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servables. We find a family of two-particle S-matrices parametrized by two positive
numbers, which are separated from the free field or any other known S-matrix. We pro-
pose candidates for observables in wedge-shaped regions and prove their commutativity
in the weak sense.

The sine-Gordon model is conjectured to be equivalent to the Thirring model, and
its breather—breather S-matrix components (where the first breather corresponds to the
scalar field of the sine-Gordon model) are closed under fusion. Yet, the residues of the
poles in this breather—breather S-matrix have wrong signs and cannot be considered
as a separate model. Our S-matrices differ from the breather—breather S-matrix in the
sine-Gordon model by CDD factors which adjust the signs, so that this sector alone
satisfies reasonable assumptions.
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1. Introduction

Recently there have been progresses in the construction of (1+1)-dimensional quan-
tum field theories with factorizing S-matrices in the operator algebraic approach
[16, 171 14, 26] 10} 20, 191 27, I 111, 2]. The basic idea is the following [23]: while
pointlike local observables are hard to construct, observables localized in an infinitely
extended wedge-shaped region might be tractable and have simple expressions. It
has been first implemented for a scalar analytic factorizing S-matrix [17} [I} 2] and
strictly local observables have been shown to exist using a quite indirect proof that
relies on properties of the underlying modular operators (for double cones above the
minimal size). In this construction, the input is the particle spectrum of the theory,
together with the S-matrix with certain properties. Construction of observables in
wedges has been extended to theories with several particle species by Lechner and
Schiitzenhofer [19], including the O(N)-invariant nonlinear o-models.

Recently, in [12],13],29], we further generalized this construction to scalar models
with S-matrices which have poles in the physical strip. The poles in the S-matrix
are believed to correspond to the presence of bound states (e.g., the Bullough—
Dodd model). We also extended this construction to models with several particle
species, where the S-matrix is “diagonal” in a certain sense. They include, e.g., the
Z(N)-Ising model and the Apy-affine Toda field theories.

In this work, we extend this last mentioned class of S-matrices to a continuous
family parametrized by two positive numbers. They differ from the S-matrix of the
sine-Gordon model by a CDD factor. This has the same fusing table as that of two
breathers in the sine-Gordon model.

The sine-Gordon model® has been constructed by Park [21] and conjectured to
be equivalent to the Thirring model in a certain sense (Coleman’s equivalence).
In [9] Benfatto, Falco and Mastropietro proved the equivalence between the sine-
Gordon model with finite volume interaction and the Thirring model with a finite
volume mass term. The Thirring model has been also constructed by the functional
integral methods [8]. On the other hand, the sine-Gordon model has been expected
to be integrable and its S-matrix has been conjectured [30]. Yet, in the rigorous
constructions, the factorization of the S-matrix has not been proved (cf. [7], where
the perturbative S-matrix with IR cutoff is shown to converge, yet its factorization
has not been proved).

The conjectured S-matrix of the sine-Gordon model has been studied in the
form factor programme [3] 4]. Certain matrix components of the pointlike local
fields (“form factors”) have been computed, yet the existence of the Wightman

2In some papers where the model was rigorously constructed, this model is called the “massless”
2
sine-Gordon model. This refers to the fact that the Lagrangian £ = %((%d))Q + % cos(B¢) of the

model does not contain the mass term in the standard form m2¢? in the kinetic part (even if such
a term arise from the expansion of the interaction term). The resulting theory, however, is believed
to obtain an isolated mass shell. The model corresponding to the Lagrangian with non-zero mass
term has been first constructed and the existence of a bound state has been proved [15].
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field is currently out of reach, because the expansion of the n-point functions in
terms of form factors is not under control. Here, we are not dealing with the sine-
Gordon model itself, but with a new model with the same fusion structure, that we
have not considered before. It arises as a modification of the “breather—breather”
S-matrix of the sine-Gordon model by the multiplication of a CDD factor. The
coupling constant is restricted here to a certain range of values, where there are
only two species of particles involved (two breathers). The breather sector for the
S-matrix of the sine-Gordon model has been extensively studied in the form factor
programme, see, e.g., [4] and references therein. Yet, the residues of the breather—
breather S-matrix have the wrong sign, and they must be contained in the larger
model with solitons (the Thirring model). Instead of it, we modify the breather—
breather S-matrix by a CDD factor which corrects the sign. In this way, there is
no obvious obstruction to relate directly (without adding solitons) these S-matrices
with a local quantum field theory.P

Indeed, we aim at a realization of this model associated with this new S-matrix in
the operator-algebraic framework, i.e. the Haag—Kastler axioms. In this framework,
we construct candidates for wedge-local observables by extending the construction
carried out in [TI3], see also [18] Sec. ] for a general overview. As mentioned before,
this is a first step in the construction of strictly local observables, which would
be recovered subsequently, following this program, by taking intersection of the
algebras generated by observables in right and left wedges, and by using an abstract
argument based on a certain phase space property called modular nuclearity. The
question of strong commutativity of these wedge-local observables remains open
also in this model.

With the presence of poles in the S-matrix, the construction of wedge-local
observables must be studied in a case-by-case approach, in contrast to the homo-
geneous construction for the analytic S-matrices [19]. This is due to the idea that
simple poles in the S-matrix correspond to the bound states in the model, there-
fore, the wedge-local observables must reflect such fusing processes. We do this by
introducing the operators which we call the bound state operators. Furthermore,
higher order poles bring further complications and we need the existence of what
we call elementary particles. Our proof of wedge-locality is based on a number of
properties of the two-particle scattering function, and there is actually a infinite
family of examples satisfying them, therefore, we have correspondingly an infinite
family of candidates for quantum field theories.

As our work proceeds case-by-case, we warn the reader that the properties of the
S-matrix we assume are not generic. For example, any model whose S-matrix com-
ponents of the elementary particle (the particle which generates the whole particle

bLet us note that this does not mean that there is a classical Lagrangian corresponding to these
S-matrices. Actually, the family cannot be connected to the free field in a natural way, therefore,
it is difficult to relate our models to the free field by perturbation.

1850010-3



D. Cadamuro € Y. Tanimoto

spectrum by fusing process) contain double or higher poles are beyond the reach of
our present methods.

The paper is organized as follows. In Sec. Bl we will introduce the model and
fix the input scattering data, including the properties of the S-matrix. In Sec. 3]
we exhibit our general notation for multi-particle Fock space, partially following
Lechner—Schiitzenhofer [19]. In Sec.[, we introduce the bound state operators x(f),
X' (g), we analyze their domains and symmetry properties as quadratic forms. In
Sec.[H, we construct the fields ¢(f) and ¢/(g) and show the weak wedge-commutati-
vity between the components for “elementary particles”. In Sec.[d, we conclude our
paper with some remarks.

2. The S-Matrix with Gap in the Coupling Constant
2.1. The factorizing S-matrix

The S-matrix describes the result of scattering in the asymptotic time. From phys-
ical requirements on quantum field theory, it follows that the S-matrix must satisfy
several properties, but the most general ones are not enough to specify the S-matrix.
In several models, the S-matrix is conjectured to be factorizing and additional prop-
erties are conjectured for specific models.

On the other hand, our goal is to construct Haag—Kastler nets having a given
function as the two-particle scattering function. For this purpose, we also need that
the given function satisfies certain properties. Yet, as we are not aiming at con-
structing models with Lagrangian, these properties might differ from those known
in the literature. They are rather justified by the fact that we can construct wedge-
observables satisfying the weak commutativity, hence opening the possibility for
the full Haag—Kastler net.

Our S-matrix is inspired by the sine-Gordon S-matrix and they differ only by an
analytic factor, hence let us give a brief overview of the latter. In the conjectured
integrable sine-Gordon model, the particle spectrum consists of a family of finitely
many particles called breathers {be} []. It is also conjectured that, the sine-Gordon
model is equivalent to the Thirring model, where the breathers are the bound states
of soliton and the anti-soliton (the anti-particle of the soliton).

In the sine-Gordon model, the number of breathers depends on the coupling
constant 0 < v < 1 in the expression of the Lagrangian [4]. We will consider
the coupling constant in the interval % <v< %, and differently from the sine-
Gordon model, we do not consider solitons and interpret that there are only two
breathers by, b, by taking the mazimal analyticity (see below) in a strict sense.©
The masses of the breathers are given by my, = 2msin &’T’r, where m > 0 and
¢ =1,2. These particles are neutral and hence the charge conjugate of by (denoted

¢In the form factor programme [3], for a given 0 < v < 1, there are K breathers, where K is the
largest integer such that Kv < 1. Especially, if % < v < 1, there is only one breather by, differently
from our case (we are indeed not considering the Thirring model).
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with by in literature) is b, itself. The elastic two-particle scattering processes are
characterized by a matrix-valued function with only non-zero components Sflel ),
Sb2b1( ) Sblbz( ) and szsz (0), where 0 is the difference of the rapidities of the
incoming particles.

Our new S-matrix has the same particle spectrum as the breather—breather
sector of the sine-Gordon model, and admit components, Sy, 5, (6), Sbyp1 (0), Spyp,(0)
and Sp,p, (0), similarly to those of the sine-Gordon model. We will give explicit
expressions for them in Sec. The difference between Sp, s, () and SESw (9) is
another analytic function called CDD factors.

The particles by, by may form a bound state in a scattering process. We declare
that the possible fusing processes are only of three types, (b1b1) — ba, (b1b2) — by
and (b2b1) — b1. On the other hand, (b2b2) is not a fusion. The corresponding
imaginary rapidities of the fusing particles are denoted by 0?51 b) for the first fusion,

and G?b ba)?
specify the rapidity 6s,s,), since there is no fusion (b2b2). The actual values will be
given in Sec.

In the same way as in [13], to these fusing processes there correspond the so-

G?g b) for the second two types of fusion. Correspondingly, we do not

called fusion angles, which determine the position of the simple poles in the compo-
nents Sp,p, (€), Spyb, (€) and Sp,p, (€) in the physical strip 0 < Im ¢ < 7. Specifically,
for the fusion (b1b1) — b2, Sk,p, (¢) has a simple pole at ¢ = i&gfbl, where

b b b
ebfln = o(glbl) + 9(5151 ( 29(21171))

Similarly, Sp,s,(¢), corresponding to the fusing process (b2b1) — b1, has a simple
pole at ¢ = i92ib2, where

b b
0b1b2 o(élb2) + o(bel)’

and the same holds for the S-matrix component Sp,p, (¢). We note that these fusing
rules for the angles follow the mass parallelogram depicted in [I3] Fig. 1]. In our
construction, the poles in the component Sy,p,(¢) do not matter. We will indeed
introduce the additional concept of elementary particle in analogy with [13], and
we assume the so-called “maximal analyticity” only for the elementary particle b;.

These angles correspond to s-channel poles and in the model under investiga-
tion they are explicitly given in Table[[l The S-matrix components Sy, b, , Sbybys Sbab,
and Sp,p, are meromorphic functions on C, which we present below. In addition,
we will introduce the matrix elements 77212,)1, 772; p, and nl’ji by (there is no correspond-
ing matrix element for (babs), as this is not a fusion). In a general non-diagonal
case, they formally diagonalize the above S-matrix components at the correspond-
ing pole, and their eigenvalues correspond to the residues. They were also defined
in [3] and more explicitly in [22, before Eq. (1.13)] (see also [6] Sec. 4.1.2] for models
having the “breather sector”) and here we adopt a slightly modified convention, as
below.
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2.2. Scattering data
The input which specifies the S-matrix of our model is the following.

e The coupling constant v, which is a parameter such that % <v < % and

the mass parameter m > 0 which determines the masses of the breathers (see
below). For the value of v in the range above, we consider two breathers, b, bs.
Indeed, K = 2 is the largest integer such that Kv < 2.

e The S-matrix components: Sp,,(¢) = Sbkb[ (C)Sﬁ%?((), where

1
tan Z(C + i)

Shin (€) = :
tan — (¢ — imv)
iy 1 TV
g (5] g (o )
S5O =835, =—1 2L B0 2L
g () w6 F)
1(4 2imv) (ta ! (( +im ))2
tan — (( 4 2imv no- v
S55,(¢) = —2i N

- . 2
tan Z(C — 2imv) (tan % (¢ — iﬂ'”))

are the breather—breather S-matrix components of the sine-Gordon model (see
[4,22]), and Sg7P are introduced as follows:

sinh %(C —im(v —v_)) sinh %(C —im(v +vy))

SER(Q) = 2
sinh — (C +im(v —v_)) sinh - (C +im(v +vy))

sinhl(C—iTr(l —v+4v)) sinh%((—iw(l —v—vy)) "
X . )
sinh — (C—!—m(l —v+4v)) sinh%({—kiw(l —v—vy))

and expecting the bootstrap equation (see condition (S6) below), we also define
S () = Sl (<)
b b
= Spiby (C + Z9(511;1)) Spiby (C L >
L1 . (3 1 . (3
- smhi (C—m <§u—u)) Slnh§ <C—27r <§V+V+>)
o1 (1 o1 e
smhi (C—i—m <§u—u)) Slnh§ <C+27r <§V+V+>)
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Wedge-local observables for factorizing S-matrixz

1 o1 . 1
<1 7 + V)) | sinh 3 <C —m <1 —g¥- V+>>
sinh <C + i <1 — gu + V)) Sinh% <C + i <1 — gu — V+>>

% ) . sinh1 (C —im (%V—Hq.))
3 3
V- ) sinh — (C +am <§u + V+>>

1 3

(2)
SERP(C) = STRP (¢ + 0030, ) SRR (¢ = 603,0,))
= SERP (¢ +i032,, ) SERP (02 SRR (¢ — it )-

SCDD

We do not need an explicit expression for and we omit computing it. The

parameters v_ and v, satisfy the following set of conditions:

(i) v—,vy > 0.

(i) v— € (3v—1,4v).
(iii) v+ € (0,1 —v).
(iv) 1—V:u,+u+.

For 2 s<v < £, there are such v_,v;. Indeed, by rewriting every condition (i)—
(iii) only in terms of vy through (iv) which is equivalent tove =1—v—v4, we
obtain 0 < vy <1—v and 1- V <vy <2-— V which have always a non-trivial
intersection for 2 s<v<g 2 (on the other hand in the interval g < v <1 there is
no such intersection).

Let us take such v_,vy. (iv) is equivalent to —(3v —v_) = 1 — 3v — vy,

therefore, from (2) and sinh (¢ + 27i) = —sinh £¢, we have

St (€)= SRP ()

1 . (3 .1 (3
smh§ (C—m <§y—y_)> sinh — (C—m <§V—|—y+)>

i hl ¢+ Lo h ¢+ ! +

sinh 7 i | 5V —v- sin im 5V T V+

o1 . 1
1 smh§<C—m <1—§V—V+)>

sinh — (C + o (1 — ;u + u)) 1

1850010-7
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) sinh (g—m (%u+y+)>
sinh% <c+m (gu—u» | L
] sinh% (g—m (1— %u-ﬁ—u)) .sinh% (g—m (1— %u—m»’
(e (o) (e (b )

and it is straightforward to see that these S-matrix components have no pole in
the physical strip 0 < Im ¢ < 7.

e There are only three possible fusing processes (b1b1) — b2, (b2b1) — b1 and
(b1b2) — b1. Note that (bebe) is not a fusion. The corresponding rapidities of
particles 9?511)1), 0?51172) and G?gzbl) are presented in the fusion table (Table ).

We define the fusion angles by 0, := HE’a s
process, where «, 3,7 = by or bs.

The data collected above satisfy the following properties (in general, these
properties involve the charge conjugation, but for breathers it is trivial, b; = b,
and by = by). In the following, k, ¢ = 1, 2.

) + ezﬁa) if (aB) — ~ is a two fusing

1) Meromorphy. The functions Sp,s,(¢) are meromorphic on C.

2) Parity symmetry. Sp,u,(¢) = Shs, (C).

3) Unitarity. Sb,s,(()™" = S5, (C)-

4) Hermitian analyticity. Sy, 5, (¢) = Sp.p, (—¢) L.

5) Crossing symmetry. Sy, 5, (im — () = Sp,p, ().

6) Bootstrap equation. Let a, 8,v, 4 = by or by. If (af) — ~v is a fusing
process in Table[d], there holds

(S
(S
(S
(S
(S
(S

Sy (€) = SualC +i0,5))8us(¢ — i0(5,)-

(S7) Value at zero. Sy, (0) = —1.

(S8) Regularity. The components Sy, 5, have only finitely many zeros in the
physical strip and there is £ > 0 such that [|S||, := sup {[Sps, (¢)] : ¢ €
R +i(—k,K)} < oo (the value of x depends on the parameters v,v_, v, ).

Table 1. Fusions and angles.

Processes Rapidities of particles Fusion angles
b b
(b1b1) — b2 9(51,31) = % 9bfb1 = nv
b b b b
(bgbl) —}bl,(blbg) —>bl 9(;1172) :W(l—u),e(ngl) = % eb;bl :ebibz :7T(1— %)
(b2b2) not a fusion

1850010-8
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(S9) Maximal analyticity (for b1).9 The component S, (¢) has only two
simple poles in the physical strip. They are at i92fb1 = inv (called s-
channel pole) and i@g?bl =1 z@b p, = im(1 —v) (called t-channel pole,
whose existence follows from crossing symmetry). Similarly, the component

Sk, (€) has also only two simple poles, i.e. an s-channel pole at z@bl by =

im(1— %) and a t-channel pole at z@'bl =g — 19b2b1 =z
(S10) No higher poles. Sp,5, have no double or higher poles in the physical
strip, k=1, 2.

(S11) Positive residue (for by). If (b1b;) — b is a fusing process, then

Rblb = Res c=i0yt, Sy, (€) € iR,

We note that while some of these properties are well known in the form factor
programme, see e.g., [3, Sec. B] and [6, Sec. H], for the proof of weak-wedge
commutativity we additionally require properties (S11) (see proof of Theorem 5.1
below) which is known for many models (e.g., [6] Sec. A1), and (S7) (relevant for
the relations among the residues and their signs, see proof of (S11) and comments
before Eq. @) and the absence of double or higher order poles of the S-matrix
components Sp,p,, K = 1,2, in the physical strip as mentioned above.

We are currently not able to treat directly observables generating particles
br, k # 1 from the vacuum. What we do is to try to construct observables gen-
erating the particle by from the vacuum and hope that they generate the whole
Hilbert space. The assumption (S10) or an analogous assumptions exclude some
S-matrices in the literature, e.g., see [6, Sec. 4.2.4].

Proof of the properties.

e (S1)-(S6) and (S8). These properties are already satisfied by the S-matrix with
components Ssap, s, of the sine-Gordon model (and well-known in the literature).
It is also straightforward to check that Sﬁ%{?(() satisfy (S1)-(S5) and (S8). As
for (S6), we have by construction

CDD 5CDD v §CDD
Spiby (€) = Spity <C+ —) baby <C— —)
By the properties mentioned above (in particular, hermitian analyticity), we have
C ISie IV qo -
SbllgP(C) bllz?? (C + ) Sblll?lD(C —im(l —v)).
Similarly, the bootstrap for b2 can be satisfied by construction.

Therefore, the products Sp,s,(¢) = S;G, (€)SE 5 (¢) satisfy them as well.

dWe call this “maximal analyticity” because each s-channel pole at z‘efjf br has a corresponding
entry (bibx) — by in the fusion Table [ It should be noted that this is required only for the
S-matrix components containing b1, the “elementary particle” defined below.

1850010-9
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(S7). It is easy to see that S;G (0) = —1, while S{PP(0) = 1, therefore, we have
Shib, (0) = —1.

(S9). The expression of Si/pP(¢) does not have poles in the physical strip, so the
pole structure of Sy,p, (¢) is determined by SJG (¢), which is easy to check (and
known in the literature).

(S10) This is clear from the explicit expressions of Sy'PP(¢) and SpG ().

(S11) is violated in the sine-Gordon model, indeed

RSGgfbl := Res Sb1b1 (¢) = 2itan(nv) € —iR,,

4:i0b2
2 4
for our range of v € (3, %).
On the other hand, by counting the zeros on the imaginary line and by
recalling that SZpP(0) = 1, we see that SLpP(imv) < 0, hence we obtain
Rp?, = ReS c—irySup, (C) € iRy as desired. From this, it follows that Rp', € iRy

as well, since we will see below that Rgibg = szbl.

Remark 2.1. If v < %, then Sp,p, has one more pair of simple poles and vio-
lates (S9). If 2 < v, combined with (ii) and (iv) (1 — 2v < vy <2— 2v), it forces

that vy < 0 and the condition (S11) fails.

The residues of Sp,p, (¢) will play an important role, so we give them symbols.
b b
Rbfbk = ReSC:w:fbk Shbiby, (C), Rglfbk = ReSC exbﬁb Shyby, (C)

b b
Rbiln = ReSC:wal Sbyb (C): R;),fbl = RGSC e’bz Sbyby (C)
and it follows that Rgfb = Rbkb1

As before, we also introduce® the symbols ngfbl and 772;1;1 by the following
formula:

b . b
M = if2m (B b, =iy [2m (B b, =i fom R @)

Furthermore, by convention, we set to zero any residues and matrix elements of the
above type which do not correspond to a fusion in Table [[l From the properties
(S2)—(S7) of the S-matrix, there is a number of other properties of the fusion angles
and of the residues that follow, and we refer for the proofs to [I3] Sec. 2.I]. We
would mention here only the following. The residue of the t-channel pole is related
to the residue of the s-channel pole by Rgfbl = R?b and R/b1 = —Rzi bys and
that by (S2), Ry, = Ry!, . (S6) and (S7) imply that R}?, = R§1b2. Furthermore,

¢We use a slightly different convention from [22]: For a fusing process (a8) — v, we have 773[3 =

\/ﬁ ngﬁ (Quella)

1850010-10



Wedge-local observables for factorizing S-matrixz

if (b1br) — by is a fusing process, the fusion angles are also related by

=0y, = 00k s

b
bibe)’ (beb1) — 9([ (4)

brb1)"

From the equality RZf b = Rzibz and the parity Rzi by = RZ; b, » it also holds that

b _ b1 _ b1
nblbl - nblbg - anbl'

Particle spectrum. Given the mass parameter m > 0, we define the masses of
the particles as

.vm . 2um
my, = 2msin —, my, = 2msin —.
2 2

They satisfy the following “fusion” rule:

o bo . pb2 _ b1 . pb1
My = M, COS O 4, My, cosOp 1y, My, =mp, cosby , y +mp, cosby, ),
(5)

which are a particular case of [13] Eq. (1)].
As by plays a special role in our methods, we call it an elementary particle

as in [13] Sec. ZT].

3. The Physical Hilbert Space

From the scattering data of Sec. [2:2], we construct basic mathematical structures
for the wedge-observables in the quantum field theory on the S-symmetric Fock
space. The construction can be thought of as a kind of deformation of a free field
theory with the input given by the S-matrix. The single-particle Hilbert space
accommodates the two species of particles:

M= P Hin, Hin, = L*(R,df).

k=1,2

An element ¥, € H; can be identified as a vector valued function with compo-
nents 6 — % (#). On the unsymmetrized n-particle space HZ", there is a unitary
representation D,, of the symmetric group &,, which, with 8 := (61, ...,6,,), acts as

br, ~br., br.-b
(D (75)%,)% (0) = Sy, by (B0 — 0;,)0," 9 Gy 0500,05, ., 0,),

J+17%5

where ki,...,k, € {1,2}, 0 := (61,...,0,), bk := (bgy,...,bx,) and 7; € &, is the
transposition (4,7 + 1) — (j + 1,7).

The full Hilbert space H is H := @ZO:O H.,, with Ho = CQ, where H,, = Pn'Hi@"
and P, := 4 > scw, Dn(0) is an orthogonal projection. The elements of # are L?-
sequences U = (Vq, ¥4, ...), where ¥,, are S-symmetric functions, namely invariant
under the action of &,,. Finally, we denote by D the linear hull (without closure)

of {H,}.

1850010-11
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There is a unitary representation U of the proper orthochronous Poincaré group
731 on H which preserves each H,,

U=EDUn (U(a,\)T)%(0) := exp ( Zpbk () - ) T (B — A, .., 0, — N,

where py, (0) = (my,, cosh6,my, sinh6). Addltlonally, there is an antiunitary rep-
resentation of the CPT operator on H:

J = @Jn, (JT)% () := Dok "1 (0, ..., 01).

We consider test functlons with multi-components whose components are chosen as
g€ @i:l 7 (R?) with gy, € .(R?), and we adopt the following convention:

1 ) .
95.0) = o / A2z gy, ()= O,

We note that! if g,, is supported in Wg, then g;; (9) has a bounded analytic con-
tinuation in R + i(—m,0) and |g;; (0 + i\)| decays rapidly as § — oo in the strip
for A € (—=,0). Moreover, g;; (0 —im) = g, (0).

There is a natural action of the proper Poincaré group on R? and on the space
of test functions, denoted by g(,,»), and it is compatible with the action on the
one-particle space:

(g(a,)\))lj;; = Ul(a»)\)géi-

The CPT transformation acts also on multi-components test functions, which
we denote by j, as g — g;, (¢;)b, () := g, (—), and this is again compatible with
Ji: (97)i, (0) = Jrgy (0) = g5, (6)

Moreover, we introduce the complex conjugate of a multi-component test func-
tion by (g%)s, (z) := g», (z) and if g = g*, then we say that g is real and it follows

that gbik (€) = g, () (cf. [19, Proposition 3.1]).

Zamolodchikov—Faddeev algebra
Similarly to [T9], creators and annihilators ng (0), zp, (0) are introduced in the S-
symmetric Fock space H. For ¢ € H;, their actions on vectors ¥ = (¥,,) € D are

given by

(P U)%0) =vVn+1 ) /dg/ U (0, 9),

1=1,2

2H(p) = (2(0)"
(see [19, Proposition 2.4]) and they formally fulfill the following Zamolodchikov—
Faddeev algebra:

2 ()2 (0') = Sy, (0 — 0)2) (02 (0),

fOur convention of the Lorentz metric is a - b = agby — a1b1.
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Zby, (0)251 (6/) = Sbk by (9 - 6/)251 (al)zbk (6)7
2, (0)2] (0') = Sbyp, (0 — 0) 2] (0)20,,(8) + 8" 5(0 — ') 13,

They are opereator-valued distributions defined on D and bounded on each n-
particle space H,, when smeared by a test function.
Let f € @_y 5 (R?), we define

O(f) =2 (fF) +2(Jf7)

= 5 [ a8(5;0)24, ) + (2 )0 0)2,0))

k=1,2

This multi-component quantum field® is defined on the subspace D of H of vectors
with finite particle number and the properties listed in [19] Proposition 3.1] are
fulfilled, as long as the analyticity in the physical strip is not used. We also introduce
¢, the reflected field defined for g € .%(R?),

¢'(9) == Jo(g;)J =21 (g") + 2/ (Jrg™),

where 2/, 2T are the reflected creators and annihilators z; (0) := Jz,(6).J and
2 (0) = J2] (0)J.

For the class of two-particle S-matrices S(#) with components which are not
analytic in the physical strip 8 € R 4+ i(0,7), we have [¢(f), ¢ (g)] # 0, namely,
even weak commutativity fails for ¢, ¢’. The goal of the present paper is to find
alternative wedge-observables for the S-matrix of the sine-Gordon model.

4. The Bound State Operator

We introduce an operator x(f) similarly to [13], which we again call the “bound
state operator”. Its mathematical structure corresponds to our fusion table, which is
same as the breather—breather fusing processes in the sine-Gordon model with two
breathers. In this model, the “elementary particle” is b1, and we restrict ourselves
to the case where f3, is the only non-zero component of a test function f.

4.1. Definitions and domains

We define x(f) as an unbounded operator on the S-symmetric Fock space H. Recall
that for s < ¢, H*(Ss.) is the Hardy space of analytic functions ¥ in S,; :=
R +i(s,t) such that U(0 + i)) is L*(R) as a function of § for each A € (s,t) and
their L2-norm is uniformly bounded for A. For a multi-component test function f

eIf the S-matrix S(¢) were analytic in the physical strip, ¢(f) could be considered as an observable
localized in the standard left wedge W1, and if furthermore S is diagonal with additional regularity
conditions, one would be able to obtain a Haag-Kastler net with minimal length [19],2]. In contrast,
our S-matrix has poles in the physical strip.
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whose only non-zero component is f,, and is supported in Wi, its action on H; is
given as follows:

Dom(x1(f)) := H? (S 0(b1b1),0> © H? (S 9<b2b1> 0)

—ingty, S5 (041003 4, )60 (0= i6),,)) ifR =1,
iy, S (04 i6%,) )6 (0 - i6,,) i k=2,

where ngfbl ngibz are the matrix elements introduced in Sec. [Z2 see Eq. ([B]). Actu-

1/ D2
ally, G&bl) O?Ele) , hence Dom(x1(f)) = H?(S—zz0) , but we often keep

the notation above for homogeneity.
The full operator x(f) is the direct sum of its components x.,,(f) on H,:

(1 (£)€)w,, (0) == (6)

@Xn y  Xn )— Pn(Xl(f)®]l®®]l)Pn (7)

Similarly, and as in [I3], we introduce the reflected bound state operator x’(g) for a
test function g supported in the right wedge Wx. Again, its one particle projection
for ¢ having only one non-zero component ¢, is given by

Dom(x}(9)) := H? (Soe ) & H* (SO 9<b2b1>>

? (b1b1)
. b .
—”71;111)2921 (0 Z%lb )>§b2 (9 + 19(b by ) if k=1,
- b - nb .
— 71, 95, (9 0, ))§b1 (9 + zo(glbl)) if k=2.
The full operator on H is given by

(X1(9)E)p, (0) :=

This operator is related to x by the CPT operator J:
X'(9) = Ix(g;) .

To see this, let us consider the one-particle components. By recalling the expres-
sion (@),
(Ix1(95)TE)w, (0) = (x1(95)TE)w, (9)

= —ingty, (9, (6+ 1605 4, ) (TEw, (6 - 805, )

= il 95, (9 (blbk)>§b’~ (9 b0 )

= (X' (9)€)n,(6),

where [ = 1 or 2 and k = 2 or 1, respectively, and we used that —“735 e R. As J,
commutes with P, we have x/,(9) = JnXn(g;j)Jn. Since the whole operators x(g)
and x/(g) are defined as the direct sum, the desired equality follows.
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We give some more explicit expressions of Eqgs. (@) and (§) by applying them
to a m-particle vector which we assume to be S-symmetric and in the domain of
X1(f)®1l®---®@landof 1 ®---® 1 ® x)(g), respectively. We have, from (S6),
(S2) and (S4) exactly as in [I3, Sec. 3.2],

(X(f) @)1 P%n (9, 0)

1<€<n, ap=b1,b2 1<j<e-1

b biy b, ebroy . obr, b
bet (9£+19(l’:fa ))‘I’nkl kp_q0ebr, b (01,...,92_1794—zé(gibl)794+17...79n>7
(9)

where k1,...,k, = 1,2 and we applied our convention that 7735 =0if (af) —» v is
not a fusion, and terms containing such nlB should be ignored (even if it contains
expressions such as ¥(...,0 — i%a), ...) which can be meaningless, as it might be

outside the domain of analyticity).
We have a similar expression for x’(g):

(X (9)Wn) 1P (B, ..., 0n)

. b b
=t Z ”bféf ( H Sbk b1 (0 92+ze(§fw)))

1<t<n, ay=b1,b2 {+1<j<n

biy-.bi, | cebr, . by, b
Xg;(eg “9(11:20( ))‘I’nkl lg_q ebiy bk (917,,.,9471,@ +19(;‘;b1),05+1,...,0n).
(10)

4.2. Some properties

We remark here on some of the properties of x(f), noting that analogous properties
hold by construction for x’(g). For a multi-component real test function f whose
only non-zero component is fp, which is real, we can prove that x(f) is densely
defined and symmetric.

By construction, xi1(f) is densely defined. To show that x1(f) is symmetric,
we take two vectors £,1 € Dom(x1(f)) whose components have compact inverse
Fourier transform. We can show that these vectors form a core for x1(f). By re-
calling that ngfbk =0 unless k =1,/ =2or k = 2,£{ =1, we compute on vectors
&, from the core:

Wl = =i, [ o (6.4 i) )€ (6 0,0, )

Zznblbk/dHf;;(G—f—iw—w% ” >¢b[( )é‘bk< —20% b1)>

- Z 0, / do fy\ (9 +im — ify bk)w ( —if% ) ) 0
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- Z mll:sz /d9 f;; (9 + i@?glb[)>¢be (9 _ ial();:(bl)>§bk ()
ke
= (x1(f)¥,9),

where in the second equality we used the property f+(0 +i)\) = ft(im — 60 —i))
explained at the end of Sec.[3l In the third equality, we used the Cauchy theorem and
performed the shift § — 6 +i9?§k b1 since the integrand is analytic, bounded and
rapidly decreasing in the strip R + (0, 7) due to &, being the Fourier transforms
of compactly supported functions and the properties of f*. In the fourth equality
we used the properties m — 02be = 0?;1112), O?Iflbl) = 9?1121;1) and 77212,)1 = nll))ibz from
Sec.

We can show that x,(f) is densely defined and symmetric by arguing as in
[13, Proposition 3.1].

Furthermore, the operator x(f) is covariant with respect to the action U of the
Poincaré group 731 on H that we introduced in Sec.[3 in the following sense. For a
test function f supported in Wy, and (a,\) € ”Pl such that a € Wy, we can show
that AdU(a, \)(x(f)) C x(f(a,n))- The key to the proof are the relations (&), see
[13, Proposition 3.2] for details.

5. Weak Commutativity
We introduce the field

o(f) = o(f) +x(f)

and its reflected field ¢'(g) = ¢'(9) +x'(9) = J$(g;)J in a similar manner as in [13).
For f with support in Wy, and such that f* = f, the field qNS(f) fulfills the properties
listed in [I3] Proposition 4.1], and a similar result also holds for the reflected field
& (g9). Regarding the domain of $, we note that, since the domain of X(f) contains
vectors with finite particle number and with certain analyticity and boundedness
properties (see Sec.[d), its domain is included in the domain of ¢(f), and therefore

Dom(3(f)) = Dom(x(f))- ]

As already mentioned in [13], the field ¢(f) has very subtle domain properties.
In particular, because of the poles of S, after applying this operator to a vector
(not the vacuum) in its domain, it generates a vector which is no longer in the
domain of ¢/(g). For this reason, products of the form ¢(f)¢'(g) and ¢'(g)d(f) are
not well defined, and we need to compute the commutator [q?)( ), & (g)] between ar-
bitrary vectors ®, ¥ from a suitable space (see below). Moreover, the commutator is
smeared with test functions f, g with only non-zero components corresponding to b;.

We start by considering vectors W2 in the domain discussed in Sec. These
vectors admit analytic continuation in the first variable, and actually a meromorphic
continuation in each variable, to +i%*. We also note that for certain components

gl ben (01,...,0,), specifically in the case where two of the indices are equal,
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bx, = by, = o, we can infer the existence of zeros by the following computation:

biey -+ aeror by,

o (O1,....05,...,00,....6,)

-1
= H Sbkpoz(ep - aj)Sabkp (94 - ep) Saa(af - 0]’)
p=j+1
) T e g 0,0 0).

Hence, by (S7) and (S4), Wb has a zero at 6; —6, = 0. However, this does not imply
existence of zeros for other components. Furthermore, in the proof of Theorem [5.1]
we will encounter certain poles of S in the computation. Hence, we consider vectors

from the following space:
Wb is analytic in R™ 4 i (—E, E) ,

2° 2

T (0 + iX) € L2(R™) for A € (—%” %”) :
Dy:=¥eD: ,  (11)
with a uniform bound and has a zero at §; — 6, = 0,

+in(l — v), in (37” - 1),i¥ for all 7,/

where k; = 1,2. Note that Dy C Dom(¢(f)) N Dom(' (g)).
One can see that Dy is dense as follows: we take

0 =T TI (O — 0; — iN)(0; — Or — iN)

NEA 1< j<k<n (0 — 0 — 2mi)(0; — O — 2mi)’

A= {o,ﬂu—y),ﬂ (%”—1) %”}

and consider the set

{Mc, Po(§1 @+ ©&n), &5 € Dom(xa(f)) N Dom(x}(9))},

where M¢, is the multiplication operator by the function C,,.

As C), is symmetric and it has zeros at the poles of S, the set above is a
subset of Dy. Furthermore, as M¢, has a dense range and commutes with P,,, M¢,
maps a dense subset of P,H{" to a dense subset of P,HY™. The set {P,(& @
- ®&,),& € Dom(xi(f)) N Dom(x}(g))} is dense, therefore, so are its image
Mg, (Dom(¢(f)) NDom(¢'(g))) and Dy. Thanks to (S8), [29} Proposition E.7] and
the properties of Dy, we can safely use analytic continuations in the proof of our
main theorem.

Theorem 5.1. Let f and g be test functions supported in Wy, and Wg, respectively,
and with the property that f = f* and g = g*. Furthermore, assume that f, g have
components fp, =0 and gy, =0 for k # 1. Then, for each ®, ¥ in Dy, we have

(6(£)®,(9)¥) = (' (9)®,6(/) ).
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Proof. As in our previous works, we may assume that the vectors ® and ¥ are
already S-symmetric. Furthermore, we recall that the domains of q~5( ), ¢ (g) coin-
cide with those of x(f), x'(g), respectively, hence we have the following equalities
as operators:

o(f) = o(f) + x(f) =T (f) + x(f) + 2(J1 f ),
&' (9) = ¢'(9) +X'(9) = 2T (g7) + X'(9) + #'(J1g™).

Therefore, the (weak) commutator [¢(f), ¢/ (g)] expands into several terms that we
will compute individually.

The commutator [d(f), d'(g)]

This commutator has been computed in [I9] and then simplified in the case
where S is diagonal in [I3]. Here, we briefly recall its expression:

([¢'(9), &) ) (61, 0n) = /d9' (gbl(@') (H i, (0 = 9p)> £, (0)

— gy, (0) (H Sbby, (6" = 9p)> o, (9’)>

X (U, (61,...,6,).

By (S5) and the analytic properties of f*, g% explained in Sec. B the first term in
the integrand is equal to the second term up to a shift of +im in #’. Since S has
some poles in the physical strip, we obtain residues from this difference.

We are considering test functions f,g whose only non-zero components cor-
respond to b;. In this case, the factor Sy,p, appearing in the expression of the
commutator have exactly two simple poles at ¢ = i@:fék,i%ﬁ’gk with k = 1,k =
and k =2, k' = 1, as seen in the fusion table in Sec. Z2.

With the notation RZ’fgk,R;ﬁ’Zk which are non-zero only for k = 1,k’ = 2 and
k =2,k =1, by applying the Cauchy theorem, we get the contributions from the
above-mentioned poles:

1

2mi

([¢'(9): 2(/)] W) (61, . 62)

=S | S R (0 i, Vs (0,4 0,

k=1,2 | j=1

n
-nb
% | T Seuon, (65 + 6%, —00)
p=1
PF]
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>R g (000, ) (050, )
=1

x HSblbk (05 + 0755, = 0,) || (@a)r2 (01, 00).

p=1
DPF]

More explicitly, the possible terms from the above expression are given by the
following.

L (160, (N (01, 00)

2mi
_Zablbk 200, (0 + 1652, ) 15 (03 + 0z,

Jj=1

H Sblbk (0 + Z91)11)1 0p> (\I/n)bkl b b, (91, ey 0j7 CE) on) (12&)

p=1
p#]

+Zab2bk R0 (05 + 105, ) 15 (0 + 032,
f

Jj=1

X H Sblbkp <9J + ie/ll:ibg - 917) (\I’n)bkl b2 i 01,..., 9j7 .., 0,) (12b)

p=1
p;ﬁj

+Zab2bk R0, (05 + 030, ) £ (05 + 1630, )

Jj=1

H Sblbk <9 + Zeblbg 917) (\Ijn)bkl b2 B (617 ceey gja ceey an) (126)

p=1
P#j

+3 b0, B2, 00, (ej + 20’22b1> £ <9j +ig'te, )
=1

Hsblbk (65 + 1072, = 0p) | (o)t (01,05, 0,). (120)

p=1
PF#J

The commutator [x(f), x'(g)]
We compute this commutator between vectors ¥, ® with only n-particle com-
ponents and with f,¢g having only non-zero components of type b;. Recall the

expressions of x(f) and x/(g) in Sec. @ where they are written as the sum of n
operators acting on different variables, therefore, there are n? terms in each of the
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scalar products (x'(¢)®, x(f)¥) and (x(f)®, x'(g)¥). Of these, one can show that
the n(n — 1) terms in which the above-mentioned operators act on different vari-
ables give exactly the same contribution, exactly as in [I3] (this time the operators
x1(f) and x}(g) are not positive, but x(f/)®1®---®@land 1®---®1® x(g) are
strongly commuting, hence we may consider their polar decomposition), which we
denote by C, therefore, they cancel in the commutator and hence are irrelevant.

Following [13|, p. 35], we exhibit the relevant parts (k := k1, ..., k, where each
k; can take 1,2. Furthermore, if k; = 1, then we put k:;- = 2 and if k; = 2, then
K, =1):

X'(9)®,x(f)y) -C

n

by .
=5 ¥ /d&l...d9n nbféaj
j=1 k
Otj,ﬂj:].,z
j_l . bkj + . bkj
x| I Soate, (9j—9p+zo(blbaj)) £ (9j+zo(blbaj))
p=1

b, b,

by - -bo s - b, b :
X (W, )P e-bog - b <91""’0J_w(bajbl)""’G”)nblbﬁj

< | T Sew, (9j —9q+i9?szbﬁj)>

g=j+1

bk . biy - bg. ...bk 00k;
Xg;; (9j J’_Za(blbﬁj) _”T>((I)n) ky 0B -Okn (617~-70j +Z€(bﬁjb1)""’9”>

-y / doy ...d0, 5,

=1 k
j_l . bkj + . bkj
x| I Soate, (@- — 0, + zo(blb“)) £ (@- + zo(blb“))
p:1 J J
b ...b,‘li...b n . bkj bkj
% () ke Pkl Ok (91, 05— Ze(bhbly ceey 9”>nb1bk’v
J J

X H Sbby, <9j — g +i9?gljb%)>

q=j—+1

. bk . iy by iy, . b
gt (05 4180, — i) @) T (o0 i)
J J

_ ZZ/dGl by

=1 k
x (ﬁ Sty (05— 0p + 0,17, )) 73 (05 + 6,03, )
p=1 J I
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by by b,
1Okt n )
’ (91a"'a0j7"'a0n)77b1{)k,
J

X ﬁ St by, (93' — 04+ 192,':; b1>

q=j+1

b, ) Bry --bpr - brory
X g, (03 + 0,3, — i) (@) (O, 05 00),
J

where we used (@) and (I0)), exploited that ngfbl , nll))ibz are the only non-zero com-
b,

binations, then performed the shift 8; — 6; + ie(gilbl) in the third equality and
j

used 0] ; = GE’Q 5 T H?ﬁa). This shift in 6; is allowed by the analyticity and decay
properties of f*, g* at infinity in the strip, [I2, Lemma B.2] and the property of
U, ® € Dy explained before Theorem B.Il more precisely, depending on whether
br, = by or by (respectively for b, ), Sp,u,, (¢) has a pole at imv and i (1 —v), or at

s TV

i7" and i(1 — %7), and there are no other poles by the assumptions (59)(S10). As
b,

0; —0; +i9(52/‘ by = 05 +i% (this does not depend on b, : see Table[I)), the integral

contour might move across the pole when 6; — 6; +im(1—v),0; — 0; +im(3 — 1)

or 0; — 0; +i%, depending on the combination of by, and b, . But these poles are

cancelled by the zeros of ¥,,, ®,, € Dy, hence the shift is legitimate and the result

is L' (the integral is the inner product of two L2-functions).
Similarly, we can compute the other term (x(f)®,x'(¢)¥) in the commutator

[x(f),x'(g)] and obtain:

X(N)2, X (9)¥) - C

n Jj—1
= Z Z /d91 . d&n 77:::;)% (H Sblbkp <9J - op + Zo?;:ibaj)>>
j=1 k p=1

a;,8;=1,2

. bk eq b bi bk
X f;; <0j + 29(217ba7)> ((I)n)bkl b J Oken (017 AR ok - 7'9(;;&]‘ b1)? " 0n>
q=j+1
bk bi, -..bp, ...by  Pr;
Xg;»l (0] _Za(blbﬁj)>(q]n) k1 Bj kn <017~'~70j +Z€(bﬁjb1)""’9”>

n j—1
-y / doy ... d6, "5, (H Statn, (65— 0 - 0,9, + m)>
7 \p=1 J

j=1 k

b, cq b by
X S (8= 0,0y, +im) (@) 0y, 6)
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n
br. bk
X nbli;k/‘ H Sblbkq (6] - q 0b1b + 17'(') g;t (0] — Zebl'ék/‘>
7 \g=j+1 J
biy...byr . by
X (W) Ty, 05, 60,),

v 0
where we used (@), (I0) and 0, = G(Qﬁ) + 050

0; — G(b o) and we used properties (S3)—(S5). As before, we can perform the shift

we performed the shift 6; —

in 6; usmg the analyticity and decay properties of fT, ¢~ at infinity in the strip,
[12, Lemma B.2] and the zeros of the vectors ¥, ® € Dy. This also guarantees the
fact that the result is still L.

Since there are only two types of fusing processes (b1b1) — by and (b1b2) — by
in the model, the possible contributions to the expectation values above are

X'(9)®, x(NH¥) - C

j—1
_ Z S, 0, / by ...d0y [T Sers, (ej — 0, + iagfbl)
p=1

j=1 k

< fi (9 02y, ) (U)ot (016 6)

x H Soave, (03— 00 + 032, )

q=j+1
X g;—l <9J + ieszl — i?T) ((I)n)bkl...b1...bkn (01, - ,Hj, R ,Hn) (133,)
j—1
+Zanlb277blb2/d91...dGnHSblka< -6, +z€b b2>
Ji=1 k p=1

XS (05 001y, ) (W) (016 6)

x ﬁ Siave, (0= 00+ 032, )

q=j+1

x g, (65 + 62, — im) ()PP (6,65, 0,),  (13b)
and similarly,

x(H)®,x'(9)¥) - C

j—1
SN / A0y - dby [T Suuve, (05— 0, — 632, +im)
p=1

=1 k
< fit ( 0, 7 ) ()PP (01, Oy Or)
x H Shatn, (@-—aq 62, +im) g, (05— 932, )
q=j+1
X (\I’n)bkl"'bl"'bk” (01, A 79ja - 79n) (143,)
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j—1
S btk [ a0, T S, (00, — iz, +ix)
p=1

=1 k
< S (65— 6, +m)(¢>n)bm~~b2---bkn 01,205, 00)
X H Sblbk ( i z&bb +z7r> (Gj—zﬂgilu)
g=j+1
X (W) 0knb2ebin (000050, 0,,). (14b)

Now, the commutator [¢'(g), @(f)] cancels the commutator [x(f), x’(g)]: more pre-

cisely, (12a)) cancels (I3al), (I2D) cancels ([4D)), (I2d) cancels (I3D), ([I2d) cancels

([[4a)). This uses the following properties:

e The properties of fusion angles and residues, such as Ggibz = 9?;1 byy T Gbé br)?
by _ ba by _ by by _ ba by _ by
ablbl =T = 0b1b17 ablbz =T = 9b2b17 Rblbl - _Rb1b12 and Rb2b1 - _Rblbg' 5
o Equation (@) and R?, , R}, € iRy, hence (n?, )" = —2miRy?, and (n",,)" =
—2miRYY, .
102

o fo (B +im) = fy (0), gy, (0 —im) = g, (6).
Most of these properties are from Sec. 22
The commutators [x(f),z'(J1g7)] and [z(J1f7), X' (9)]

Using the expressions of x(f) and x'(g) in (@) and (I0), we can also compute
these commutators as in [13]. Noting that ngfbl , ngi », are the only possible non-zero
combinations, we find

(IX(f) 2 (Jrg )W) e s (B, B )

SN /de’ 015 (0 +i603,,,)

X (W)t (0 — ol 0 01 O1) | T S, (00— 65) ]

which it can be rewritten by shifting 6/ — 6’ + 19?5 by as follows
([X(f)7 Z/(Jlgi)]\lln)bkl P (917 sy on—l)

= Vi, / at'g;, (0 + 63, ) £ (¢ + 60,

n—1

v (\I’n)bekl N — (9/, Or,...,0n_1) H Sblbk]. (0’ + 29?112171) 9j> . (15)
j=1
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For the shift in €', as it is based on an application of the Cauchy Theorem, it uses
the analyticity and decay properties of f*, g~ at infinity in the strip, [I2] Lemma
B.2] and the fact that the poles of the S-factors in the product above are cancelled
by the zeros of the vector ¥,, € Dy. More precisely, for by, = b1, Sp,, () has a pole

at ¢ =im — i92fb1 = im(1 — v). Noting that (1 —v) < Gbgzbl) = for 2 <v<g,
the zero of the factor C, at im(1 — 3£) becomes relevant here (see below (L),
while the pole at { = i&gfbl = ¢7v is not reached by the shift by % in 6'. The
pole of Sp,4,(C) at ( = i% = ie?ézbl) is cancelled by the zeros of U,, arising from
S-symmetry (see the observations above (1)), as in this case by; = b2, while the
pole at ( = im(1 — %) is not reached by the shift by ””’ in ¢'. There are no other
poles by the assumptions (S9) and (S10). This also guarantees the fact that the

result is still L2. Similarly, we have

([ )X (@) W)™ P01 (B, B i)
= —Vning, / a0’ f;, (03 (0 = i033,1,))

and by shifting 8’ — ' — 6" (boby) W€ can rewrite this expression as
([2(Tf ) X (9)] )10t (1, .., 0y 1)
b b
nznblbz/dﬂ fb1 9’ 10(3 b1)>92—1 (9' _191,11,2)

X (W)t V1 (8,6, 6, H Sty (05— 0+ 032, )

= —Vnin, / o’ f;+ (9’ +im — i9§g2bl))

X G, (0/ +im— iall:im) (0)"2080 Pkt (¢, 01, O 1)

Hsbk b (9 — 0, + im — 6} bz) : (16)

Jj=1

where we used the property of f~, g™ under m-translation and (S5). As before, the
shift in 8’ is allowed as the poles of the S-factors in the product above are cancelled
by the zeros of ¥,, € Dy. More precisely, Sp,p, (¢) has a pole at i%¢ and this is
crossed as ¢ is shifted by im(1 — %), hence the zero of the factor C, at in(1 —v)
becomes relevant, while the pole at ¢ = im(1 — %) is cancelled by the zeros of ¥,

arising from S-symmetry. The pole of Sy, s, (¢) at ( = i7r(1 v) is crossed when €’ is
not shifted, hence we need the zero of the factor C), at iZ¥ to compensate it, while

the pole at ( = imv is not reached by the shift.
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The commutators (I5) and (@) cancel each other due to the property 77—9211)2 =
b
0(p,p,) (see Ea. @)).

The commutators [21(f+),x'(9)] and [x(f),2"T(g")]

These commutators are the adjoints of the previous ones, therefore, they cancel
weakly by the above computations. O

This shows the weak-commutativity property of the fields qNS( f) and & (g9). While
being already a major step towards the construction of the model in the algebraic
setting, it would be important to obtain a proof of strong commutativity of these
fields in order to construct the corresponding wedge-algebras and to prove the
existence of strictly local observables through intersection of a shifted right and left
wedge. The proof of strong commutativity is however a hard task because of the
subtle domain properties of qNS( f) as mentioned at the beginning of Sec. Bl We are in
fact able to show that qNS( f) is a symmetric quadratic form on a suitable domain of
vectors, but it is not self-adjoint. Therefore, for the proof of strong commutativity,
we would need not only to prove existence of self-adjoint extensions of the two fields,
but also to select the ones that strongly commute. Some results in this direction
are recently available in [28] 29] in the case of scalar S-matrices with bound states
(e.g., the Bullough-Dodd model), but these techniques are hard to extend to more
general S-matrices.

Remark 5.2. Our proof depends only on the properties summarized in Sec. and
not on the specific expressions of the S-matrix. This implies that our construction
and the proof of weak commutativity work as well if one considers S-matrix such as

N
So () = 555, (O TT 55570 (©),
j=1

where SZ;%?D(C) is a factor as in (@) with (possibly different) parameters v; 4,

and N is an odd number (this is necessary to maintain (S11)). Therefore, we have
abundant candidates for integrable QFT with the fusion structure considered in
this paper.

6. Concluding Remarks

We have investigated the construction of integrable models with bound states in a
series of two papers [12] [13]. In the second paper, the construction methods intro-
duced in [12] are extended to a class of models with several particle species and “di-
agonal” S-matrices with poles in the physical strip, which includes the Z(N)-Ising
model and the affine-Toda field theories as examples. This construction is based on
finding observables localized in unbounded wedge-shaped regions to avoid infinite
series that characterize strictly local operators. These strictly local observables,
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with some regularity condition on .S, should be recovered by taking intersection of
the algebras generated by observables in right and left wedges (cf. [17] 2]).

Here we considered a model which arises as a deformation of the sine-Gordon
model with a parameter v which corresponds to a certain range of the coupling
constant, % <v< %, with an additional CDD factor. As for the proof of weak
wedge-locality, we need only some properties of the S-matrix components, and there
are abundant examples, as we pointed out in Remark As far as we know, that
QFTs with such S-matrices have never appeared in the literature. It is an interesting
problem to find (or exclude) a Lagrangian description of them (note that the CDD
factors appearing here are necessary and our S-matrix cannot be considered as a
perturbation of the sine-Gordon model in the sense of, e.g., [25]). In this respect, let
us observe that we could find the sign-adjusting CDD factor only for the interval
<v< %, while v = 1 corresponds to the (doubled) Ising model. As there is a gap
< v < 1, this casts doubt that a naive perturbation argument should work.

The resulting theory describes two breathers by, by subject to elastic scattering
and with the property that they can also fuse to form a bound state (the fusing pro-
cesses are (byb1) — ba, (b1b2) — by and (beb1) — b1). This model falls again into the
class of “diagonal” S-matrices, and in this sense, it can be regarded as an extension
of the previous techniques investigated in [13]. This fusion table is the same as the
restriction of the table of the Thirring model [24], 3] to the breather—breather sector
(note that it is called “the sine-Gordon model” in the literature in the form factor
programme, e.g., [3], assuming the equivalence between them). Yet, the original
breather—breather S-matrix of the Thirring model does not satisfy the positivity
of residues (see Sec. 22)), hence cannot be considered as a separate model. In this
sense, the present paper highlights the really necessary properties of the S-matrix
for wedge-locality and contains a new hint in the construction of interacting quan-
tum field theories in the algebraic framework.

An interesting problem would be an extension of such a construction to in-
tegrable models with “non-diagonal” S-matrices, e.g., the Thirring model [3] or
SU(N)-invariant S-matrices [b]. It would be interesting to show that weak wedge-
commutativity holds at least for some of these models. They are currently under
investigation. It should be noted that commutation relations of pointlike fields have
not been proved for these models.” Our methods represent a complementary way

G wIN

of proving existence of local observables, which may work if the S-matrix compo-
nents concerning elementary particles (solitons in the case of the Thirring model)
have only simple poles, yet here several analytic questions (such as the domains of
unbounded operators and modular nuclearity) must be addressed.

On the other hand, there are some factorizing S-matrices which do not satisfy
the assumption (S10) or an analogous assumption [6} Sec. 4.2.4]. Constructing ob-
servables for such models, or in more generally, observables generating particles
with higher-poles in the S-matrix components is an interesting open problem.

h)\ichael Karowski, private communication.
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Table 2. Ranges of the coupling constant v in the sine-Gordon model.

Range of v The residue of pole of SES’H Comment

4/5<v <1 —iRy No adjusting CDD factor found
2/3<v<4/5 —iRy Adjusting CDD factors found
1/2<v<2/3 —iR4 There are three breathers if one requires the

maximal analyticity within breathers.
No adjusting CDD factor found

0<v<1/2 iRy There is a breather b, for which
Res .y S5, (¢) € —iRy.
“byby

As we mentioned in Sec. 2.2, the S-matrix studied in the present paper is a
deformation of the S-matrix of the sine-Gordon model in the range of the cou-
pling constant % <v< % by a CDD factor. The reason for the CDD factor is the
following: while the fusion table of the breather—breather S-matrix is closed un-
der fusions, these S-matrix components cannot be considered as a separate model
because the residues of some poles in the physical strip are on —iR; (see com-
ment before Eq. (@)), which is not compatible with our proof. We note that also in
the proof of local commutativity theorem in the form factor programme [22] this
property is used, therefore, it must be adjusted in some way. Varying the range
of the coupling constant v, the situation is as pictured in Table [l In particular,
as explained in Sec. 2] for % < v < 1 there are no values of v_ and vy which
fulfill the required conditions after Eq. [2)), and our simplest form for a CDD factor
does not work. For % <v< %, there are three breathers in the model (if we take
the maximal analyticity literally), and both SJG and S;G have s-channel poles
with residues in —iR;. We could not find a suitable CDD factor adjusting all the
residues. Finally, in the range 0 < v < % there is an increasing number of breathers
by maximal analyticity, and while Res o, 535G, () € iRy, there are other S-
matrix components whose residues are in —Z]II:Ri We could not find a suitable CDD
factor for this range as well.

Finally, the domain of the operator x(f) is considerably small. Indeed, one
can show that even the one-particle component x1(f) is not self-adjoint, see [28];
moreover, the domains of x,(f) must be somehow enlarged compensating the fac-
tor C),. We believe that these domain issues are fundamentally related with the
complicated fusing processes of the models, hence deserve a separate study.
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