Kastler nets on the de Sitter space

The two-dimensional de Sitter space dS® is embedded in the ambient three-dimensional
Minkowski space R**! by the equation x2 — 22 — 22 = 72, where r > 0. The set dS? is
invariant under the (proper orthochronous) Lorentz group Li (the connected component of
the stabilizer subgroup of the point (0,0,0) in the three-dimensinoal Poincaré group). On
this space, the causal structure and the metric can be introduced by restricting those of the
ambient Minkowski space. The region {(xg,z1,22) | |zo] < 21} is called the wedge in the
z1-direction. We denote its intersection with dS* by W;. Any image of W; by a Lorentz
transformation is called a wedge in dS®. For any wedge W there is a one-parameter group
Aw (t) of Lorentz boosts that fix W, which are referred to as the boosts associated with W.

The Haag-Kastler axioms, usually considered on the Minkowski space, can be also formu-
lated on dS* [BB99], where the spectrum condition is replaced by the geodesic KMS property
as below. A Haag-Kastler net on dS” is a triple (A, U,Q), where A is a family of von
Neumann algebras on a Hilbert space # parametrized by open regions O C dS? U is a

'From a general point of view, it is more natural to take H;o, @ H_;o (cf. [LR95]). In this case, the
resulting net is unitarily equivalent through the map J(z) — —J(z), which can be unitarily implemented.



unitary representation of El on ‘H (continuous in the strong-operator topology) and € is a
vector in H, such that

HK1) Isotony: A(O;) C A(O,) for Oy C Os;

HK2) Locality: If O; and O, are spacelike separated, then A(O;) C A(O3)';

(HK1)
(HK2)
(HK3) Lorentz covariance: A(g0O) = AdU(g)(A(O)) for g € LT ;
(HK4) Cyeclicity: Q is cyclic for each A(O);
(HK5)

HK5) The geodesic KMS property: For any wedge W, it holds that U(Ayw (27t)) = Ay,
where A# is the modular group of the algebra A(W) with respect to €.

The geodesic KMS property is equivalently stated by saying that U(Aw (1)) satisfies the KMS
condition for A(WW) with temperature 27 with respect to 2 [BB99].

2.2 Two-dimensional conformal net on the de Sitter space

Our starting point is a two-dimensional conformal field theory. A two-dimensional con-
formal field theory on the Minkowski space is a theory that is (locally) covariant with re-
spect not only to the Poincaré group but also to the universal covering Mob x Mob of the
Mobius group Mob x Mob including special conformal transformations, and often further to
Diff, (S') x Diff, (S1). It is known that any two-dimensional conformal (Haag-Kastler) net, a
priori defined on the Minkowski space R'™! extends to the Einstein cylinder [KL04][MT19,
Theorem A.5], and then restricted to a part of it that is conformally equivalent to the de
Sitter space dS? [GLO03]. Therefore, a two-dimensional CFT can be considered as a QFT on
dS? in this natural sense. Let us briefly review how this is done.

In our framework, a conformal Haag-Kastler net can be described as follows. First, we
consider R as the product of two lightrays. Each lightray R has S* as the one-point
compactification, and the group Diff, (S') acts on it. Therefore, Diff, (S*) x Diff, (S!) acts
on R locally in the sense of [BGL93|. Furthermore, by spacelike locality, this action
factors through the subgroup R := {Ropr X R_onr : n € Z} where R, € Diff, (S1) is the lift
of the rotation by ¢ [KL04, Proposition 2.1] (see also [MT19, Theorem A.5]). We denote this
group by €. The Minkowski space R!*! is conformally equivalent to the product Io; X Io;
of open intervals of length 27, and through the local action of ¢, the Haag-Kastler net can
be extended to R x R quotiented by the action of SR, where R is the universal covering of
S1. This space is conformally equivalent to the Einstein cylinder £ = S* x R (the product
structure is different from the previous one). We say that two regions Oy, Oy are spacelike
separated if there is a diamond obtained by shifting the Minkowski space I, X I, which
includes Oy, Oy such that O; and O, are spacelike separated there.

To be precise, the axioms for conformal nets on £ are the following: Let A be a family
of von Neumann algebras on H parametrized by open regions in &, let U be a unitary
projective representation of the group ¢ on H (note that the restriction of U to the subgroup
MG6b x MGb/9R can be actually made into a true representation of Mob x Mob [Bar54, Theorem
7.1], and the generators of one-parameter subgroups in Méb x M&b are uniquely defined) and
let 2 be a vector in H such that




(CN1) Isotony: A(O;) C A(O3) for O; C Oy
(CN2) Locality: If Oy and O, are spacelike separated, then A(O;) C A(O3)’;

(CN3) Conformal covariance: A(70) = AdU(v)(A(O)) for v € €, and if O is disjoint
from supp~, then AdU(v)(z) = z for z € A(O);

(CN4) Positive energy: The generators of the chiral rotation subgroups R; X ¢,¢ X Ry,
where ¢ € Diff (S1) is the unit element, are positive;

(CN5) Vacuum: Q is cyclic for each A(O) and is a unique (up to scalar) vector such that
U(7)2 = Q for v € Méb x Méb in the sense above.

In a conformal net, the Bisognano-Wichmann property holds automatically [BGL93].

On the Einstein cylinder &£, the vertical strip of length 7 is conformally equivalent to the
de Sitter space [GL03| (for each radius r there are different de Sitter space, but we do not
specify it, because the only point is that any of such de Sitter space is conformally equivalent
to the same part of the cylinder), see Figure 1. The time-zero circle S' (zg = 0) in the de
Sitter space is the (compactified) time-zero line (ay = 0) on the cylinder, and space rotations
act on it. Other Lorentz transformations are contained in the conformal group . Indeed,
the spacelike rotations R; X R_; and Lorentz boosts (that is the product of lightlike dilations
with opposite sign) generate the three-dimensional Lie group SO(2, 1), the (2+1)-dimensional
Lorentz group. Therefore, by restricting a conformal net to the de Sitter space, it satisfies the
axioms (HK1-5): the geodesic KMS property is satisfied because of the Bisognano-Wichmann

property.

ar,

Figure 1: The Minkowski space M, (cf. [AGT, Figure 1]) and the de Sitter space dS”
conformally embedded in R2. The cylinder is obtained by identifying the dotted lines. The
dark grey region is a wedge W and the light grey region is a double cone.

In general, a two-dimensional conformal net A contains chiral components, that are
observables living on the lightrays and invariant under the action of ¢ x Diff; (S1) (Diff, (S1) x
t, respectively). They can be regarded as Haag-Kastler nets on the lightrays R, extend
to S' by conformal covariance and are called conformal nets on S'. More precisely,
a triple (Ag,Up, Qo) where Ay is a family of von Neumann algebras on a Hilbert space
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Ho parametrized by open connected nonempty non dense intervals in S*, Uy is a unitary
projective representation of Diff, (S') and ) is a vector in Hy, is called a conformal net
on S! if it satisfies

(CNS1) Isotony: Ay(Iy) C Ay(ly) for I C Iy;
(CNS2) Locality: If I; and I are disjoint, then Ag(I;) C Ao(l2);

(CNS3) Conformal covariance: Ay(yI) = AdUy(7)(Ao(I)) for v € Diff (S?), and if I is
disjoint from supp~y, then Ad Uy(v)(z) = z for € Ay(I);

(CNS4) Positive energy: The generators of the rotation subgroup in Diff, (S!) is positive;

(CNS5) Vacuum: € is cyclic for each Ay(O) and is a unique (up to a scalar) vector such
that Uy(y)Q = Qp for v € Mob;

A two-dimensional conformal net A contains both left and right chiral components, indeed,
the operators U(y x ¢),U(t X ) are such elements. In addition, left and right chiral com-
ponents commute with each other [Reh00].

The positive-energy representation Uy is associated with a positive-energy representation
of the Virasoro algebra {L,,} [Car04, Appendix]:

[Lim, L] = (m —n) Ly, + 1—C2m(m2 — 1)0m,—n,
for a certain value ¢ > 0 (by an abuse of notations, we use the symbols {L,,} both for abstract
Lie algebra elements and for unbounded operators satisfying the above relations). The self-
adjoint operators t = %Lo—i(Ll +L_1),0= %(L,l — L) are the generators of translations and
dilations of R C S* (in the sense that R is embedded in S! by the stereographic projection),
respectively [Wei05, Appendix A].

The two-dimensional conformal group € has the tensor product {L,, ® 1,1 ® L,} as the
Lie algebra. The Lorentz boosts are generated by 0 ® 1 — 1 ® 0, while the spacelike rotations
are generated by Lo ® 1 — 1 ® Ly.

For z € S', one can consider the operator-valued distribution T'(z) = ., L,z"", called
the Virasoro field (the convention of the exponent is the one such that T'(z)* = T'(z) [CTW19],
different from L(z) = Y L,z " % in vertex algebras [Kac98]). The two-dimensional stress-
energy tensor 7" has four components, and the fields T(2) @ 1+ 1® T (27 ') and T(2) ® 1 —
1 ® T(27') correspond to the components of the stress-energy tensor 7% and T% [Reh].

2.3 Perturbation by a local field

As we saw above, a two-dimensional conformal net can be considered as a Haag-Kastler net
on dS* and hence as a starting point for a new construction in the sense of [JM18]. We take
a starting Haag-Kastler net A on dS?, a unitary representation U of the (2 4 1)-dimensional
Lorentz group and a vacuum vector 2. We call “time-zero wedges” wedge regions whose end
points reside on S!.

The general strategy of [JM18, Theorem 4.1] goes as follows:



e Assume there is a rotation-invariant vector € cyclic for A(W;) in the natural positive
cone P(A(W7), ) associated to the pair A(W;) and the free vacuum vector Qy. The
rotation-invariance of 2 implies that 2 € P(A(W), Q) for all time-zero wedges W.

e Assume there exists a new representation U of the Lorentz group such that

— its restriction to the rotation subgroup coincides with that of U;

— its (interacting) Lorentz boost associated to the wedge W is implemented by the
modular group for the pair A(W;) and (the interacting vacuum vector) €2

— it satisfies the finite speed of light condition [JM18, Definition 3.3], which roughly
says that the action of U on the time-zero algebras A(Oy), with O a double cone
given by the intersection of time-zero wedges, preserves locality.

The last two assumptions should be satisfied automatically if the new representation
U is generated from a local field, as below.

e The Lorentz covariance of the new net is given by U. For any wedge region W, JZ((W) =
AdU(g)(A(W,)), where g is such that gW; = W (this is well-defined by finite speed of
propagation, in particular, the time-zero wedge algebra is preserved by the new boosts
with respect to the same wedge). Any double cone is written as O = (5, W, and
accordingly we define VZ(O) = MNw-o .Z(W) This satisfies locality again by finite speed
of propagation.

Then (.Z, U, (NZ) is a new Haag-Kastler net on dS*. This construction avoids Haag’s the-
orem [Weill], because the spacetime is compact and there is no dilation covariance that
pushes a double cone to infinity.

Assume that the net A is generated by a conformal Wightman field ¢y and it has a
well-defined restriction to the ay = 0 circle, which we denote by ¥(0,6). Let e,(0) = e™’.
The field ¢(0,6) smeared by a test function f on the circle is denoted by (0, f). We
find interesting candidates for such U by adding the generators (0, ¢;),1(0,¢g), % (0,e_1) to
Li@®1+1®L_1,Li®1 —1® Lo, L_; ® 1+ 1® L, of the Lorentz group L.

Below we take concrete examples of two-dimensional CFTs and a candidate for U using
the charged fields in it.

3 U(1)-current and two-dimensional extenion

3.1 Chiral components

To make the programme concrete, we take an explicit example of two-dimensional CFT,
whose chiral component is the U(1)-current net on S' [BMTS88|. It is generated by the
current (the derivative of the massless free field) J(z) = > J,z7""!, where z € S', and its
Fourier coefficients J,, satisfy the commutation relations

(S, In] = N0y .-



There is a representation of this algebra with a unique vacuum vector (), such that J,Q, =0
for n > 0, and equipped with an inner product (-,-) with respect to which it holds that
J¥ = J_,. The Hilbert space H, is spanned by the vectors of the form

anl T ankQ()v

where ny > ng > --- > ng. We denote by Hgn the linear span of these vectors.

This current can be smeared by a smooth function f and gives an unbounded operator
J(f)=>_, fusn, where f,, = % [ =™ f(0)df are the Fourier components. The exponential
W(f) = e’/ is called a Weyl operator. One can construct a conformal net on S' by
Ao(l) = {e’P) s suppf c I}, A representation of the Virasoro algebra {L,} is given
by the Sugawara formula L, = 1 52k Jn-kJr 1, and it integrates to a projective unitary
representation Uy of Diff, (S1). Wlth thls Uo, (Ao, Uy, ) is called the U(1)-current net.

A representation of a conformal net Ay on S! is a family of isomorphisms {p;} of local
algebras {Ay(/)} to von Neuman algebras on a certain Hilbert space #, that satisfy the
compatibility condition

o1, (x) = pr,(2) for z € A(L), I C Is.

For each o € R, the U(1)-current net admits a representation p,. This representation
pa can be realized on the same Hilbert space Hy as the vacuum representation, but to
distinguish them we denote it by H, and the lowest weight vector by €1,. The assignment
W(f) = pa(W(f)) = e SOPW () gives the representation. This is an automorphism of
each local algebra Ay(). In terms of generators, it amounts to replace Jy (which acts as the
0 operator in the vacuum representation) by the scalar a. We denote by HE® the subspace
spanned by vectors of the form J_,,, -+ J_,, (1,.

Two such automorphisms p,,, pa, can be composed, and yield a new automorphism (rep-
resentation) pu,+a,. This composition law is called the fusion rule for the U(1)-current. For a
fixed a € R, the family {pjq }jez on {#;4} is closed under fusion, indeed ja+jaax = (j1+j2) v

On these representations spaces H,, there are also unbounded operators {Jun, Lan}
satisfying the same algebraic relations. In particular Jan Testrict to the representation on
H,. Furthermore, the Sugawara formula holds: L, = = Zk an—kJak

3.2 Charged primary fields

Recall [AGT] that we use formal series ) _p A2° for a family of operators {A,}ser (actually
the formal series is just the parametrized family {A} itself, but certain operations on them
are implicit).

Let us fix o € R with [a] < 1. We constructed a formal series Y, acting on the dense
domain in the Hilbert space H = @]ez H;o. On this space, operators J @]ez Jiamns Ln
P ez Ljq.n can be defined naturally and satisfy the same commutation relations. The latter

generates a projective unitary representation Uy of Diff, (S1). Let d = %2 We know from

[AGT] (see [TZ12] and [TL97] for the original references) that Y, satisfies

[[:ma Ya,s] = ((d - 1)m - S)Ya,m+5a (1>
”Ya,SH <L (2)



By (2), we can smear the field by a test function supported in R and obtain Y, (f). By (1), it
is conformally covariant with respect to U with the conformal dimension d. If we construct
the formal series Y,(2) = Y g Ya,2*7% it is not local with itself, but satisfies a braiding
relation.

More explicitly, these are constructed as follows: Each coefficient Y, s is a map Hz —
Hpia (on each Hg, only Y, s with s € Z+ aff — d are non-zero). Let ¢, be the unitary charge
shift operator Hg — Hpi defined by caj,m ce j,nkQB = j,m e j,nkQﬁJra, n; > 0. We
can regard ¢, as an operator on H = @ ez Mjo- Following [TZ12], we define

I,
B*(a,7) = oxp (:Fz —) |
n

n>0

Yo(2) = caB (o, 2) BT (o, 2) 2™, (3)

where 2% means z*® on Hg.
From this construction, it is easy to see the commutation relation [J,,, Y, (z)] = aY,(z)z"™,
or equivalently,

[, Yas] = 0¥ mmas. (4)

This implies that Y, (2) is relatively local to J(w).

3.3 Two-dimensional Wightman field

From two copies of a conformal nets A4y on S', one can construct a two-dimensional conformal
net by tensor product: Ag(I; x I_) := Ag(ly) ® Ag(I_). The unitary representation of ¢
is given by Up(vy) ® Up(y—) and the vacuum by Qp ® Qy. For a fixed o € R, there is an
extension of this net on the space @<, Hja ®Hjo [MTW18, AGT]: on each direct summand
Hjo ® H,a, the tensor product net Ay acts by the representation pj, ® pja.

Furthermore, let Y, s as above on H = @jez H;o. The components Y, s ® 1 of the
charged field Y, (z) @ 1 of the left chiral component acts on H ® # trivially on the right chiral
component. Similarly, the components 1 ® Y, s of the charged field 1 ® Y,(z) of the right
chiral component acts on He 7:[, trivially on the left chiral component.

We consider the combined charged field

(w, z) = Yo(w) ® Ya(z) + (Ya(w) ® Ya(2))",

which is a formal series whose coefficients are operators acting on H@H. Actually, as the
components of Y, (w) ® Y,(z) raise (respectively the components of (Y, (w) ® Y,(2))* lower)
the left and right charges by « at the same time, they restrict to H = @jez Hia @Hjo. As we
take o < \/Li < 1, by [AGT, Theorem 5.9], the field QZ(U}, z) is a two-dimensional conformal

Wightman field that generates a two-dimensional Haag-Kastler net. Let us call this net A.



4 Estimates of the charged fields

As we wish to perturb the conformal net by a charged field, we are interested in the time-zero
restriction of ¥ (w, z) = Yo (w) ® Yo(2) + (Ya(w) ® Y,(2))*. This amounts to take z = w1
However, it is a priori unclear whether this is possible, because taking z = w1 should give
a formal series of z alone, but each component is an infinite sum of components of ¥ (w, z):

Yo (w) @ Yy (2) = Z Yo w0 ® Z Yoz d

seR teR

Therefore, by substituting z = w1,

Yo(w) @ Yo(w™) = Yo "@ ) Yot

seR teR

E : E s
= Ya,ert X Ya,tw

seR teR

and we have to make sure that the sum ) rer Ya,s1t @Yo (the sum is countable on each H;, ®
Hjo) gives a finite result on a certain dense domain. As the domain we take P, ,, H§g®algH§g
where ;i alg denotes the algebraic direct sum and ®a; denotes the algebraic tensor product.
We show that the above sum is convergent if |o| < \/LE

For this purpose, we need a general result on primary fields with conformal weight d
[CKLW18, Appendix B (141)]. This is proven for fields with integer d, but it is straightforward
to generalize it (because one only needs the primarity). It states that

2d+n—1 T'(2d + n) B
Y o Q 2 — — ~ 2d—1
Yo -n-af2] ( n ) T(n+1r0(2d) " (5)

where the last asymptotic follows from the Stirling’s approximation of the Gamma function
['(x) with complex variable [WW21, 12.33].
2
We first observe that, for |o > \%, d=% > %, thus > .7 Ya—n ® Y, s—n does not

converge on 2y ® €. Indeed, ||Yo - ® Yo s-n-a- Q0 ® Dl = (2d+§*1) <2d+::88*1) ~ ntd=2
(for a fixed s, as n — oo) and these vectors are orthogonal to each other, hence the sum
Y nez Yo,—n—d ® Yos—n—aq diverges on {0y ® Q. This means that, if o > \/LT there is no hope
to define an operator of the form ) Y, ,_q® Y, s—n_q on a domain containing Q2 ® €.
On the other hand, if d < }1, there is a hope to carry through the general programme of

Section 2.3.

Theorem 4.1. Let |a| < 1 . Then the coefficients of J(w,w_l) of w is a convergent sum

on any vector in Hﬁn Ralg Hﬁg.

Jralg
Proof. We note first that a general vector in one tensor component is a linear combination
of c]aJ_ml- J_kao, where m, > 0 and c¢j, commutes with Jm,m # 0. Therefore, it is
enough to prove the convergence on vectors in Hi" @, Hi".

We claim that ||Ya,_n_dj_m1 e j_kaOH2 < Ci(n + C)*~2 where C}, Cy depend on the
vector but not on n. This is clear for kK = 0. To prove the claim by induction on k, let us
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observe that Y%_n_dj_ml e j_kaO can be reduced, using the commutation relations (4),
Yo —n—d, Jm] = —a¥a —nim—d, as follows:

Ya,fnfdjfml e jfkaO = ([Ya,fnfdu jfml] + j,m1Ya7,n,d)j,m2 e jfkaO
= (_@Ya,fn+m1fd + jfml Ya,fnfd)jfmg T jfkaO

Using ||¥; + Uy|> < 2(|| 4|2 + || P2]|?), it is enough to show that the norm of each term
decays as desired. The first term decays by the induction hypothesis. Let us calculate the
norm of the second term:

Ty Yaren—d g -+ + T Q0|2
= (Yocn—dad-my - Ty Q205 (g s Trms ]+ Ty o) Yo —ro—dd =y =+ + Iy, Qo)
= (Yain-admy - om0, (M1 4 Ty Ty ) Yernd oy = T o)
= 1 ||Yan-d—my - T Q0l* + [Ty Yo —nd =g« * + Ty 02
= | Yan—d—my - Ty Qol|? + (@Y —nmy —d + Yarn—dmy ) T —my - - - Ty Q0|
< || Yocna -y -+ Ty, Q0
201 sy T Q011 4 20 Y d oy Ty -+ Ty Q01 -

The last term can be further reduced, using [jm, jn] = My, —pn and J Qo (as m > 0), to a
sum of norms of vectors of the above form. This completes the induction. That is, the norm
of Yay,n,dj,ml . j,mk ) is a linear combination of terms that decay like (n + Cy)??~1.
When the operator Y, _,,_4®Y, s_,—q for a fixed s is applied to a vector that is the tensor
product of two such vectors, the norm decays as Cy(n + C5)*~2, which is summable in n.
Therefore, this operator is defined on H?“ Ralg 7-[%1 O

J,alg «

5 Commutativity of the time-zero charged field

Now we know that, for |a| < \/Li’ Y, (w) ® Y, (w™!) makes sense as a formal series whose

coefficients are (unbounded) operators on the dense domain €, HIn @ HEn. Next we
show that it is not only local but also commutative, and moreover, Y, (w) ® Y, (w™') and
Y3(2) ® Ys(271) commute for possibly different «, 3. More precisely, we have the following
result.

Theorem 5.1. As formal series, Yo (w) @ Yo(w™) and Ys(2) @ Yz(2~') commute on the
domain P

j alg Hf;‘ Ralg Hf;j weakly, that is, as sesquilinear forms.

~

Proof. We have [jm, Yao.s| = @Yy mts. In terms of formal series, this amounts to [Y,(w), J,,] =
—aY, (w)w™,

Let us denote by J,, ® 1 the operator on €, 1, HIM @ag Hi that acts as Jjam @ 1 on
each component ’H?g Ralg 7—[?2. We calculate the commutator as a sesquilinear form, that is,
we apply the operators to a vector and take a scalar product with another vector, but we
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omit them. It holds that, by the Jacobi identity,

~[[Ya(w) ® Ya(w™), Y5(2) ® Ys( 1)), Ju © 1
= [[Jn ® 1, Ya(w) ® Ya(w™)], Y5(2) @ Ys(= "))
+[[YB( )®Yﬂ(z D), I @ 1), Ya(w) © Ya(w™))
= (—a2™ = BC™)[Ya(w) @ Yo(w™), Ya(2) @ Ya(2 )],

and similarly, with 1 ® jm that acts as 1 ® jm on each component ’H?g Ralg 7—[?2,

—[[Y( )®Y( ), Ya(2) ® Ya(z )], 1 ® i)
= (—az™" = B¢ [Ya(w) ® Ya(w™), Ya(2) @ Ya(z 7).

We observe that, upon commuting with J,®1orl® jm, we obtain the same operator
Vo (w) @ Yo (w™), Yo (2) @ Y, (27")] multiplied by a scalar.

Now, to show that the commutator [V, (w) ® Y, (w™1), Y, (2) ® Y, (271)] vanishes, we only
have to check that the matrix components vanishes. It is easy to check that Y, (w)® Y, (w™1)
commutes with ¢, ® c¢,, therefore, we only have to consider the pair of vectors in Hg ® Hy
and H, ® H,. Furthermore, due to the above commutation relations, the scalar product

<jfm1 "'jfka2a®jfn1"'jfngQQay ' j—m’1 "'j—m;,QO®j—n’1"'j—nz,QO>

can be reduced to the case (g, ® Qaq, - Qo ® QO>;

Let us put Y (2) = E~(a,2)EY(a,2) and Y _(2) = Y (2) ® Y _(271). As we have
Et(a,2)* = E~(—a, z) (with the convention that z* = z71), it follows that Y (2)* =Y __(2)
% Y _,(2), or equivalently ijn = Y?m o
Put Y (z) = zmmz_m =2 2w Yor @Y, jimz™ ™. Then we have

—

Yo(2) ® Ya(z_l) = (ca ® Ca)iaJOZ_aJOXa(Z) ® Xa(z_l)

= (Ca ® )Y, (2).

Therefore, the question is further reduced to (o ® Qo, [V, o Y@H]QO ® Qo) = 0 for all m,n.
Note that, with F' the flip operator between the left and right tensor components in
Ho @ Ho (which is a unitary operator),

za,mQO & QO Z Ya k RY E—Y k+mQO & QO
= Zxa,k’ ® Xoé,k‘meO ® QO =F- Za,meO ® QO :
k

This implies that

(Vo0 ® Q0. Y 5 Q@ Q) = (F- Y, Q@0 F-Y, 00 Q)
= <Z Qo ® Q, zﬁ,_nQo ® Qo) .

a,—m
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Moreover, note that the map J,, — —J,, is a vacuum-preserving automorphism implemented
by a unitary (the multiplication by (—1)* on the k-particle space), and it’s tensor product
maps

Y (2)=E (o, 2)ET (o, 2) @ E (a, 2 ) ET (v, 27Y) )
— B (—,2)ET (—a,2) @ B~ (—a, 2 DE T (—a, 27 ) =Y __(2).

That is, zmm is mapped to i therefore, by the invariance of 2y ® {2y by this unitary,

<za7m90 ® o, zg,nﬂo ® Qo) = <z_a7mﬂo ® o, z_ﬁ,nQo ® Qo) -
From this, we can compute the commutator (as a sesquilinear form)

(Q0 & Qo, [V s ¥ 5,102 © Q)

Q@ Q. (VoY s — Y 5.0Y am) @ Q)

zfa,meo ® (o, zg,nﬁo ® Qo) — <27577n90 ® o, ia,on ® Qo)
Ym0 ® Q, 25,_7190 ® o) — <2_5,_n90 ® Qo, 2a,m90 ® o)
Za,mﬂo ® Qo,z_g,_nﬁo ® Qo) — <Z_g,_n90 ® o, Za,on ® ).

= {
=
=Y _om
= {

Furthermore, by construction (3) of ¥, = Y oker Yok @ Y, him, these expectation values

give only real numbers. Therefore, by hermitianity of the scalar product, this commutator
vanishes on the vacuum state. [

6 Perturbation by charged fields

According to the general idea of Section 2, we wish to perturb the net A by the field 5(2) ala
Barata-Jakel-Mund [BJM23]. That is, while keeping the 7! component of the stress-energy
tensor, we add a smeared local field to the 7% component on the time-zero circle S*.

The necessary condition for it to work is that the new operators satisfy the Lorentz
relations:

Uy b)) = (m — )l —py,  m,n=—1,0,1.

As we do not know whether the smeared field can be multiplied on the domain of the old
generators, we consider the weak commutation relation: for two vectors Wy, ¥y, we compute
(A*WUy, BUy) — (B*Wy, AU,). Obviously, if the commutator [A, B] can be defined on the
domain and calculated, then it implies the weak commutation relation.

We pick the symmetric field

P(w, z) = Yo (w) @ Yo (2) + (Ya(w) @ Yy (2)) = Yo (w) @ Yo (2) + Yo o(w) @ Y_o(2),

restrict it to the time-zero circle z = w™!

ingly, we consider the coefficients of 2™:

Z Ya,k & Ya,fnJrk + Z Yfa,s & Yfa,fnJrs = Z Ka,k ® Yvea,fnJrk-

keR seR keR,e=+1

and smear it with ¢;(#),n = —1,0, 1. Correspond-
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Theorem 6.1. The Lorentz relations are weakly satisfied for

Li@l+1@La+A Y Yar®Yea 11
kER,e=%1

Lo®1—-1® Ly,

f/_l RL1+1® [A/1 +A Z Yvea,k ® Yea,1+l<:
keR,e=%£1

where k runs in R, but there are only countable nonzero terms on each Hg @ Hg, on the

domain B, 1, ’Hfg Ralg Hfg

Proof. 1t is clear that, if A = 0, these are the old generators and they satisfy the Lorentz
relation on the domain. The new terms commute with each other in the weak sense as we
have seen in Section 5, hence we only have to check the commutation relations between the
old terms and the new terms.

One new term can be applied to a vector in the domain and gives a convergent series,
hence we can compute the weak commutator term by term. For a primary field Y, (z), it
holds that Ly, Yan] = ((d — 1)m — n)Yamin in the operator sense, and hence also in the
weak sense. Therefore, we have the following commutation relation in the weak sense:

im RKI1I+1® ZA—me ) Z Ya,k ® Ya,fnJrk

= (((d=1)m = k)Yaktm @ Yo,—nr + ((d = 1)(=m) — (—n + k) Yok @ Yo —m-n+k)
= (((d - 1)m - (k: - m))Ya,k & Ya,—m—n+k

+((d = 1)(=m) = (=n + k))Yar @ Yo, -m-n+r)
= (m+n—2k)Yor @ Yo _mnsk-
keR

As « is arbitrary, this holds even if « is replaced by —a. Furthermore, ZkeR Yor ® Yo nik
and ZkeR Y_ ok ®Y_ o _pir commute by Theorem 5.1. Altogether,

Ln®L1+1@L_m+XA Y Yk ® Yeamk,
EER,e==+1

f/n & 1+1 ® j;—n + A Z Y;a,k & Ka,—n—i—k
keR,e=+1

=(m— n)f/mm RI—-—(m-n)l® Lo,
+ )\ Z (m +n— Qk))/;a,k & Y‘ea,fmfnqtk — /\ Z (TL +m — 2]€)Ka,k ® Yrea,fnfm+k
kER,e=+1 kER,e=+1
= (M =)Ly @1 — (M —=n)1Q L_pyy,

13



and for m =1,n = —1, this is 2(Ly® 1 — 1 ® Ly).
On the other hand,

Lo®@1-1® Lo, Ly @1+ 1& L_p + A Z Yea,k®Yea,m+k]
kER,e=+1

= (—=m)Lpm @1 —(mM)1® L_,
+ A > (—k)Yeak ® Yea ik — (—(=m + k) Veak © Yea i)

kER,e=41

- (m) (fim S1110L,+2 Y Yauo Y> |

kER,e=%1

By combining its adjoint as before, we obtain the right commutation relations between /g
and /,, form =1, —1. n

Note that the Lorentz relations do not extend beyond m = 1,0, —1, that is, they do not
satisfy the Virasoro relations.

In order to implement the perturbation by this commutative field, we need to solve the
following.

Problems. Show that the above generators are self-adjoint on a certain domain and gen-
erate a dynamics that satisfies finite speed of propagation.

On the other hand, on the time-zero circle, there is a new representation of the Virasoro
algebra (non-positive energy) with ¢ = 0, or the Witt algebra.

Proposition 6.2. The Virasoro relations are weakly satisfied with ¢ =0 for
IA/m R1-1® i/—m + iAm Z Yvea,k & Yea,—m—‘rk‘a
k€ER,e=+1

where k runs in R, but there are only countable nonzero terms on each Hg @ Hp.

Proof. As before, we compute the commutation relations weakly. First, with d = %2 = (_;‘ )2,

f/m & 1-1 & [A/—my Z )/ea,k X Y;a,—n+k
keRe=+1

= Z (((d - 1)m - k)Ka,k-i—m X )/ea,—n-‘rk
keR,e=+1
— ((d=1)(=m) = (=n+ k))Year ® Yea,—m—n+k)
= Z (((d - 1)m - (k - m))yﬁa,k ® Yea,—m—n-+k
kER,e=+1
—((d=1)(=m) = (=n+ k))Yea ® Yea,-m—n+k)

= Z ((Zd - 1)m - n)}/;a,k ® Ka,—m—n—l—k
keR,e=%£1
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and by combining this and the one with « replaced by —a,

ZA—Jm ® 1-1 ® fffm + 1AM Z Yvea,k & Yvea,ferka
keRe=+1

ZA—Jn 1-1® IA/fn +1An Z }/ea,k & }/ea,nJrk]

kERe==+1
= (M =)Ly @ L+ (= —n)1 & Ly,
+id Y (n((2d — D)m —n) — m((2d — 1)n — m))Year ® Yea—m-n-tk
kER,e=%£1

= (m - n) (Lm—i-n ®1-1® L—m n+ 2)\ m + n Z Yveoz,k ® Yvea,—m—n—‘rk:) .
keR,e=+1

]

The combination ¢Am means that we are taking the derivative —i@g@g(ew,e_i@). The
operators L, ® 1 — 1 ® L_,, is the time-zero Virasoro (Witt) algebra, and this Proposition
tells that there are different actions of the Virasoro algebra with ¢ = 0.

Proposition 6.3. The Virasoro relations are weakly satisfied with ¢ =0 for

Ln®1-1@Ln+X Y Yar®Yar-m
keRe=+1
if and only if d = %

Proof. As before, we compute the commutation relations weakly. In Proposition 6.2 we have
seen

f/m I1I-1® [A/—mv Z Yea,k ® Yea,—n—i—k] - Z ((Qd - 1>m - n)Yea,k & Yea,—m—n—i—k

keRe=+1 keR,e=+1

and by combining this,

-i/m RXILI-1® [Af—m +A Z Yvea,k ® Yveoz,—m—‘rk:a
keRe=%£1

Li®l-1@L.+X ) Yax® Ka,_n+k]

kER,e==+1
= (M —=1)Lpmin @ L+ (—m —n) ® L_py_n
+XA Y ((2d—1m—n) — ((2d — D)n = m))Year ® Yea—m—n+i
keR,e=+1
= (m - n) <Em+n ®1— ®[A/—m—n + 2d\ Z Yveoa,k ® Ka,—m—n-‘,—k) )
kEER,e==+1

and the last expression in the bracket coincides with ﬁm+n®l—l®ﬁ_m_n+A ZkeR,e: 41 Yea k®
Yea,—-m-nti if and only if d = % O
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The case d = % is related with the free fermion. This might indicate a hidden symmetry
for the free fermion.

7 Outlook

We need that the above generators are self-adjoint on a certain domain. This is open. To show
that they are essentially self-adjoint on our domain, one way would be to use the analytic
vector theorem, but it is unclear whether even 2y ® €2y is an analytic vector. Therefore, we
need better estimates of the time-zero restriction Y, (w) ® Y, (w™!). Such estimates will be
needed also to show that the perturbed Lorentz generators do generate a new representation
of the Lorentz group, and that we can construct a new Haag-Kastler net on dS? and to
find the interacting vacuum. For this purpose, studying the Euclidean models of these two-
dimensional CFT might help.

There are many two-dimensional CFTs and some of the charged primary fields have been
relatively well-understood. It might be a good idea to take other models where charged fields
allow better control.

Acknowledgements

Y.T. thanks Bin Gui for useful discussions on primary fields and estimates. Y.T. is par-
tially supported by the MIUR Ezcellence Department Project MatMod@TOV awarded to the
Department of Mathematics, University of Rome Tor Vergata CUP E83C23000330006 the
University of Rome Tor Vergata funding OAQM CUP E83C22001800005 and by GNAMPA—
INdAM.

References

[AGT] Maria Stella Adamo, Luca Giorgetti, and Yoh Tanimoto. Wightman fields for two-
dimensional conformal field theories with pointed representation category. in prepara-
tion.

[Barb4] V. Bargmann. On unitary ray representations of continuous groups. Ann. of Math. (2),
59:1-46, 1954. http://www. jstor.org/stable/1969831.

[BB99] H. J. Borchers and D. Buchholz. Global properties of vacuum states in de Sitter space.
Ann. Inst. H. Poincaré Phys. Théor., 70(1):23-40, 1999. https://arxiv.org/abs/
gr-qc/9803036.

[BGL93]  R. Brunetti, D. Guido, and R. Longo. Modular structure and duality in conformal quan-
tum field theory. Comm. Math. Phys., 156(1):201-219, 1993. http://projecteuclid.
org/euclid.cmp/1104253522.

[BJM23]  Joao C. A. Barata, Christian Jékel, and Jens Mund. The Z?(¢)2 Model on de Sitter
Space. Mem. Amer. Math. Soc., 281, 2023. https://arxiv.org/abs/1607.02265.

16


http://www.jstor.org/stable/1969831
https://arxiv.org/abs/gr-qc/9803036
https://arxiv.org/abs/gr-qc/9803036
http://projecteuclid.org/euclid.cmp/1104253522
http://projecteuclid.org/euclid.cmp/1104253522
https://arxiv.org/abs/1607.02265

[BMTSS]

[Car04]

[CKLW18]

[CTW19]

[FHKNT5]

[GJT72]

[GLO3]

[IM18]

[Kac98]

[KLO4]

[LR95)]

[MT19]

[MTW18]

[Reh]

Detlev Buchholz, Gerhard Mack, and Ivan Todorov. The current algebra on the circle
as a germ of local field theories. Nuclear Phys. B Proc. Suppl., 5B:20-56, 1988. https:
//www.researchgate.net/publication/222585851.

Sebastiano Carpi. On the representation theory of Virasoro nets. Comm. Math. Phys.,
244(2):261-284, 2004. https://arxiv.org/abs/math/0306425.

Sebastiano Carpi, Yasuyuki Kawahigashi, Roberto Longo, and Mihaly Weiner. From
vertex operator algebras to conformal nets and back. Mem. Amer. Math. Soc.,
254(1213):vi+85, 2018. https://arxiv.org/abs/1503.01260.

Sebastiano Carpi, Yoh Tanimoto, and Mihaly Weiner. Unitary representations of the
Ws-algebra with ¢ > 2. 2019. https://arxiv.org/abs/1910.08334.

Rodolfo Figari, Raphael Hoegh-Krohn, and Chiara R. Nappi. Interacting relativistic
boson fields in the de Sitter universe with two space-time dimensions. Comm. Math.
Phys., 44(3):265-278, 1975. http://projecteuclid.org/euclid.cmp/1103899347.

James Glimm and Arthur Jaffe. The g3 quantum field theory without cutoffs. IV.
Perturbations of the Hamiltonian. J. Mathematical Phys., 13:1568-1584, 1972. https:
//doi.org/10.1063/1.1665879.

Daniele Guido and Roberto Longo. A converse Hawking-Unruh effect and dS?/CFT
correspondence. Ann. Henri Poincaré, 4(6):1169-1218, 2003. https://arxiv.org/
abs/gr-qc/0212025.

Christian D. Jékel and Jens Mund. The Haag—Kastler Axioms for the Z2(p)2 Model on
the De Sitter Space. Annales Henri Poincare, 19(3):959-977, 2018. https://arxiv.
org/abs/1701.08231.

Victor Kac. Verter algebras for beginners, volume 10 of University Lecture Series.
American Mathematical Society, Providence, RI, second edition, 1998. https://books.
google.com/books?id=e-jxBwAAQBAJ.

Yasuyuki Kawahigashi and Roberto Longo. Classification of two-dimensional local con-
formal nets with ¢ < 1 and 2-cohomology vanishing for tensor categories. Comm. Math.
Phys., 244(1):63-97, 2004. https://arxiv.org/abs/math-ph/0304022.

R. Longo and K.-H. Rehren. Nets of subfactors. Rev. Math. Phys., 7(4):567-597,
1995. Workshop on Algebraic Quantum Field Theory and Jones Theory (Berlin, 1994).
https://arxiv.org/abs/hep-th/9411077.

Vincenzo Morinelli and Yoh Tanimoto. Scale and Mobius covariance in two-dimensional
Haag-Kastler net. Comm. Math. Phys., 371(2):619-650, 2019. https://arxiv.org/
abs/1807.04707.

Vincenzo Morinelli, Yoh Tanimoto, and Mihdly Weiner. Conformal covariance and the
split property. Comm. Math. Phys., 357(1):379-406, 2018. https://arxiv.org/abs/
1609.02196.

Karl-Henning Rehren. Konforme quantenfeldtheorie. Lecture notes. http://www.
theorie.physik.uni-goettingen.de/~rehren/ps/cqft.pdf.

17


https://www.researchgate.net/publication/222585851
https://www.researchgate.net/publication/222585851
https://arxiv.org/abs/math/0306425
https://arxiv.org/abs/1503.01260
https://arxiv.org/abs/1910.08334
http://projecteuclid.org/euclid.cmp/1103899347
https://doi.org/10.1063/1.1665879
https://doi.org/10.1063/1.1665879
https://arxiv.org/abs/gr-qc/0212025
https://arxiv.org/abs/gr-qc/0212025
https://arxiv.org/abs/1701.08231
https://arxiv.org/abs/1701.08231
https://books.google.com/books?id=e-jxBwAAQBAJ
https://books.google.com/books?id=e-jxBwAAQBAJ
https://arxiv.org/abs/math-ph/0304022
https://arxiv.org/abs/hep-th/9411077
https://arxiv.org/abs/1807.04707
https://arxiv.org/abs/1807.04707
https://arxiv.org/abs/1609.02196
https://arxiv.org/abs/1609.02196
http://www.theorie.physik.uni-goettingen.de/~rehren/ps/cqft.pdf
http://www.theorie.physik.uni-goettingen.de/~rehren/ps/cqft.pdf

[Reh00]

[TL97]

[TZ12]

[Wei05]

[Weill]

[WW21]

[Zam89)]

K.-H. Rehren. Chiral observables and modular invariants. Comm. Math. Phys.,
208(3):689-712, 2000. https://arxiv.org/abs/hep-th/9903262.

Valerio Toledano Laredo. Fusion of positive energy representations of LSpin(2n). 1997.
Ph.D. Thesis, University of Cambridge. https://arxiv.org/abs/math/0409044.

Michael P. Tuite and Alexander Zuevsky. A generalized vertex operator algebra for
Heisenberg intertwiners. J. Pure Appl. Algebra, 216(6):1442-1453, 2012. https://
arxiv.org/abs/1106.6149.

Mihély Weiner. Conformal covariance and related properties of chiral QFT. 2005. Ph.D.
thesis, Universita di Roma “Tor Vergata”. http://arxiv.org/abs/math/0703336.

Mihaly Weiner. An algebraic version of Haag’s theorem. Comm. Math. Phys.,
305(2):469-485, 2011. https://arxiv.org/abs/1006.4726.

E. T. Whittaker and G. N. Watson. A course of modern analysis—an introduction
to the general theory of infinite processes and of analytic functions with an account of
the principal transcendental functions. Cambridge University Press, Cambridge, fifth
edition, 2021. https://doi.org/10.1017/9781009004091.

A. B. Zamolodchikov. Integrable field theory from conformal field theory. In Integrable
systems in quantum field theory and statistical mechanics, volume 19 of Adv. Stud. Pure
Math., pages 641-674. Academic Press, Boston, MA, 1989. https://inspirehep.net/
literature/279986.

18


https://arxiv.org/abs/hep-th/9903262
https://arxiv.org/abs/math/0409044
https://arxiv.org/abs/1106.6149
https://arxiv.org/abs/1106.6149
http://arxiv.org/abs/math/0703336
https://arxiv.org/abs/1006.4726
https://doi.org/10.1017/9781009004091
https://inspirehep.net/literature/279986
https://inspirehep.net/literature/279986

	Introduction
	General strategy
	Haag-Kastler nets on the de Sitter space
	Two-dimensional conformal net on the de Sitter space
	Perturbation by a local field

	U(1)-current and two-dimensional extenion
	Chiral components
	Charged primary fields
	Two-dimensional Wightman field

	Estimates of the charged fields
	Commutativity of the time-zero charged field
	Perturbation by charged fields
	Outlook

