Osterwalder-Schrader axioms for unitary full vertex
operator algebras

Maria Stella Adamo*!, Yuto Moriwaki 72, and Yoh Tanimoto*?

!Department Mathematik, Friedrich-Alexander-Universitit Erlangen-Niirnberg
Cauerstrasse 11, 91058 Erlangen, Germany
2Interdisciplinary Theoretical and Mathematical Science Program (iTHEMS)
Wako, Saitama 351-0198, Japan
3Dipartimento di Matematica, Universita di Roma Tor Vergata,

Via della Ricerca Scientifica 1, I-00133 Roma, Italy

Abstract

Full Vertex Operator Algebras (full VOA) are extensions of two commuting Vertex Oper-
ator Algebras, introduced to formulate compact two-dimensional conformal field theory. We
define unitarity, polynomial energy bounds and polynomial spectral density for full VOA.
Under these conditions and local Ci-cofiniteness of the simple full VOA, we show that the
correlation functions of quasi-primary fields define tempered distributions and satisfy a con-
formal version of the Osterwalder-Schrader axioms, including the linear growth condition.

As an example, we show that a family of full extensions of the Heisenberg VOA satisfies
all these assumptions.

1 Introduction

Two-dimensional conformal field theory (2d CFT) [BPZ84] has been a very fruitful playground
of mathematics (infinite-dimensional Lie groups, modular form, subfactors, knot invariants, quan-
tum groups...) and physics (critical phenomena, string theory, integrable system, fixed point of
renormalization group...). Thanks to its large conformal symmetry in the two-dimensional space,
it can be put into powerful frameworks such as vertex operator algebras (VOAs) [Bor86, FLMSS]
or conformal nets [CKLW18] and interesting structural results have been obtained. Even more
categorical/functorial frameworks such as Segal’s axioms have been also proposed [Seg04, Hua97].

On the other hand, 2d CFTs should be placed in a wider context of quantum field theory (QFT)
[GJ87], including massive models and higher space(time) dimensions, because many interesting
relations between CFTs and massive models are expected (cf. renormalization, perturbation...).
Frameworks specific to 2d CFTs are not suitable to discuss such relations. Fortunately, there
are more general frameworks for QFT: the Garding-Wightman axioms [SWO00], the Osterwalder-
Schrader axioms [OS73, OS75], and the Araki-Haag-Kaster axioms [Haa96, Ara99], where many
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examples of QFT (mostly massive in low dimensions) have been constructed [Sum12]. It is therefore
an important question whether 2d CFTs fit into such general frameworks. In recent years, better
understanding has been obtained for chiral components of 2d CFTs (see e.g. [CKLW18, RTT22)),
yet the chiral components contain only partial information of the complete, so-called full CFTs. In
addition, algebraic and functorial approaches are often concerned with Euclidean geometry, while
analytic approaches such as conformal nets on S! inherits the local structure of the Lorentzian
geometry. As recently pointed out [FSWY23, Introduction|, the relation between Euclidean and
Lorentzian approaches has remained to be understood in full detail. For a closely related question,
a precisely statement has not been known [KR10, Section 1.2].

In this work, we fill in this gap: we consider an algebraic framework for 2d full CFT and
define unitarity. Under technical (but often satisfied in examples) conditions, we prove that the
correlation functions of quasi-primary fields satisfy a conformal extension of the Osterwalder-
Schrader axioms. This shows that unitary 2d CFTs are indeed special cases of Euclidian QFT and
opens the possibility to study their relations in a single framework.

Quantum fields as operator-valued distributions on a Hilbert space are formulated as the
Garding-Wightman axioms [SW00]. By the Wightman reconstruction theorem, they are equiva-
lent to the Wightman axioms of correlation functions satisfying the so-called Wightman axioms.
Osterwalder and Schrader axiomatized some properties of the analytic continuations of Wightman
correlation functions to Euclidean points and showed that the original Wightman correlation func-
tions can be reconstructed from their Euclidean counterparts [OS73, OS75]. We note that there
are versions of the Osterwalder-Schrader (OS) axioms regarding the regularity condition. It turned
out that a regularity condition that gives an equivalence between the OS axioms and Wightman
axioms is difficult to check in examples (see e.g. [Sim74, §11.4]), while there is a sufficient condi-
tion for the reconstruction, called the linear growth condition (see [KQR21, Section 9] for a very
readable account of it). As our purpose is to put 2d CFT in a general framework for QFT, we will
prove a variant of OS axioms that include conformal invariance and linear growth.

A mathematical formulation of 2d Euclidean CFT was made by Huang and Kong [HKO07].
They introduced the notion of full field algebra and investigated rational CFTs. In this paper, we
use the notion of full VOA [Mor23|, which introduced to investigate irrational CFTs based on the
bootstrap hypothesis in physics [Pol74]. It has already been shown that from a full VOA, under
local C-cofiniteness, correlation functions can be defined and are real analytic on R? and symmetric
under permutations [Mor22b, Mor24|, and many such irrational CFTs have been constructed
[Mor21, Mor22a].

In this paper, we introduce the notion of unitarity for full VOA, as a natural generalization
of [DL14] in order to link algebraic and analytical approaches. We show that unitarity implies
reflection positivity of [OS73] and clustering of the correlation functions follow essentially from the
uniqueness of the vacuum, which turn out to be equivalent to the simplicity of unitary full VOA.

The most technical part of the OS axioms is the linear growth condition. For this, we assume a
certain bound on quasi-primary fields in the full VOA analogous to polynomial energy bounds in
[CKLW18] and bounds on the density of the spectrum. These conditions are often easy to check
in examples. We show that polynomial energy bounds and polynomial spectral density imply
the linear growth condition, and in particular, that the correlation functions define tempered
distributions. We also show that the conformal invariance of correlation functions in a sense
similar to [LM75] follows from the Virasoro symmetry of a full VOA. In this way, we fully prove
the conformal version of the OS axioms that enables the reconstruction of Wightman fields.

We expect that our assumptions are satisfied by virtually all compact unitary 2d CFTs. In
order to verify that our definition of unitarity is the right one and our bounds are not too strict, we



exhibit the case of extensions of the Heisenberg algebra, also known as the Narain CFTs [Nar86],
which are constructed as a deformation family of full VOAs in [Mor23]. We show that those
VOAs satisfy unitarity, polynomial energy bounds and polynomial spectral density, showing that
all quasi-primary fields there correspond to Wightman fields. Note that previously we have directly
constructed Wightman fields for 2d extensions of the U(1)-current (the Heisenberg algebra with
rank 1) [AGT23], and comparing these is a future work.

Our results not only clarify the relations between various approaches to 2d CFT, but put it in a
larger context of general QFT that can host further developments. For example, it is conjectured
that certain massive integrable models can be obtained by deforming CFTs [Zam89]. One can
study such conjectures by putting both models in a common ground. Although some attempts
have been made in that direction in specific cases [JT23|, the Euclidean approach should give
much more powerful tools. Another interesting question concerns an extension of conformal nets
of operator algebras to Riemann surfaces. Our work makes it evident that such an extension must
be done in the Euclidean geometry, extending [Sch99b]. For this, it would be crucial to have a
functional integral measure [GJ87] that gives a CFT, cf. [GKR24].

This paper is organized as follows. In Section 2 we present our setting. After briefly reviewing
vector-valued formal series in Section 2.1, we recall the definition of full VOA in Section 2.2. Here
we introduce our main assumptions: unitarity, polynomial energy bounds, polynomial spectral
density and local C-cofiniteness. Under local C-cofiniteness, one can define correlation functions
S% on the Riemann sphere CP!. We recall that they are symmetric. After recalling the action of
PSLy(C) on CP! in Section 2.3, we show that the correlation functions satisfy global conformal
invariance in Section 2.4. We then recall the OS axioms in Section 2.5. The proof of OS axioms is
given in Section 3: In Section 3.1 we define linear functionals S (denoted by the same symbol) on
compactly supported functions vanishing in a neighbourhood of the set of coinciding points and
prove that it is invariant under PSLy(C) locally. In Section 3.2 we show that S are bounded by a
Schwartz norm under polynomial energy bounds and polynomial spectral density, and they satisfy
the linear growth condition. In particular, S are tempered distributions. We show that {S2}
satisfy reflection positivity under unitarity in Section 3.3 clustering under uniqueness of vacuum in
Section 3.4. We exhibit some examples satisfying all our assumptions in Section 4. They are full
VOAs that extend Heisenberg algebras as chiral components, known as Narain CFTs, parametrized
by a quotient of the orthogonal group. We conclude the paper with some outlook in Section 5.

2 Preliminaries

2.1 Notations

We assume that the base field of vector spaces is C unless otherwise stated. Throughout this
paper, z, Z,w,w are independent formal variables, while ¢,w are complex numbers and (,@ are
their complex conjugate.
We will use the notation z for the pair (z,z) and |z|? for zz. For a vector space V, we denote
by V[[2%, 28]] the set of formal sums
Z ar 2 2°,

r,s€R

and by V[[z, z, |2|¥]] the subspace of V[[2®, z¥]] such that

® a,, =0 unless r —s € Z.



We also denote by V((z, 2, |2[®)) the subspace of V{2, 2, |2|¥]] spanned by the series satisfying
e There exists N € R such that a, s = 0 unless r,s > V;

e For any H € R,
{(r,s) | a,s #0and r+s < H}

is a finite set.

We use the roman i for the imaginary unit, while the italic ¢ for a general index. Similarly, the
roman e stands for Napier’s number, while the italic e stands for other things.

2.2 Full vertex operator algebras, unitarity and polynomial energy
bounds

2.2.1 Full vertex operator algebra

Let F' = @), sep Fii be an R*-graded vector space and L(0), L(0) : F — F linear maps defined
by L(0)|, , = hidp, , and E(O)]Fhﬁ = Bith,H for any h, h € R. We assume that:

FO1) F,; =0 unless h — h € Z;

FO2) Fy, 5 =0 unless h > 0 and h > 0;

FO3) For any H € R, @, ,7,<y Fi 5 is finite-dimensional.
Set

=D A

h,h€R

where F}; is the dual vector space.
A full vertex operator on F'is a linear map

Y(e,2,2): F = End(F)[[z, 2, |2[¥]], a = Y(a,2,2) = Z a(r,s)z " tzst

r,s€R

such that:

[£(0), ¥ (a,2)] = -V (0.2) + Y (£(0)a, 2), .
L(0),Y(,2)] = ¥ (a,2) + Y (L(0)a, 2).

Then, by (FO1), (FO2) and (FO3), Y (a,2)b € F((z, z, |2|®)) (see [Mor23, Proposition 1.5]). It is
possible to substitute the vector a € F' by a formal series }_, ,, a;/’s,(z’)”/(z’)sl with another set of
formal variables 2, Z',|2'|X. Then the result is a formal series in z, z, |2|%, 2/, Z, |2/|%.

By (1) (for more detail, see [Mor23, Lemma 1.6]), for v € F}) ; “and a; € F}, j, we have

u(Y (a1,2,)Y (a2, 25)as) € o~ oo el (2,2 ! ) 2)
zZ

e

ulY (Y (a1, z)az, 25)a) € o gl hg (2,2

2 2 )



where the left-hand side of (3) is a formal series in zq, Zo, |20|%, 22, Z2, |22|% but contains only terms
of the form 225",z 2, ™, 2°Z3Z5 °Z5 ° up to the factor in front.
A full vertex algebra is an R?-graded C-vector space F = @hﬁeﬂp Fj, 1, equipped with a

full vertex operator Y (e,z) : F' — End(F)[[zF, 7%, |2|%]] and an element 1 € Fyq satisfying the
following conditions:

FV1) For any a € F, Y(a,2)1 € F|[z,z]] and lim Y (a,2)1 = a(—1,—-1)1 = a.

z—0
FV2) Y(1,z) =id € End F;

FV3) For any a; € Fy,, 5, and u € Fyy 5, (2) and (3) are absolutely convergent in {[(i| > |G|} and
{|¢o| < |C2|}, respectively, and there exists a real analytic function p : Y2(C) — C such that:

u(Y(a, ¢ )Y (b,¢,)e) = u(Gr, )i >1cals
u(Y (Y(a, ¢, )b, ¢,)e) = p(Co + G2 C2)ljcal>Icols
u(Y'(b,¢,)Y (a, ¢ )e) = u(Cr, @)licap>1ar]

where Y3(C) = {(¢1,G) € C* | G # G, G # 0,6 # 0},

Let F be a full vertex algebra and D and D denote the endomorphism of F defined by Da =
a(—2,—1)1 and Da = a(—1,-2)1 fora € F, i.e.,

Y(a,2)1 =a+ Daz+ Daz+....
Then, we have (see [Mor23, Proposition 3.7, Lemma 3.11, Lemma 3.13]):

Proposition 2.1. For a € F, the following properties hold:

~

. Y(Da,z) = LY (a,2) and Y (Da,z) = LY (a,z);
. D1=D1=0;
. [D, D] = 0;

2

3

4. Y(a,2)b =exp(zD + zD)Y (b, —z)a;

5. Y(Da,z) =[D,Y(a,z)] and Y(Da,z) = [D,Y (a,z)].
6

. If Da =0, then for anyn € Z and b € F,
[CL(nv _1)7 Y<b7§>} = Z (n>Y(a(]a _1)b7§)zn_j7
=0

Y(a(n, ~1)b,2) = 3 (”) (~1)ia(n — j, ~1)2¥ (b, 2

>0 N

v 0.2 % (%) (-1l -

>0

7. If Da =0 and Db =0, then [Y(a,z),Y (b, z)] = 0.



Proposition 2.1 implies ker D is a vertex algebra and ker D is also a vertex algebra with the
formal variable Zz.

A full vertex operator algebra is a pair of a full vertex algebra and distinguished vectors
Ve FQ’O and U € FO’Q such that

FVOA1) Dv =0 and Dv = 0;

FVOA2) There exist scalars ¢, ¢ € C such that v(3, —1)v = §1, (—1,3)7 = $1 and v(k, —1)v =
v(—1,k)v=0for any k =2 or k € Z>,4.

FVOA3) v(0,—1) = D and v(—1,0) = D;
FVOA4) v(1,-1)|r, , = h and v(=1,1)|F, ;, = h for any h,h € R.
FVOAS5) For any H > 0, @,y F.p is finite-dimensional.

We remark that {v(n, —1)},ez and {#(—1,n)},ez satisfy the commutation relation of Virasoro
algebra by Proposition 2.1. Then, we have [Mor23, Proposition 3.18 and Proposition 3.19]:

Proposition 2.2. Let (F,v,7) be a full vertex operator algebra. Then, (ker D,v) and (ker D, /)
are vertex operator algebras and the linear map

ker D®@ker D — F,a® b+ a(—1,—1)b

is a full vertex operator algebra homomorphism. Moreover, F' is a ker D ® ker D-module and the
vertex operator Y (e, z) is an intertwining operator of ker D ® ker D-modules.

Let V' be a vertex operator algebra and M a V-module. For any n € Z, set

Co(M)={a(—n)m | m € M and a € @Vk}

k>1

A V-module M is called C,-cofinite if M/C,, (M) is a finite-dimensional vector space.

Since (L(—1)a)(—n) = na(—n — 1) for any a € V and n € Z-o, Cpy1(M) C C,(M). Hence,
if M is C, 4 -cofinite, then M is C,-cofinite. Note that any vertex operator algebra is of itself
(' -cofinite.

2.2.2 Unitarity of full VOA

An invariant bilinear form of a vertex operator algebra was introduced by [L.i94]. A unitary vertex
operator algebra was introduced by Dong and Lin [DL14] and [CKLW18] (cf. [Guil9c¢, Section
8.3]). For a unitary VOA, an estimate of the field norm, called polynomial energy bound, was
introduced in [CKLW18].

Let F be a full vertex operator algebra. A bilinear form (e,e) : F®F — C is called invariant
if

(u, Y (a, 2)v) = (Y (exp(L(1)z + L(1)2)(=1)HO-L0) ;=2L0) z=2L0) ¢ ,=1)y; 4) (4)
for any a,u,v € F. Here, since L(0) — L(0) € 2Z on F, (—1)*©~L0O) is well-defined.

The following proposition [Mor20, Proposition 3.2 and Corollary 3.2] is an analogue of the
result in the chiral case [Li94]:



Proposition 2.3. Let F' be a simple full vertex operator algebra. Assume
1. Foo=C;
2. Fpp=0ifh<0orh<0;
8. L(1)F 0 =0 and L(1)Fy, = 0;
4. L(=1)Fy,, =0 and L(—1)F,, =0 for any n > 0.
Then, there exists a unique (up to constant) non-degenerate invariant bilinear form on F.

Let (F,Y,1,v,7) be a full vertex operator algebra. An anti-linear automorphism ¢ of F' is an
anti-linear map ¢ : F' — F such that ¢(1) = 1,¢(v) = v, ¢(v) = v and ¢(a(r, s)b) = ¢(a)(r, s)p(b)
for any a,b € F' and r,s € R.

Let (F,Y,1,v,7) be a full vertex operator algebra with an invariant bilinear form (e, ) and
¢ : F — F be an anti-linear involution, i.e. an anti-linear automorphism of order 2. The pair
(F, ¢) is called unitary if the sesquilinear form (e, @) = (¢(e), ®) is positive-definite. For a unitary
full vertex operator algebra, we will normalize the invariant form (e, e) on F by (1,1) = 1.

By invariance of (e, e), for any a,u,v € F we have

(u, Y (6(a), 2)v) = (Y (exp(L(1)z + L(1)2)(=1)HOHO2H0 272000, 2y v), ()

where z and Zz are regarded as formal variables, and in particular, (ze, e) = z(e e) even though
the scalar product is anti-linear on the left.

Set Fr = {a € F | ¢(a) = a}, which is a real subalgebra of F. Then, the restriction of (e, e)
on Ik is a real-valued invariant bilinear form of the (real) full VOA Fg. It is easy to show that
(o, @) is positive-definite if and only if the restriction of (e, e) to Fg is positive-definite.

For h,h € R, set

QF,s ={a € F,; | L(1)a= L(1)a = 0}.

A vector in QF}, j, is called a quasi-primary vector (of conformal weight (h, h)). We call a vector
a € F,; Hermite if ¢(a) = (—1)""a. Here, h — h € Z by assumption, hence (—1)""" = +£1,
depending on whether i — h is even or odd. Let QHF, , be the real vector space of quasi-primary
Hermite vectors of conformal weight (h, h).

If a is an Hermite quasi-primary vector, then the invariance property reduces to the following:

(u, Y (a,2)v) = 22"z (Y (a, 2 u, v). (6)

For a full VOA satisfying the hypotheses of Proposition 2.3, we can take a set of vectors
a € QF,, for some h, h € R that generate F' (in the sense of Lemma 2.4). As ¢ is an (antilinear)
automorphism, it commutes with all L(m), L(m), and hence ¢ maps QF ni to QF, 7. We can
modify the generating set of quasi-primary vectors with the following way: for a in that set,

e if h — h is even, then we take a + ¢(a) and i(a — ¢(a)). They are both in QF, ;.

e if h — h is even, then we take i(a + ¢(a)) and a — ¢(a). They are both in QF), ;.



Let us call this modified set of homogeneous quasi-primary vectors Q. It is clear that Q still
generates F'. Furthermore, if a € @ N QF,, 3, then we have

(u,Y (a,2)v) = (Y(z 2z a, 2 u, v).

Note that the equation (5) holds as formal power series, however, one need to be careful when one
evaluates the formal variable z by some complex number ( € C*, since (e, ®) is anti-linear on the
first vector (see Lemma 2.16 below).

Lemma 2.4. Let F be a full VOA satisfying the assumptions in Proposition 2.3. Then,

F = B C[L(-1), L(—1)]QHF,, ;.

h,h€R

Proof. Under the assumptions in Proposition 2.3, by [Mor20, Proposition 3.5],

F= @ CIL(-1), L(-1)]QF), -

h,h€R

For any a € QF), 5,

e if h — h is even, then we take a + ¢(a) and i(a — ¢(a)). They are both in QHF, ;.

e if h — h is odd, then we take i(a + ¢(a)) and a — ¢(a). They are both in QHF, ;.
Hence, the assertion holds. O
Proposition 2.5. Let F' be a unitary full VOA. Then, the following conditions hold:

1. B =0ifh <0 orh<0;

2. L(1)F19=0 and L(1)Fy; = 0;

3. ker L(=1) = @,5¢ Fon and ker L(=1) = @, - Fu0-
Proof. For any v € QF),;, we have

hllvl| = (v, L(0)v) = 1/2(v, [L(1), L(=1)]v) = 1/2|[L(=1)v[| = 0, (7)

which implies (1) (see [Guil9b, Proposition 1.7]). ker L(—1) C €,,~, Fo, holds for any full VOA,
and the equality holds by (7). For v € Fio, 0 < (L(1)v, L(1)v) = (v, L(—1)L(1)v) = 0 by (3).
Hence, (2) holds. O

Recall that an ideal of a full VOA F' is a subspace I C F' such that
a(r,s)v € I for any a € F,v € [ and 1, s € R.

Since L(0) and L(0) act on I, I is an R?-graded subspace. If I is an ideal of F', then, by Proposition
2.1 (4),v(r,s)a € I forany a € F,v € I and 1, s € R. Thus, a left ideal is automatically two-sided
ideal (see [Mor23, Section 3]). A full VOA F'is called simple if F' does not have any proper ideal.

Proposition 2.6. Let F' be a unitary full VOA. Then, F is simple if and only if Fyo = C1.

8



Proof. Recall that there is a bijection between invariant bilinear forms on F' and
HOHI(C(FO’O/L(l)FLO —Fz(l)Fo’l?(C) (8)

by [Mor20, Proposition 3.2]. By Proposition 2.5, (8) is just F, and Fyo = ker L(—1) Nker L(—1).
Since L(—1) is a VOA by Proposition 2.2, Fj( is a unital commutative associative C-algebra by

Foo® Fop = Fopo, a®br—a(—1,-1)b.

First, assume that F' is simple. Let J C £y be an ideal of C-algebra such that J # Fpo. Take
a non-zero dual vector p : Fyo — C such that J C ker(p) and let (—,—), : F ® F — C be the
unique associated invariant bilinear form in [Mor20, Proposition 3.2], which satisfies (1, a), = p(a)
for any a € Fyo. Then, by the invariance, for a € Iy and v € J,

(a,v)p = (1,a(—1,-1)v), = pla(=1,-1)v) = 0.

Hence, the radical of the bilinear form I, = {v € F' | (a,v), = 0 for any a € F'} contains J. By
the invariance, I, C F'is an ideal of a full VOA. Hence, I, = 0 by the assumption. Hence, J =0
and Fjp is a simple commutative C-algebra, thus, one-dimensional.

Next, assume that Fyg = C1. Let I C F be an ideal such that I # F. Let a € F,j; and
v € INEF,; with (h,h) # (0,0). Then, by I =@ 50 1N EFyj

(h,h)#(0,0)
= 1,-1)1,v) = (_1)h_51 L(1)"L(1)™a)(h 1,h Do) =0
(a,U)—(CL(—7—),U)—Zw(,( () () Cl,)( —n—La—m-— )U)_ :
n,m>0
Hence, v = 0, and thus, I =0, i.e., F' is simple. O

2.2.3 Correlation functions of full vertex operator algebra

Let us denote (p, the n-tuple ((i,--- ,¢,). Similarly, ap,) € F™. The variables z, Z in the vertex
operator are formal variables, and the arguments of the correlation function Ci,(u,ap; () are
complex numbers. Often it is important to distinguish between them, so in this paper we will use
¢ when we use complex numbers and z, Z when we think they are formal. Denote by ¢ the complex
conjugate of ¢ € C and set (;; = ¢; — (j, throughout of this paper.

In the definition of full vertex operator algebra, we assumed that the compositions of two
vertex operators are convergent to the same real analytic function regardless of the orders and
parentheses. In general, it is nontrivial whether the composition of n vertex operators converges.
If it converges, it is a physical quantity called a correlation function, which is a real analytic
function on the configuration space

Xn(C) ={(C1, -, Gn) € C" [ G # G for i # j}-

We have shown the existence and several important properties of the correlation functions under
the assumption of local Ci-cofiniteness. In this section we briefly review the results of [Mor24]
necessary for this paper. (The existence of the correlation function was shown by Huang-Kong
under the assumption that a VOA is rational Cy-cofinite [HKO07].)

Let V,W be vertex operator algebras. A full vertex operator algebra is called locally C'-
cofinite over V and W if there are Cj-cofinite V-modules M; and C;-cofinite W-modules M;
indexed by some countable set [ such that:



e V is a subalgebra of ker L(—1) and W is a subalgebra of ker L(—1);
e [ is isomorphic to @iel M; ® M, as a V ® W-module;

e For any i,j € I, there exists finite subset I(7,7) C I such that:

e @ @ 1(i) o () o

ijel kel(ig)
where [ ( MM]\’}j) and [ (Mﬁﬁ) are the space of intertwining operators of V' and W, respectively.
i VL5

Let G,, be the symmetric group. For 0 € G,,, set
U, = {(Ql, e aCn) S Xn(C) | |Co(1)| > |CU(2)| > > |C0(n)|}7

which is an open domain in X,,(C). Denote U}, by U, for short, where ¢ € &,, is the unit element.
Then, we have [Mor24, Theorem 3.11 and Corollary 3.8]:

Theorem 2.7. Let (F,Y,1,v,7) be a full vertex operator algebra and assume that F' is locally Cy-
cofinite over some vertex operator algebras. Then, for any uw € FY and aj) = (a1, -+ ,a,) € F",
the following power series

(u,Y(a1,¢, )Y (az,¢,) ... Y(a,, ¢ )1), (10)

which is given by replacing formal variables z,Z by complex numbers C,C in the formal series
(u,Y(a1,z,)Y (ag, z5) ... Y(ar, 2,)1), is absolutely and locally uniformly convergent in U,. More-

“p

over, there is a unique family of linear maps forn > 1
C,: FY®F"— C¥(X,(C)), (11)
where C*(X,,(C)) is a space of real analytic functions on X, (C), such that:

Crn(t; apy; Cnp) e (Y (a(1); €, 1)) Y (@02), € ) -+ V(@0 (n): ) 1)

n

for any u € FY, ay,) € F™ and 0 € &,, as real analytic functions.

We have shown in [Mor24, Theorem 3.11] that for any parentheses and orders of compositions
of the vertex operators, the formal power series converges on some explicitly given open domain
in X,,(C), all of which are series expansions in different domains of a single real analytic function
C, (11). The following proposition is one of such examples and will be used to show the cluster
decomposition property in Section 3.4 (see [Mor24, Theorem 3.11 and Proposition 1.8]):

Proposition 2.8. For any m,n > 0, let

|<i+1,m| < |Ci,m|’ |Cj+1,m+n| < |Cj7m+n|a
Um,n = (Cla <o aCern) € Xm+n(c) |C1,m| + |Cm+1,m+N| < |§m,m+n|
fori1<i<m-2,m+1<j<m-+n-—2

Assume that F' is locally Cy-cofinite. Then, the following formal power series
(1, exD(L(=1)2mn + L(=1)zm )V (Y (01, 20,)¥ (02, Z2,0) - Y (@it Zr ) Oons 2 i)

Y(am-l-l? §m+1,m+n) tt Y(am-l-n—l? §m+n71,m+n)am+n>

is absolutely and locally uniformly convergent in Uy, ,, for any uw € FY and ay,...,amn € F and
coincides with the expansion of Crnyn(U, Apnin); Cman)) 0n U after substituting z; ; (resp. % ;) with

G — ¢ (resp. G —G;).

10



We also use the following results [Mor24, Theorem 3.11]:
Theorem 2.9. Under the assumption of Theorem 2.7, the family of linear maps C,, satisfies

(Symmetry) For any permutation o € &, u € F¥ and a4, ...,a, € F,

Co(ts sy an; Gy, Go) = Co(U, ao), - -5 Qo) Co(1)s - - > Com))-
(Vacuum) For any u € F¥ and ay,...,a, € F,

Crov1(uyar, .. an, ;G oy Gy Curr) = Co(uyan, ooy an; Gy oo, G-

(Infinitesimal conformal covariance)

d
Cn(u, L(=1);apn); () = @Cn(uaa[n}; Cn)

d
Cr(u, L(—=1)apn); () = gcn(%a[n}; Cn))

Cn(L(—=1)"u, apg; Cny) = Z Cn(u, L(=1)iapm); Gl )
i=1

=1
- d
Cn(L(0)"u, agy); Cny) = Z Cn(u, (Ci@ + L(0);)am; m))
i=1 v
_ n _d _
Co(L(0)*w, apuj; Gup) = > Culu, (Cid_(- + L(0)i)apm); Cn))
i=1 ¢

* . d
ColL(1)*, agy; Cp) = > Calu, (C¢27 + G L(0)i + L(1)i)ag; Cny)
i=1 !
. n . d _ _
Co(L(1)"w, apy; Cny) = Z C(u, ( ZQE + G L(0)i + L(1)i)ap; Cnl)
i=1 ¢
Hereafter, we assume that a full vertex operator algebra is
e simple;
e locally Cj-cofinite;

e unitary with anti-linear involution ¢ : F' — F'.

In this case, by Proposition 2.6, Fyo = C1. Let (1| € Fy, be the unique dual vector such that
(1|1) = 1. Then, by Proposition 2.5,

L()Fio+ L(1)Fy; =0,
which implies that
L(n)*(1] = L(n)*(1] =0 (12)



for all n = —1,0, 1.
One of the most important observable in quantum field theory is the n-point correlation function
(or the vacuum expectation value) is defined as

SZ(C> = C[n}(<1’7 Q[n), C[n})a

where we use the following notation:

a’:(alu"'7an)7 <:<C177Cn)
By the infinitesimal conformal invariance and (12), we have:

Corollary 2.10 (infinitesimal conformal invariance). Assume a; € F, 5, (i = 1,2,...,n) are
quasi-primary. Then,

(3G +h)SHE) =0
(Z C_z% +hi)Sp(¢) =0

Z@— +hiG;)Se(¢) =

d¢;
d a
<;c Tzt hiG)Se(C) =

2.2.4 Energy bounds and spectral density
Let (F, (e, ®)) be a unitary full VOA.

(PEB) We say that F' satisfies polynomial energy bounds if the following condition holds: For
any a € F, there exist positive integers p,,q, and a constant M, > 0 such that, for all
r,s € Randallbe F

lla(r, s)bl| < Ma(|r| + |s| + 1)P[[(L(0) + L(0) + 1)™b|. (13)

(PSD) We say that F' satisfies polynomial spectral density if there exists L such that for any
n e Z’Z()?

#{(h+heR*: N<h+h<N+1F,;#0}<C(N+2)" (14)

Lemma 2.11. Let us assume (PEB) and let Y C F be a finite set. Then for any n and a =
(a1,---a,) € Y™, there are My, Qy > 0 such that

|<17a1<rl731)"'an<rna3n)]—>|
< ME(|ry 4 81|+ 14 |rn + sp| + 1) (Jry — 81| + 14+ |rp, — s + 1)"9F

12



Proof. We calculate, using |r| + |s| < |r — s| + |r + s/,

(1, a1(r1,81) - an(rp, $p)1)|

< llai(r1, 51) + - an(ra, sn)1|

< Mo, (1] + [s1] 4+ 1)P[[(Lo + Lo + 1)*1a1(r2, 59) - -~ an (1, s0) 1

< Mo, (Ira] + [s1] + DPr(fre + -+ 1| 4+ [s2 + -+ + 80| + 1)% [|laz(ra, 82) - - @n(ra, s) 1]

< MLl + 155+ 0P (fry + - 4]+ [sy+ -+ 8] + 1)
j=1

< My(lraf 4 [sa] + 14 |ra] + [sa] + 1)

J
< ME(Jry + 51|+ 14+ sn| + D)7 (|ry — 81| + 14 |1 — 8] + 1)"97 (15)

([rs] + [s5] + 1)P*
1

n

O

Let us remark that there are cases where our technical conditions can be checked by looking
at the chiral components.

Proposition 2.12. Let F' be a full vertex operator algebra. Assume that the canonical vertex
operator subalgebras ker L(—1) and ker L(—1) are Cy-cofinite. Then, F satisfies the polynomial
spectral density and the local C-cofiniteness.

Proof. Note that a Ca-cofinite vertex operator algebra has only finitely many irreducible modules
[Zhu96]. Thus, F is finitely generated module over ker L(—1) @ ker L(—1). In particular, there are
finitely many real numbers (A;, A;) € R? (i = 1,..., N) such that

N
F:@ @ By nim+a,

1=1 n,me&Zxg

Hence, #{(h,h) e R* | n < h <n+1m < h <m+1F,; # 0} <N and from this it is
straightforward that F' satisfies the polynomial spectral density. It is shown in [ABDO04] that
any finitely generated module of a Cy-cofinite vertex operator algebra is Ch-cofinite, and thus,
Ci-cofinite. Hence, F satisfies the local C;-cofiniteness. O

On the other hands, with the current techniques, polynomial energy bounds (of intertwining
operators) need to be checked case by case, cf. [Guil9a, CT23].

2.3 The Riemann sphere and the stereographic projection

Until now, we considered the correlation functions defined in a unitary full VOA under local C}-
cofiniteness on C. Under the identification C = R?, the Riemann sphere CP! = C U {co} includes
the two-dimensional Euclidean space R?. Moreover, the connected component E.(2) of the unit
element of the Euclidean group E(2) can be considered as a subgroup of the conformal group
PSLy(C). The latter acts on CP! by the linear fractional transformations

a b a +b
=2 16
( c d ) ¢ cC+d (16)
In particular, E.(2) is generated by

13



e Translations: foraEC,CH(é T)-Cz(—i—a.

ei/\/2 0 )
e Rotations: for A € R/27Z, ( — ( 0 o-iM2 ) (= e,
On the other hand, PSLy(C) in addition contains

o M0 N
e Dilations: for A € R, ( — 0 N2 - =e"C.

o cosh(\/2)  —sinh(\/2) _ Ccosh(A\/2)—sinh(1/2)
e NS-dilations: for A € R, ( ( —sinh(}/2) cosh()/2) (= = Femh O\ Tcosh (D)
We call the last one-parameter group “NS-dilations” for the following reason (cf. [Rycl7, Section
3.1.5]: The Riemann sphere CP! is mapped to the sphere S? C R? by the stereographic projection

2T 2 —1+724¢£2
1472487 14+72482 1472482

Under this map, the point 0,00 are mapped to (0,0,—1),(0,0,1) € R, respectively, and the

region |¢| > 1 is mapped to the upper hemisphere. It is more convenient to compose this with
I

*{5 1\/5 which maps three points 1,00, —1 to 0, 1,00 and the region |¢| > 0 to the region

V22

0. It h

§:T+i£»—>(

olds that

-1
cosh(A/2) —sinh(A/2) \ \/Li —% M2 \/Lg _\/Li
—sinh(A/2) cosh(A/2) ) \/LE \/Li 0 e M2 \/Li \/Li 7

so that it gives the dilation flowing from the North Pole to the South Pole.

2.4 Global conformal invariance

In Corollary 2.10, we considered the infinitesimal conformal invariance. Since the global conformal
group SO,(3,1) does not act on X,,(C), we need to treat this global action more carefully. Set

Xo(CPY) = {(G1 -+, Ga) € (CPY" | G # G}

Then, the global conformal symmetry SO.(3,1) = PSLy(C) = SLy(C)/{+1} acts on X,,(CP') by
the linear fractional transformation. The aim of this section is to show that

So(Ge G) = H (2 (g)) (5 <cj>)haj S5, 1(C)

—2h

’:]:

CCJ + d 9 (Céj + d)) " SZ(V(CI)? s 7/7(61))7 (17>

J=1

where hy,, h, are conformal dimensions of the quasi-primary vector a. To state this claim we prepare
a function space on X,.(CP).

Let hy,hy, ... hy, by € Rsg with by — h; € Z. Denote! by C¥ (X, (CP")) the vector space
consisting of continuous functions f on X, (CP') such that:

IThe upper index w indicates real analyticity and has nothing to do with variables w; that appear below.

14



e [ is a real analytic function on X,,(C) C X,,(CP');

e For any i € {1,---,n} and a = (aq,...,,) € X,(CP') with o; = o0, the function
GG F(Cy, .., G, .., Gy) has a real analytic continuation at o

Remark 2.13. Take a real analytic coordinate

(Wla e >Wn) = (Cl —ag, .., Giog — Oéi—1,<i_1a<i+1 — Qiy1y e Gn — Oén)

around «. The second condition is equivalent to f having the following convergent expansion
around «

h; —2h; — _ _
wf Zw? flwor+ag, . wis g, w; Vit +ai1,. .. wn+ ayp) € Cllwy, @1, . .., W, @n]]-

Let v = (CCL Z) € SLy(C). Note that if h — h € Z, then

(¢ +d) 72 (c +d) " = |e¢ +d7? (cC +d) " = (—e¢ — d) " (—cC — d)”

2h

Hence, (¢ +d)~" (cC +d) " is well-defined for the element of PSLy(C).

Lemma 2.14. For any f € C;(X,,(CP')) and v € SLy(C),

n

Yrf= H (cGj + d)~* (cg; + d))i% J(v(Cr), -5 7(Ga))

=1
is in Cy (X, (CPY)).

Proof. First, assume that ¢ = 0. Then, v- f = f(a{ + b) is clearly real analytic on X,,(C). Since
(= Of;*b is a local coordinate at ( = oo,

(wit =)@ = b)) w ) = (= ) T (L — ) PP (L w )

K3 K3

is real analytic by Remark 2.13.

Next, assume that ¢ # 0 and consider the case of a € X,,(C) with o; = —%. Take the local
coordinate ¢ = % at ¢ = —%l, since

—2h; (.~ —2h; agi+b
(¢ +d) M (cC+d)y M- f(-- ,cé%,...)
= (—c+ aw;) i (—c+ a@) "Moo f (Wt L),

(2

v -p f is real analytic on X,,(C). Finally, consider the case of o € X,,(CP') with a; = co. Since

G (G + d) ™ (eG4 d) e f( e

—1\—2h. T 1N—2%h, a+b¢ !
:(C‘i‘dcz 1) 2h1(c+dgi 1) 2hlf(""cj-_dgz_1"”),

the assertion holds. O
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Proposition 2.15 (Global conformal invariance). Suppose that a; are Hermite and quasi-primary
vectors. Then, the correlation function SE(Ci,--+ ,Ga) is in Cy (X, (CPY)) and is invariant with
respect to the -p, action of PSLy(C), that is,

S5(G e € H(d@ @) (ijc»)h%Sﬂwco,mm<<n>> (19

for any v € PSLy(C).
To prove the above proposition, we will use the following lemma:

Lemma 2.16. Assume that a; are Hermite and quasi-primary. Then the following identity holds
as real analytic functions:

Sa(Cr 1 G) = [I GG s . 6.
j=1

Proof. First, with z,z as formal variables,
(1,Y(a1,z,)Y (a2, zy) ... Y(an, 2z,)1)
= (Y(a1,z,)Y (a9,2y) ... Y(an, z,)1,1)
= (0(Y(a1,2))Y (a2, 29) ... Y (an, 2,)1,1)

— H(—l)h”*h"(Y(al,Zl)Y(a2,ZQ) . Y(an, z,)1,1)

n

= 21—271121—2711 H(_l)hiiﬁi(y(G%ZQ) te Y(anazn)]'? Y(a17§f1>1>

i>2

Y (ay,z;')1)

I
— =
NI
[\
&
N
&
Sa
—~
|
[u—
~—
&
|
S
—~
=
=
Q
S
N
L
~—

= [T 0¥ (a2 ) Y (a5 L)

1

(2

===V (a2 Y(an 2,1, 1)

1

3

(2

= T2, Y (a2 - Y(an, 2,1

3

i=1
Now we evaluate the equality with the complex numbers (, - - - , (,, and obtain the desired equality
between real analytic functions. O

proof of Proposition 2.15. By Lemma 2.16, S%((y,- -+, () is in Cf (X,,(CP')). Hence, it suffices
to show that the invariance holds for the generators of PSLy(C). By Corollary 2.10, S%((y, - -+, ()

is invariant under translations and dilations, that is, for any v = 3 d

Hence, the assertion follows from Lemma 2.16.
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2.5 OS axioms on R?

We follow the conventions of [OS73, OS75] for general Euclidean fields (the original papers are
written for the four-dimensional case, but it is straightforward to adapt them to two dimensions),
and [FFK89, Sch08] for things specific to two-dimensional CFT?, up to some changes of notations.

A Euclidean quantum field field theory can be formulated in terms of Schwinger functions
satisfying the Osterwalder-Schrader axioms [OS73, OS75]. We are interested in two-dimensional
models, and we identify R? = C, which is natural for conformal field theory. We denote ( =
T+ i€ € C, or equivalently ¢ = (7,€) € R2 For a test function f on C" = R*" and a multi-index
a=(ag, - ,a9,), we denote

olel
OT LT - - - O 2 O™ )

0°f =

where ay > 0, |a] = > ag.

Let T be a set of indices, which will be eventually any finite set of Hermite quasi-primary fields
in the theory®. Any such a € Y is associated with h,, h, > 0 called conformal dimensions
(they are possibly different positive numbers, not the complex conjugate of each other) where
hq — ha € Z. An n-tuple of indices with n € N is denoted by @ = (ay,- - - ,a,) and we denote the
set of such n-tuples T1,,.

Apart from this, following [OS73], we introduce

e Fora € T, let #%(R?") the space of Schwartz functions (smooth and rapidly decaying). For
this definition, there is no distinction for different a, but we will consider different actions of
PSL,(C).

e For f € %(R?*"), define the Schwartz norms

|flp = S 1+ 1¢1%)2(0°F)(C), (19)

e]RZn
| <p

where ¢ = ((1,+++, Ga) € R* and [(* = 370, |G Gl = /77 + & for § =75 +1&; € C.

o JER*) = {f € LS (R*™) : 0°f(C1,--+, ) = O forall avif ¢ = ¢ for some j < k}. (in
[OS73] the notation °.% is used. We take this notation from [Sim74].)

e For —o0o < 51 < 59 < 00,

2 (R*™) ={f € S*R*™): 0%f((1,-++ ) =0 for all v unless 81 <7 < -++ < 7, < 83}

S$151

o TR = FF(R?), Z2(R™) = 72 (R*).

—00,00

e For .72 any of these spaces of test functions, let (%)’ be the continuous dual.

2Unfortunately, the “axioms” of [FFK89, Sch08] do not include regularity conditions corresponding to (E0) or
(E('), in particular, they are not strong enough to reconstruct Wightman fields.

3Below, to compare with [0OS73], one can take T as a set with a single element a and assume that h, = hq, then
it is a theory with a single scalar field, and one can ignore all the indices a, leaving only the number of variables n.
With T we just introduce more fields with non-zero spin.
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e For v € PSLy(C), we define the local action on f with compact support?:

A =TT (%6 ) (dgc <<]>>

Jj=1

f(/y_1<gl)7 s a’y_l(cn))'

(20)

dy~!
i — ()

This can be extended to all f € .%(R?") if v € E.(2), as such 7 does not take any point R?
to oo.

We call a set {S%}nenacr of distributions S% € (2)'(R*") Schwinger functions on R? if
they satisfy the following Osterwalder-Schrader axioms:

(OS0") (Linear growth) Sy = 1 (for n = 0 there is no upper index) and there exist s € N, C1,Cy > 0
such that

[Sa ()] < Cr(n)) | flsn (21)
forall n €N, f € S2(R*),a € T,
(OS1) (Euclidean invariance) For any v € E,(2) and f € #2(R*"), it holds that

Sulfy) = Su(f)

(0S2) (Reflection positivity) For any finite set A of finite sequences® a, = (an1, " ,ann) €
Y,,n € Nand {fe}, for € " (R?"), it holds that
Y SO e fim) 20, (22)
an,bm,EA
where® 0b,, = (bpm,- - »bm1) and (6b,,,a,) is the finite sequence in Y, ., given by con-

catenation and

f (¢, G) = f(Gay -+ ,¢1)  (note the inversion of the variables)

(OS3) (Symmetry) For any ¢ € &, where G, is the symmetric group with n elements, it
holds that S7*(f7) = Sa(f), where f7(Ci,---,¢) = f(G1q), (1)) and ca =
(aa_l(l)a T 7aa—1(n)>‘

(OS4) (Clustering) For any finite sets A, B of finite sequences of indices and finite sets of test

functions {fem}, {gbr}, fom € 2 (R¥™), gb» € 7P (R*"), indices a,, € A,b, € B as in
(0S2) and y € E.(2) is a translation of the form y = (0, ;) € R?, it holds that

. Gam s n) QA \ * bm . lgam Am \ * bn bn
amCEAb,EB amEAbLEB

where 6fa,,, is as above.

4This is defined as long as v does not send any point in supp f to co. In particular, for any f with compact
support, there is a neighbourhood of the unit element in PSLy(C) with that property, and the action is defined
there.

SHere the lower index n is not distinguishing the elements of A, but rather indicating the length of the sequence
(@n1,- -+, Gnpn). In other words, elements of A are written as @y, b,,... and so on.

SWe choose b; Hermite, so it is natural that ¢ has no effect on single b’s.
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(OSC) (Conformal invariance) For any f € .#¢(R*") with compact support and v € PSLy(C)
sufficiently close to the unit element such that v does not take any point of supp f to oo,
it holds that

Sulfy) = Su(f)

Remark 2.17. (OSC) is a generalization of (OS1), where E,(2) is considered as a subgroup of
PSLy(C) as in Section 2.3. For v € E.(2), the factor Z—Z simplifies (1 for translations and e for
rotations, giving the “spin”, both constants in ().

Our (OS1)—(0S4) are natural generalizations of E1-E4 of [OS73] to multiple fields with spin,
while (OS0’) corresponds to E0’ of [OS75]. It should not be confused with (OS1’) of [Sim74], which

corresponds to EO of [OST75], the assumption that S® are Laplace transforms of some distributions.

3 Proof of the OS axioms

Hereafter we assume that I is a full VOA satisfying local C'-cofiniteness.
Recall that Y(a,z,2) =)

a(r,s)z7""1z7571 is a formal series. The series

r,s€R

57(;((17 T 7Cn) = <17 Y(ala Cla El) e Y<an> Cn7 En)]->

= Y (Lo =1 =2 — 50)aa(r2, 82) -+ aa(rn, 50)1)
To, ,rn€R
89, ,SpER

X(Q) <C_1) (Cn—l) (Enl) G Gal? (23)

is convergent if |(;| > -+ > |(,|. By Theorem 2.7, this extends to X,,(C) and (18) holds.

To simplify the notations, we denote RZ* = X,,(C) = {((1,- -+ ,Cn) = ¢ # G for j # k} the set
of n ordered distinct points and R2"* := R*" \ R%" the set of coinciding points. For test functions
f € 2(R?) with compact support in RZ", we define Sg(f) by the integral

/ Sl G (Gl s Co)drades - -~ o, (24)

where ¢ = (7,€) is considered as a point in R?. By this definition, it is clear from Theorem 2.9
that {52} satisfy (OS3) for test functions f = f# with compact support in RZ".

Theorem 3.1. Let F' be a unitary simple full VOA satisfying local Ci-cofiniteness, polynomial
energy bounds (13) and polynomial spectral density (14), and Y be a finite family of quasi-primary
vectors in F. Then {S&} extends to (.72)(R*") and satisfy the conformal OS axzioms (OS0')-
(0SC).

The proof extends in the following Sections. It is not that one axiom is proved in one section, but
they are rather interrelated. The proof of (OS(0') is given in Section 3.2, which uses the translation-
invariance for f compactly supported in Ri”. The proofs of (OSC), (OS3) are concluded in Section
3.2 as well, while (OS2) is proved in Section 3.3 and (OS4) is given in Section 3.4.
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3.1 Conformal invariance for compactly supported functions

Let us first prove (OS1) and (OSC) for test functions compactly supported in RZ". We need this
result in the proof of (OS0’), which in turn implies the continuity of S%(f) in f, in particular the
invariance for all test functions in .2 (R?) follows by continuity.

The conformal invariance for f compactly supported in ]Ri” goes as follows: writing w =

Y7 H¢) = v +1in, thus ¢ = y(w),
Su(fy)
_ / S (Cure GG 2 Co)drades - -,

- [ st 6

-1

~ha, y
g
i )

f(Vil(Cl)a s 7771(Cn))d7—1d€1 e dTndSn

<I1(G-ten) (d}:(( >>> J

j=
X f(wh s awn)dvldnl e dvndnn

-1 (jj}(w-)) (fg( >) S2 @), A @) f@, )i - dvndiy

= /S“(wl, cywn) flwr, . wp)durdny - - - dopdn, = SE(f),

where we Substitute fy (20) in the second equation, we change the variable (; = y(w;) with the

Jacobian []_, (w])| in the third equation and used the relation djigl ((w)) = (Z—Z(w))*l in the

fourth equatlon and rewrote using (18) in the fifth equation.

3.2 Linear growth + extension to distributions

The linear growth condition (OS0’) is an estimate of S?(f) in terms of the Schwartz norm of
fe Y;Z(Rzn) with a good behaviour in n. As all S, first defined on functions compactly supported
in RZ", have finite Schwartz norm, they extend to distributions in (-#2)'(R**). Then (OS3) and
(OSC) follow by continuity. We will use here the translation invariance of S¢(f) for f compactly
supported in R,

We prove linear growth as follows.

(a) We restrict f to those with compact support in Rz[”. With this, we may assume that supp f
has radius R > 0 and has distance (see below, not the Euclidean distance) € > 0 from the
set of coinciding points. They both depend on f. This allows us (see the next point) to
decompose supp f into finitely many small pieces, each of which can be translated to a set
where a simple representation of S? is available, cf. (23).
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(b) We cut f into small pieces by a smooth partition of unity. This requires estimates of all
derivatives of the bump functions.

(c) We estimate each piece in a translated region, and collect them together. This gives an
estimate of S%(f) in terms of a Schwartz norm that depends on R, e.

(d) We write the above estimates in terms of stronger Schwartz norms of f without R,e. The
dependence on n satisfies (OS0’).

In the course of the proof, we estimate S(f) in various steps and we reduce the estimate to some
parts up to a factor of the form Cy(n!)“2. As the actual value of C,Cy do not matter but it is
only important that they are independent of n, we do not specify these values. Instead, we mark
every point where we extract a factor of the form C(n!)“? with . Every time we update such
a factor, we indicate it with Y’. This makes it clear that we can gather them and rename it as
C1(n!)¢? and obtain estimates in the desired form.

Moreover, for ¢ independent of n, we will use the following fact without further remark:

e 29" — (Qq)n < an! — *’
o (qn)! =

e (n?)” = (n")% < (n!)* = % (the Stirling formula)
"< Cnl=%

c(gn—1)---1 < g™ (n!)? < Cy(nh)* = %

(a) Finding good directions. Here we use y, for points in R?.
Let f € Y;Z(]R%) be a test function compactly supported in Rfé". For each pair j # k, the set

{y; —yr €R*: (y1,+ ,yn) € supp f}

is compact and does not contain 0 and there are "("271) (thus finitely many) such pairs. Therefore,
there are ¢ > 0, R > 0 such that

e —yill €R: (y1,--- ,yn) €Esupp f} >€, forall j #Ek, (25)

> il (g, ym) € supp f p < R.

We may assume that e < 1 < R. They clearly depend on f.
We need the following variation of a purely geometric lemma in R? [Sim74, Lemma I1.11] (the
difference is that we specify the constant ¢ explicitly).

Lemma 3.2. Let n € N. For each y = (y1,...,yn) € RZ, there is a unit vector ¢, € S* C R?
such that

&y (0 — )l = 5l —wll, G # K,
4n
where y; — yr € R*. Moreover, for y,y' € supp f C R** and ||y’ — y|| < 5%, it holds that
by )~ = ol — il G A (26)
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Figure 1: Left: for a given unit vector ej;, the “bad” directions &), are indicated. Right: after
excluding “bad” directions, there are nonempty intervals of “good” directions.

Proof. Let {ejr}1<j<k<n be an arbitrary set of unit vectors in S* C R?. For each ej, the union
Ejx of two arcs made of unit vectors é such that |é - ej,| < % has measure 4 - arcsin 75 < 2.
Indeed for every j, k’, it is the union of two arcs whose vectors span an angle 6 with e;, where
5 — oz <sintf < 7 + 5, see Figure 1.

2
-1 . .
There are % such unit vectors ej;, thus the union of the arcs in £;; has the measure not

larger than 7. In particular, its Complement is nonempty. We can take ¢, from the complement.
To show (26), fix j, k € {1,...,n}, j # k. We consider the map g;, : RZ* — S C R? defined as

v =, ..,y — ”ZJ T As y;—y, # 0, the partial derivatives are well defined. Let y, = (s}, 1))

for £ =1,...,n for sj,t; € R. For every j # { # k, then dy gjx = 0 = Oy, g;. Thus only 4 partial
derivatives are non-trivial, namely 05;, Giks @3 iks Os gjx and Oy, gjr.

Due to the high symmetry of g;;, without loss of generality, we compute the partial derivative
(93;,, as the other non-trivial partial derivatives go similarly. We have

a g]k(sj> t]a

o - (LS =2, 20 e, )
ks k) — 7 ‘
ly; — will® PR

The square of the norm of 8s;gjk(sj, th, Sy, ty,) s given by

9 P12 — 98 — VA A — #)2(s — 5 )2
'(8 t/ Sk;tz)’ :(Hyj yk“ (] k)) (g k:)(] k)

7 Y5 — vll® 1Y) — yill®
Y =l = 4GS = 8Py — P Ay = )t A — 6)2(s) — s)?
a 1y} — y3lI°
s =l 1

=l Ny — vl

Thus ‘ k(85,15 8k, ) ’ = m If we choose y' € suppf, then by (25) ||y — .|| > € and thus
J Yk
we conclude that ; (s],t;,sk,t;)H = m < i
T Yy
For a fixed y € supp f, we are going to apply Lemma 3.3 below with g;;, : Ri” — R defined by

g9ik(y') = ¢, % ni= 1o, H = %,M := 4. By the first part of the present lemma, we know
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that for 3/ = vy, we have

T
— 4n?

Yi — Yk

6. .21 IR
i — vl

|95%(y)] = |éy =1
Without loss of generality, among the non-trivial partial derivatives, we consider the partial deriva-

tive Js;. It holds that O,,g;1(y') = ¢, - O iy Thus

A=Ak

X Y — Y Y; — Yk 1 1
Os.gi(y)| = |é L9, TR < g, _ e
9.9 0)] = & Ny — il Ny —willl =il ~ e M

Therefore, as long as ||y’ — y|| < 355z = 5757, we have by Lemma 3.3
. Y~ m
93 = |6y | = 35
N A
namely &, - (y; — yi,)| = 5hzlY; — i |l as desired. O

The point of the following lemma is that the estimate is independent of the dimension [, because
of the fixed number of non-trivial partial derivatives.

Lemma 3.3. Let h : U C R — R be a differentiable function. Assume that there exits a point
x € U such that |h(x)| > n for n > 0 and |0, h(x')| < 45 for H > 0, where M is the number of

non-trivial partial derivatives. Then, for all 2" € U such that ||z' — x|| < 5%, then |h(2")] > .

Proof. By the gradient theorem, one has

[h(z') = h(x)| =

/Vh(:c’) ~dr

for every differentiable curve v : U C R! — R which starts at = and ends at 2. If we choose the
parametrization r : [0,1] — U defined by ¢ +— t2’ + (1 — t)z of 7, then one has r'(t) =2’ — x

[h(z") = h(z)| =

/01 Va(r(t)) - (¢ — x)dt‘ -

1 1
S/Z
U —

for all 2 € U such that [[2" — z|| < 5%. Observe that in the last sum, we considered only the

non-trivial partial derivatives. Therefore, we have

/0 37 0y bl (1)) ] — i)

0uy h(r(£))(«; — )

Yo"
dt <y lla —al < g
j=1

!Mﬁﬂzm@ﬂ—wﬁﬂ—hwﬂ>n—g=g

which is our conclusion. ]

In the next Lemma, recall the identification R? = C, with coordinates y = (s,t) € R?, corre-
sponding to ( = s 4 it € C, and we use these two representations interchangeably.
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Lemma 3.4. Let 0 € [0,27) and é, = (cosf,sinf) € S' C R For any compact subset K C
Xo(C)NUpnp(=RZ N Uyy), where

Uno={(C1o++,G) €C" 0 < R(e™G) < -+ < R(e¢)}
={(yl,- y) ER™:0<éy -y <--- <&y}

there exists N > 0 such that for any A € R with A > N,

K4+ X CX,CO)NUp<« ={(C, -+ ,6) €C":0< |G| <+ < |G|}
K-XCX,COnNU,>={(C, - ,6)eC" |G| >--->]¢| > 0}.

Furthermore, if

KC{(y, -y, eR Wt o p g o pn—1}n{y €R™: ||ly/|| < R}

lye =¥

for some 0 <n <1< R, then we can take A = % and 1t results in

K+ CXy(C)NUpe ={(Cty-,C) eCr e L -

[Ces1] - AR?
K =2 C Xo(C)NUps = {(C1-+,Gu) € Cm: el o1 — )

Proof. By rotation symmetry, we may assume that § = 0, or é, = (1,0). We have

Cos1 AP = |G+ AP = G| — |G + 220R (1 — o),

and by taking a large enough |\| we can show the first claim.
As for the second claim, as ||(|* — |Co1]?] < 2R? and R((p1 — () > 7, by taking A > %, we

have [Cor1 + A2 — [ + A|? > 2R?. Furthermore, by noting that |( 1 + M? < 477124, we obtain

|Ce + Al
T 1 —2R2 L - L
|Cor1 + Al 4RA AR2

]

(b) Preparing the partition of unity For each y € supp [, there is é, as in Lemma 3.2.

Actually, the vector é, can be used for ¥’ with ||y’ —y|| < £ in the sense of Lemma 3.4. This ball

includes a 2n-dimensional hypercube with side e

4v2n2

71'62
5
16v2n2

Therefore, by taking gluing margins of on each side, we can find an open cover of supp f

5 2n
with less than (M—”ZR> hypercubes”, which by the Stirling formula can be estimated in the

me2
form of *ij: :

We take a smooth partition of unity subordinate to this open cover. We can take a concrete
partition of unity as follows. First, we take the product of 2n bump functions in different variables,
and we may assume that the m-th derivative of each one-dimensional bump function do not grow
too fast. One can obtain a partition of unity with 2n real variables as a product of 2n single
variable bump functions.

"This is not optimal. Indeed, it should be possible to gather these open sets to the corresponding éy. But we
do not need it for the sake of linear growth.
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(b-1) Construction and estimates of a 1-dimensional partition of unity For the one-
variable case, we start by considering the bump function

o(s) = {eszll se(—1,1) .

0 elsewhere

Consider now the function ¢ (s) = [°_ ¢(s1)ds1/ [*o_ #(s1)ds, and its translation (s — 3). It

is straightforward to see that the function ¥(s) = 9(s) — (s — 3) is supported in [—1,4] and
Y er (s —30) =1 for all s € R. As this family is clearly locally finite, it is a partition of unity
on R up to an overall constant.

Since 1(s—3) is a translation of ¥ (s), one needs to estimate only ¢(s) and can estimate 1(s—3)

with the same argument. The first derivative is given by () (s) = ¢(s) (= e on (—1,1)), for
which one has W(l)(s)\ < 1 for every s € R. Moreover, 1! is an even function, and thus ¢® is
an odd function. Therefore, 1/*+1) and ¥(®*) are respectively even and odd functions for every
k =0,1,.... Hence, without loss of generality we consider only s € (—1, c0).

To estimate the m-th derivative for m = 2,3, ..., one rewrites ¥V as

w(l)(s) oW1 — e s HTebT.

Let us define g.(s) := 257, then Y (s) = g4 (s)g_(s). We observe that g, (—s) = e F T =
7T = g_(s) for all s € R. If one defines hy(s) := (h(s))F = L for every k = 1,2,3, ..., then
) =

o+
(=1)5' hjq and b = —j hjiq, for all

1

one has g, (s) = e"2"(). By induction, it holds that hU
j=123,...

One can compute the [-th derivative of g, by the chain rule and derivatives of hy(s), but we
do not need explicit expressions.

Lemma 3.5. We have the following.

(1) The l-th derivative of g, is a linear combination of 2= terms of the form h;g.,j <1 (if we
do not gather the proportional terms).

(2) The highest power of 34%1 that appears in the [-th derivative is 2.

(3) In the sense of 1), all the absolute values of the coefficient of hjgy,j < I are less than or
equal to (2D = (21)(20 —2)--- 2.

Proof. (1) By induction for | we need to show, for some coefficients {oy},

2l71

gV(s) =" awhy, (s)g. (), (27)

where ji < [ (they are not necessarily distinct). The case [ = 1 is clear. By the Leibniz rule
((fg) = f'g+ fg'), the derivative of each term produces two terms, and as k), (s) = —ji hj 41(5)
and ¢/, (s) = 1ha(s)g+(s) and hj, (s)ha(s) = hj,12(s), it remains in this form with 2' terms (if we
do not gather proportional terms).

(2) We show this by induction. For [ =1

1 _ln(s
g_(:)(s> — —§h(1)(5>e Qh( ) = * h2(5>g+(8)7



which has 1 term of the form hsg,, the highest power is hy with a coefficient 1! = 1.

Suppose it is true for [, and we prove it for [ + 1. Then the highest power of h that appears in
the [-th derivative is hg g, . Then, taking the first derivative, one gets the highest power of h that
appears in the (I + 1)-derivative, since the powers of h increase computing the derivatives. One
has (hajg )™ = h$ gy + hojgl) = —2j haji194 + hajiags, and thus the highest power of / that
appears in the (I + 1)-derivative is 2(I 4 1).

(3) Again in the expansion (27) (the I-th derivative of g, ), we know that there are 2/~! terms
and the highest power of ﬁ is 2[. Upon a further derivative, each term gives two terms by
the Leibniz rule, and we obtain 2! terms (we do not collect the same functions, just count them
separately), and the coefficients get multiplied either by —hy or 1, whose absolute values are less
than or equal to 2[. Thus, after [ derivatives, the coefficients are bounded by (21)!!. O

The estimate of the [-th derivative of g, (s) boils down to estimating terms of the form
hi(s)g+(s) = (s+1) e 2, Thus, for a fixed j, we have

1 1 ]_ 11
sup hj(s)gi(s) < sup h;(s)gi(s) = sup e 25 = sup —e 2
se(—1,1) ! s€(—1,00) ! s€(—1,00) (5 + 1)] $€(0,00) s
I 11 Y
= sup —e 2s = sup —e 25
£€(0,00) &7 s€(0,00) 87
J
) 1 j ) 1 .
=37 sup — 2t =47 | sup “eT2s < 4.
s€(0,00) s7 se€(0,00) S

Let us estimate the [-th derivative of g, (s). Using Lemma 3.5, 1), in particular (27), one has

ol—1 ol—1 ol—1
g% ()] = ZO@ s)g+(s)| < Z | [hyi(s)g+ ()] < D@D <271 @0 20", (28)
i=1

where in the last equality we used Lemma 3.5, 2) and 3).

We need a similar estimate for g_ on (—o0,1). Since one has g_(s) = g4 (—s), for k =1,2,.. .,
by induction it is straightforward to show that ¢** " (s) = Qk Y(=s) and ¢ (s) = gfk)(—s).
Thus, by (28),

169 (s)| < 21201 (20)2.

We are now ready to estimate @Z(m) for m = 1,2.... The m-th derivative produces 2™ terms
by the Leibniz rule, thus combining all the above computations together, we have

sup [ (s)| = sup [)™) (s) — ™ (s — 3)| < sup [ ™ (s)| + sup [ (s — 3)]

seR seR seR seR
<2 sup [p(s)]
se(—1,1)
m—1 m 1
- j m—1—j
2> ("))
—~\
J
< 2™ 2™(2m)!! (2m)*™. (29)
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(b-2) Multidimensional partition of unity A 2n-dimensional partition of unity is given
by the product of 2n one-dimensional partitions of unity given by the family Cyi(s;), for j =
1,2...,2n, with a normalization constant Cy and m; € Z, by

(I)m17...’m2n(51, e 752n> = Cil;(llsl — m1)¢(482 — m2) .. .12)(452” — m2n)

gives a 2n-dimensional partition of unity. Let a = (v, o,. .., as,) be a multi-index with |a| =
>_; ;. Then one has

sup |aa(1)m1,~--,m2n (317 s 732n>| = Oin sup |<a?11 Tt 8?22:)775(481 - ml) to 2L(432n - m2n)|

SjE]R SjER
= CZr4l! sup (02 ... 022 (4t — mu) ... Yp(4San — Man)|
-
< Ol T 4% (205)!! (205)
j=1

< 28l (2]al)! - (2a))?*!.

5
By scaling such partition of unity by M, we conclude that each piece has the a-derivative

71'62
bounded by

5 ||
Cing\al(gmng . (2|a|)2lal . (M) )

me2

Note that, at a linear order, say a-derivative with |a| = gn, it is

e (30)

€2qn’

(c) Estimate of the integral Now we estimate S%(f). First we multiply f with the smooth
partition {g,} of unity from (b). We know the number of elements in the partition of unity,

5 n
5 2n . .
—32\{?6221%) = *—in, and we have an estimate of the Schwartz norm of each piece, |fo|m <

2™ - | flm|go|m by the Leibniz rule. As each such piece can be translated by a multiple of é,, by
Lemma 3.4 and by the translation and permutation invariance of S%, we may assume that each
fo is supported in {((1, - ,¢) : % <1l—-9n,j=1,---n—1}, where n = (mﬁ)% Here we
estimate S* (f,).

For simplicity, let us write f instead of f,. We expand f into a multiple Fourier series for fixed

p; in the polar coordinates ¢; = p;el’s:

fl, -, 6) = Z ei(k191+..-+kn9n)fk17mJcn(pl’ S Pn),s

k1, kn€Z

1 . )
(27’(’)” /f(pla 617 T Py en)e_lklelm_lknendel e d@n (31)

fkl,“',kn (,01, o ,pn) =
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On the other hand, (23) can be written as

SZ(CD T 7Cn) = Z (1,a1(—r2 ccr = Ty, =82 — Sn)a2(7’2,82) ) "G2(7‘n,8n)1>

ro, - ,PpnER
89, ,8n ER

y <@) —Tr2—82— " —Tn—S8n o ( P )—Tn—sn
P1 Pn—1

ei(r2+-~~+rn—82—~~-—sn)91+(—r2+82)92+--~+(—7‘n+sn)9n)

Now we calculate (24) using (23):

ﬁ SZ(CL T 7C )f(Ch 7< ) pndpldel dpnden
]+1<1 Ly

:/ Z (Lar(=rg =1y, =82+ -+ — 8p)ag(ra, 82) -+ az(rn, Sp)1)
p]+1 <1—7/ .

3 Tn 82,0, SnER
—T =Ty —82—§ —Trp—=8
p2 n n pn n n 1
X\ — e 2—2f*'r'Q'"7Tn+32+"'+5nyr27327"'7rn73n (pla T non)
P1 Prn—1 P1 " Pn
X p1-c ppdpy - dpy.

Here, the sum Zm“_’rms%,“’s”eR can be equally written as Er2+52,---,rn+sn€R Zr27527.,.7rn75nez, and
the sum over r; —s; are restricted to Z because all the vectors ay(r1, s1) - - - a2(7y,, $,)1 vanish unless

>.;8j —1j € Z by FOL).
First we calculate the sum ng—SQ sy ez DOHING that the indeces of f are of this form. On
one hand, as f is a test function, for each m € Z, the Schwartz norm

|f|m ‘= sup |(1 + |<| ) (Clu ’ 7Cn>| (32>
¢jER?
o] <m
is finite, where [([* = 377, [(;|* and 9° f denotes the derivative of f with a multi-index a and |«
is the order of the derivative.
By using (31) and the formula that relates the Fourier transform of f and its derivative, one
has

. 1 —i i
ﬂﬂlkfl.--kﬁnfkl,...,kn(pl,...,pn)z(2 01, pp, Oy )e 10Tkl gg - qg. . (33)

Therefore, it holds that

(] + D (Gl + D oo o)l = 305 ( )|k Uiasos (012 22|

7j=1 ¢=0
218

91, R ,pn,en)‘del .. d@n

< 28127 15,

where we have estimated the integral using (32) and the fact that the 6;-derivative is a linear
combination of partial derivatives in 7}, §; with coefficients < 1. Thus,

([ + 1752 (o] + 172 fiy o (01, )| < 272027 | . (34)
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By Lemma 2.11,

(1, a1(r1, Sn)as(ra, s2) - -

“ag (T, 8n)1)|
< (|ri+s1|+1+-

| Sa| + 1) ([ — sy 4+ 1+

and by expanding the right-hand side, we have (n!)(@r+!
Ej 5;_ = Z]’ ﬁj_ = nQr,

.. |f,"n — $n| + 1)”QT

= % terms of the following form, with

H(‘T]+SJ|+1) (Irj = sl + )%
j=1

By (34),

Z H(lrj — 55|+ 1)B;|f7’1 st n—sn (P1;

Sty T e pn)l
r1—81,"'n—Sn€Z j=1

IA

Z H(|7“j — sl +1)7%- 2nQT+2n2n|f’(4+QT

r1—81,"'n—Sn€Z j=1
= % | fla+Qy)n

Therefore, we have

ﬁ SZ(Cl’ e 7C )f(Cla )C ) pndpldel dpnden
J+1<1 "

0 p2 —r2:—Tp—82°—Sn pn —Trn—Sn
<*|f|4+QT>n/ ) (—) ()

Ll n o482, ,rn+snER p1 Pn—1

(I + s+ D
X HJ_I(‘pjl'”;’ ) dpy -+~ dp,, (35)

o
where we wrote ) the sum where (1,a;(—73- -+ — 7y,
vanish.

Next, note that

—Sg -+ — 8y )aa(ra, 82) - - Aa(Tn, Sp)1) do not

s+ syl + 1= |(ry+ 55+

Tt sn) = (Mt st et sn)[ 41
S|7nj_‘_8j_{_..._|_7«n—|—3n|—|—1—|—|7"j+1+8j+1+"‘+7"n+3n|+17

and 71 + 8, = —ry — -+ — 17T, — 89 — -+ — 8, at a non-zero term in the sum Y, thus by writing

tj =TSt T+ Sy,

n n—1
[Tl + 55l + 1% < (ltal + D5 (ftal + D5 T3]+ 1+ sl + 1%
7=1 =2

and by expanding it, there are less than 2”97 terms each of which is bounded by []7_,(|t;]+1)%%".
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To estimate the remaining p-integral of (35), the number of nontrivial terms in ), ., ., when
N; <t; < Nj+1 is less than the number of {(r;, s;)} for which this scalar product does not vanish,
(1,a1(=ra- -+ — 1y, —Sg -+ — Sp)aas(ra, S2) - - - aa(rn, $n)1) # 0, which is by (PSD) (14) bounded by
cn H (N; +2)". We change the variable p;,; = pji1/p; for j =1,--- ,n—1 and calculate:

=T —Tnp—82+—S8n n “Tn—Sn d ...d n
/ Z TT0r 5+ 17 ( ) (p ) dpy- - dpn
p3+1

<=1 g tsg et snER j=1 Pr—1 pLecPn

o

< 9nQr 2Q Ao Nrdo - do
<por [ S TT 0h) (dyd
Pip1<1=m j=1

o

/
<17’ t;€Z  j=1

tQ, Lty >0
(1= )
—x Y Ht L 1)20rL
ticZ j=1 t +1

t27"'7tn20

< % (/Oootw*“ 1 - )dt)n

1 (2Qy+L)n
< *xI'(2Qy + L)" ( >

—log(1 —17)
1 (2Qx+L)n 16Rn2 (2Qy+L)n

where [' is the Gamma-function and after the change of variables there is no dependence on py,
so we integrated it out and obtained the radius of the domain which is small (because f = f, is
cut by a partition of unity) so replaced by 1, while we ignored p,, in the denominator as we may
assume that it is larger than 1.

5 2n
This is an estimate of single f,. We cut the original f into <16‘{r§f§m> = * — pieces. Recall
that | fo|m < 2™|f|m|9golm by the Leibniz rule. By collecting them all with (30), we have

RCQr+L+2)n
1SR () < Z |55 (fo)l < X' flaroon Tarsmmann (36)

(d) Extending to functions vanishing at the coinciding points The estimate (36) is
obtained for a test function f with supp f contained in the disk with radius R and min;j |z; — 2| >
e. By taking a larger Schwartz norm, we can eliminate the dependence on R, e.

(d-1) Absorbing R We show that the estimate [S2(f)] < %|f|u+or) nRN;: implies |S2(f)] <
*' |f|(4+QT+Nl)n+3 ~gm- Concretely, we will take Ny = 2Qy + L+ 2 and Ny =4+ 2(4 + Q).

To remove the R dependence with the cost of larger Schwartz norm, note that any test function
f supported in RZ* can be written as f = fo + fi +--- + fz, R e N, where R < R and

fi(z) = f(2) - hy(l2]),
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where {h;} is a smooth partition of unity on R (a scaled version of the one in part (b-1)) such
that supp h; C [j — %,j] and h; =1 on [j + %,j + %] By the estimate there, we know that there
are constants C, 1, Ch, o such that sup,cg [0™h;(s)| < Cp 1 (m!)Cr2,

For arbitrary N, we have

£l = sup [(1+[¢P) 210" £5(C)|
fom

_ 1 2\F 9% f. i (1_'_ ‘C‘Q)T_H
;ﬁ;((-%K|)! fAO\ETimﬁagg

m+N+3 1
< sup (14 [¢]°) = 10" £5(O)] - E
b R O G e

laj<m

’f J |m+N +3
I+ -5
where the case j = 0 requires a slightly different estimate (the third equality changes) but it holds

that | folm < |folm+n+s-
Furthermore, for arbitrary M it holds that

ilar = sup (1 ) F107(FOR(C)]
la|<M

N+3
2

<2M sup (14 [¢)Z|0° Q)| sup  [0°h; (1))
CeRn (R
la|<M |B|<M—|a

< 6MMIChya (M) 2| f s,

as h; is a one-dimensional partition of unity and its derivatives 9°h;(|¢|) can be estimated by the
derivatives of h; and the maximum of 8°|¢| can be bounded by |B[12%1(2)/#l for |¢| > 2, and for
IC| < % we may assume that h(¢) = 1, thus the derivatives vanish.

Therefore, by taking M = m + N + 3 with m = (4 + Qr)n, N = Ny, by noting that supp f;
has radius j + %,

(G +35)™"
6Ngn

Sa(AI< D 1Sa()l <, D Ifslurann
j j

I

filarQuminings (5 +3)™M"
< % [ [fol e— + t 2
(l | eNzn ; (1 + (] . %)2)N12+3 €N2n

(j+2)@n 1
< K| flarQrins Nints ((%)Nln - E o | e
>1 1+ - %)2) 2 e

1
< *,|f|(4+QT+N1)n+3€]V7'

(d-2) Absorbing ¢ Let hg be a smooth function on R such that ho(t) = 0 for t<27h ho(t) =1=
20 for 1 < ¢. As we have seen in (b-1), we can take hg in such a way that [$=hglo < Gl 1 (m!)“r2.
We define fu(t) = ho(2'). Then [ £y < (27 (ml)Che.

dt’!n

31



Let he(¢) = [T hes1 (16 — Gel) =TT 0 e(1G = Gil)- Then for any ¢ € supp hg, 2772 < |¢;— Gl
but there is a pair j,k such that |(; — (x| < 27¢. Moreover, note that for any partial derivative
0%hy(€) there are at most (2n— 1)1 terms (because each variable is involved only in 2n—1 factors).
With the scaling factor 2%/ for the |a|-th derivative and the estimate of partition of unity, we have

sup [9he(C)| < (2n)l1 - 290 G (Jat) . (37)

(‘GR%@

For any test function f with compact support in Ri", we put fy = f-hy. Then f = fo+---+ fL
for some L € N and

1Sa() < Z [Sa(fo)] < *Z | fel(ar@rtmn a2 TN = 3 Z | fel(ar@rtmants2™

because of part (d-1) applied to f, and the fact that for ¢ € supp f, it holds that ¢ = 27472 <
Gk — Gl

Next recall the multi-variable Taylor formula with remainder (cf. these lecture notes):

o) = 3 TID ey 3 TICETACTO e

ol
|| <m |oo|=m—+1

where 0 < ¢ < 1 and m arbitrary. In particular, if 0%g(w) = 0 for all «, we have

gl < 3 1Psw Wl (38)

ol

|a|l=m+1
Let ¢ € supp fr and j < k be a pair for which |¢; — (x| < 2=t We set
w = (C, 7Cj7”' 7C/€:C]7 7Cn) E]RQ:TL
Applying (38) to 0P f, with w € R?", we have for any m € N and || < M and ¢ € supp fo,

M M at+p YA cl( —w
AP 2% Q) < (L ¥ 3 1wt el @)l ey

al

|a|=m+1

<A+ +eC-w)P)E Y

|o|=m+1

0°FF fyw + c(¢ — w))|2_e(m+1)
al ’

(39)

where the derivatives 0% act only on (, = (Y1, Yk2). With m = Non and M = (4+Qr + Ny)n+3,
and using the fact that the above summation contains 2/*/ terms while the denominator is at least
(( |g‘) )2, thus their ratio is less than a universal constant,

|f€| (4+Qr+N1)n+3

(4+Qy+Ny)n+3
= sup [(1+ ¢ 2 107 f4(C)]
C€R2n
IBI<(44+-Qy+N1)n+3
n a+3 _
(=D (Nen1) sup ((1 L 1C (¢ — )y o2 [0 fe(w+' c(¢ w))\)
CER?™ ol
|81<(44+Qy+N1)n+3
|(X‘:N2n+1

< *2(_6)(N2n+1)|f€|(4+QT+N1+N2)”+4
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Thus, by putting 4 + Qr + N; + No = Q% we have
SN <K' D27 frlgynsa:
¢

Furthermore, we have

9 ern+4 ﬁ
| fel@ynsa =" sup |1+ [C]7) = [07(fhe) ()]
CGRQTL
|B1<Qyn+-4
2 ern+4 B—a o
= sup ST+ TE 0 O] - 0°he()
S
181< QY4 =P
, Ql n+4
= %@ sup J(1L+[C) T 07 Q)
¢Esupp fo
1B1<Qyn+4
a<p
— *l2€(er”+4)|f|2Q’ +827€(Q{rn+4+1)
T’I’L
< *|f|2Q’Tn+8

where we used (37) and |a] < Q%n + 4 in the third line (the number of terms apparing from the
Leibniz rule is bounded by (2n)97"** = %), and (39) with m = Q%n + 4 in the fourth line by
noting the range of (.

Altogether,

[SA()] < K'Y | Floaynts2 ™" < K |flagrnrs < K fleay+9)n
V4

holds for n # 0. For n =0, |Sg| = 1 by definition. Thus (OS0’) holds.

3.3 Reflection positivity

We prove (OS2) in two steps:

(a) We prove the reflection positivity for a set of test functions satisfying a slightly different
support condition

(b) We show that a general set of test functions can be brought to the previous set by a large
dilation

(a) Reflection positivity for a subset of functions. For a quasi-primary vector a, we con-
sider the formal series ¢(a,z) = Y(a,z)zl. We assume that a is Hermite, then it holds that
<U’v ¢(a’§)v> = <90(a’§)u7 U> by (6)

We claim that an expression V(¢ ,---,¢ ) = ¢(a1,(,) - ¢(am, ¢ )1 defines a vector in the
completion of F' with respect to the norm. Indeed, for each pair i, h € R, F}, j, is a finite-dimensional
vector space, and the projection P, ;¥(¢ R Qm) onto F}, j, is an absolutely convergent series in
¢y G 1[G > - > |Gl Then for any finite set § of pairs (h, h),

D PR P = Y (B ) P (¢ C )

—_-m e :
(h,B)EY) (hjl)Ef) Cm+3 CJ
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This is a power series in Cpoo v Gy, evaluated at (,4; = (; for all j = 1,--- ,m. The power

series is given by extracting terms of the form Agy ooty 4 G5 - (792m(Tlem gatisfying
>y sj=h, >0 t; = h for some (h, h) € § from

(L, (azm, G, ) -+ olame, ¢, )elar, € ) - olam, ¢ )1)

It is absolutely convergent when evaluated at r((p4;) = ¢ for all j = 1,--- mif 1 > |¢4| >
-+ > |(Gn] > 0, as in this case it holds that |(om| > -+ |Gns+1| > 1. This implies that the norm
[, C I = S [ Pua®(C,. - 1, ) s convergent.

Let us consider the equality as formal series

(1,0(a1,21) - P(Amin, Zmin)1) = (plar, 721)1, 0(a2, 25) -+ - P(Amin, Zmin)1)-

Both sides are convergent if this is evaluated at 1 > |(;| > - -+ > |¢,| > 0 and is real analytic, where
r¢ = (1 is the reflection with respect to the unit circle. By induction, for 1 > |¢| > -+ > [, > 0
we have the equality

(L, ¢(a1,6,) - @lamin, ¢ 1) = (plam,7¢ ) -+ plar, 7¢ )L @(ams1, ) - (aman, G, L)1),
(40)

We are interested in the reflection #(w) = —w (the reflection with respect to the imaginary
axis), rather than rw = @w~!. Using a slight variation of the Cayley transform € € PSLy(C), where

Ew) = %(iw-&—i) B 1+w

) 1w We map iR to S!. Other important points are:
V2

00 fw=1
0 ifw=-1
fw=0 "

-1 ifw=00
We also have €71(¢) = &7 Tt holds that
¢ loro€(w)=—w=fuw. (41)
We know that the power series

(1,Y(ar,¢,) - Y(an, ¢ )1)

converge for |(1] > -+ > [(]. As L(w) = i wQ, by Proposition 2.15, for wy,--- ,w, € C such

that w; # 1, —1 and |€(wy)| > -+ > |€(wy,)| we have

R

S, on ﬁ(l_% ) (o) (e Ve, €)1,

Jj=1

where the scalar product has a convergent expansion in €(w;). In terms of the field ¢ above, this
amounts to

Sewr, - ywa) = [[3(w)™ 3(@) ™ (1, @lar, €wi)) - - plan, Elwn))1), (42)

j=1
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where we introduced J(w) = (I_QW)Q @ = m It holds that J(w) = J(@) and J(—w) = J(w),
thus

J(w) =J(@) = I(=0) = J(0w). (43)

By smearing the correlation functions S 7 with a finite set of test functions f (Cl, NG

supported in the set of wy, -+ ,w, € C such that w; # 1 forall j and 1 > |€(wy)| > -+ > |¢(wn)|

we considered above, the following expression gives a vector in the completion of F' with respect
to the norm:

\I/aj = /fj(wl, . H J‘j wj a gO(CLl, Q:(Ldl)) cee (,O(CL]', C(Wj))]_dTlél s dedgj,

=1
where w; = 7; +i§;.
Let A be as in (OS2). Then, the positive-definiteness of the scalar product tells that

0< () Wy w)

bied  apeA
= Z /dﬁdfl cedTdEGdTi e d i - ATy RdE g f;)j(wh s W) [ (Wit W)
bj,akEA
2 h . —
[T 3w T 3(sem)" 3oyem)
l= m=1

P(b1, E(w1)) - p(by, €(w;))1, p(ar, C(wji1)) - - - plar, C(wjrx))1)

= Z /dﬁdfl"'dedﬁdedeﬁjH"'de+kd§j+k f;‘)j(wla"' L wWi) fr¥ (Wigts -+, Wisk)
apEA

[130™ 3™ TT 3lewsam) = 3rem) ™"
/=
(L, 0(by, r€()) - - b, rE(w1))p(ar, Efewyn) - plar, €wy0))1)

= Z /dﬁd&"'dedfdedefjH"'de+kd§j+k fjl')j(wla"' ,Wi) frE (Wiga, -+ Witk)

k

J _
X H (9WZ hb"d (90.)@ H w]er fam w]+m)

=1 m=1

x (1, 0(bj, €(0w;)) - - - (b1, €(Owr)) (@)1, E(Wjis1)) - - - Pk, E(Wisr))1)

= ) /dﬁdfl"'dedfdedefjH"'de+kdfj+k £ (Ows -+ Own) i (wjin, - 5 wjin)

ha

m

~ ~ T\ Pam
J(@jrm) " I (Wjm)

=

H3 (we) ™ 3] ™
,p(bs, €(wr)) -+ - p(b1, Cw;))plar, E(wiit1)) - - - plak, E(wjr))1)

= D /dﬁdél 7Ty dS g dTjndSs e O(F) (Wi wy) Wy, W)

b arEA

9b ak)
XS]+k (wlv"' 7wj+k)7

—

/\TT
PSS
Sl
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where in the 3rd line we used the relation (40), in the 4th line we used the relations (41) and
(43), in the 5th line we used the invariance of the measure under w — 6w and made the rela-
belling of the variables (wy,---,w;) — (wj, -+ ,w;) and in the 6th line we used the definition
Of ) (w1, swn) = fi(0wj,---0wi) and (42). This is reflection positivity (OS2) for the test
functions chosen above.

(b) The general case. Note that the support properties of { f;J } are not the ones required in
(0S2). Let {f;7} be test functions compactly supported in RZ* with f;7 € .77 (R¥). Our goal is
to prove (22) in this setting. For A > 0 large by conformal invariance (Proposition 2.15) we have

Sp(wi, -+ wm) = [, e eAMhithi) Ga (Ayy ... eMw,,). Therefore,
(6b;,
> SO @ fi)
bj,akEA
ob;,
=) /dﬁdfl ATy kG £ (0wg, L 0) R (s wi) SEE ™ wr, wi)
b],akEA
Z /dﬁd&l AT kdEj 1, f (6 erwj, oo, e wl)fk (e Wit1y - e)\wj-&-k‘)
b],akEA
0b;
Sj(+k ak)<e Wiyt 7e/\wj+k)
j+k
Z /He” dmdé - - dTy+kd§g+kf (0 wj, -+, 0erwr) frt (wjpa, -+ e wjpg)
b],a,kEA
Jj+k
He_/\ he+h£) ]?:)]Z?ak)(e Wy, 7e)\Wj+k‘)

j a b]7
= Y [ dndé - drpadSia 750w, 0w) f5 (W) ,wj+k)5j(-ik "y win)

b]',a,kGA
(6b;.a b\
= 2 SMeER) © K4 (44)
bj,a,kEA
where we introduced f;]j (Wi, ,w,) = AT ’\(hf%@)f;j (e*wy,- -+, e*w;) and used that et =

e*0. The functions { ff\”]} still satisfy the support condition, but their supports are scaled by e~
As the supports of {f;”} are compact, we may assume that there is (small) e > 0 and (large)
R > 0 such that the support of f}” is contained in the set

{(wy,- - wj)) m+je>n+(j—1e>- > |wl| < R for all £}, (45)
where wy = 7, + i1&,. Then the support of f:\”] is contained in
{(wi, ,wy) i +eMje>mt+ej—1e> > 1, |wl| < e ™R for all £}. (46)

We claim that, for a sufficiently large A and sufficiently small ' > 0, this support satisfies also
the condition

{i - w) 1> [€(w)] > [€(wa)] > - > [e(wy)]}.
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To see this, note that, for w = 7 4 i¢,

)P 1+7+i6° 1472+ 427
w)|* = = :
1—7—i& 1+72+&—27
For any point in the set (45), 7, and 7., differ by more than e *¢, while 77 + & = |w/|> <

e PAR2 72 + & < e 2 R?, thus the latter is negligible, by taking A sufficiently large. Then it holds
that |€(we)|?> — |€(wes1)]* > 5(7¢ — Te41), as desired. Moreover, with a large enough ), it is clear
a ; .
that supp f,’; do not contain £1.
From Step 1, we know that (OS2) is satisfied for { f:\”j} and by (44) this is equivalent to (OS2)

for {f{"}.

3.4 Clustering

In this section, we will show the clustering by using Proposition 2.8. We first explain our idea of
the proof.

We apply Proposition 2.8 to the case (m + 1,n + 1) where a,,11 and a,,1,42 are the vacuum
vectors. That is, for example, consider the following compositions of vertex operators:

Y(Y(@lv Cl,v)Y(CQ, C2,U)Y(a/37 C3,v)]-7 Cv,o)Y(CM, C4,0)Y(G57 C5,0)1>

which absolutely convergent if

CQ v <3 v <5 0
—, == <1 and |>—|<1 47
Cl,v C2,U C4,0 ( )
and
Cl v C4 0
—l+ || <1 48
CU,O Cv,O ( )

by Proposition 2.8.

We shall think of {a1, as, as} as a first cluster around ¢, and ay, as as a second cluster around (.
Then ¢, o corresponds to the distance between the two clusters. When (..., (5 are fixed (generally
when moving in a compact set in (47)), if we move the distance between the two clusters away
(oo — 00), then (48) is automatically satisfied. Using this fact and the property Proposition
2.5 and Proposition 2.6 about the spectrum of the unitary full VOA, the cluster decomposition
follows.

Recall that U, = {|(1| > |G| > -+ > |Gl }-

Proposition 3.6. Let K,,, C U,, and K,, C U,, be compact subsets. Then, S(a'"’b")(Q + A Gt

m+n
A, Cntds - - - s Gnn) uniformly converge to S (Cr, .., Gn) S (Gt - - - s Gnn) in Ko X Ky as A —
00.
Proof. By Theorem 2.9, the vacuum property and symmetry, for any A € C, we have
S (G A G+ A Gt Gz -+ G
moLbn,1
= Sr(r?+n+2 )(Cl =+ )‘7 s ;Cm + >\7 CQM Cerlu <m+27 s JCn+m7 <0)7
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where we insert the vacuum vector at (, and (y, and thus, the left-hand-side is independent of (,
and (5. We set ¢, = A and (; = 0.
Then, by Proposition 2.8, we have

S’r(:;nﬁtl;n,l)(gl —|— )\’ ey Cm + )\, )\7 Cm+17 ceey Cm+n7 O)|Un+l,m+1
— (1Y <Y(a1, ¢ Y(am )1, gv,o) Y(amen G,y o) Y (mnnC o)1) (49)

where the right-hand-side is absolutely and locally uniformly convergent in

gi,v Cj,O
and
Cl 0 Cerl 0
|+ |—| <1 51
CU,O Cv,O ( )

and coincides with the left-hand-side after substituting

Giw = (G+A) = A=, Gio = Gy Coo = A

forie{l,...,m}and j € {m+1,...,m+n}.
Let ((i,y..-,Cm) € Ky and (Gaty - - - Guan) € K. Then, since K, C U, and K,, C U,, (50)
holds. Moreover, if A\ — oo, then

Cl,v Cm+1,0

CU,O Cv,O

Hence, the series (49) converges uniformly on K, x K, for sufficiently large .
Let {v} 7 }icr, , be a basis of F}, ; and {U?’h}ielhﬁ be the dual basis. For (h, h) = (0,0), take 1 as
the basis of Fpy = C1 (see Proposition 2.5). Set Ah' = hy+- -+ hy, and Ah = hyp1+ -+ Ry

. I =AR T
Since Cﬁ? . ﬁ? " (v

G

A

Cerl

<L
A

+ +

;L/’E/, Y<a1’§1,v) Y (ag, Cmﬂ])l) is scale and rotation invariant,

Fjj _ lAﬂil/_h/ ~AR'—h' <U}.llﬁ,’ Y(ahgl’v) o Y(am’ gm’v)]_)

1w J

Git1,v Cit1,w
=~ and :
C’iﬂ) Ci,v

holds for G; = n%ii% ﬁi}%(vf’h, Y(amﬂ,gmﬂ’o) . .Y(am+n,gm+n’0)1>. Then,

is a power series of for i € {1,...,m}, i.e., depending only on the ratio. The same

1y <Y(a1, ¢ Ylam$ ), Q) Y (@ Cyg) Y (@mens G o)1)

_ Z( 3 <1,Y(vg,ﬁ/,@>U;‘Iﬁ><v§’v’3’,Y(a1,gl’v)...Y(am,gmwm

h,h,h! B €D, B d€DL B

T (TSN B (L)

—AW F—AR' ~—Ah F—Ah n' AR s h =h j j
:Cl,v Cm <m+1,0€m+1,0 Z Z 1,051,0 m+1,0§m+1,0<1ay(vix7;}nCv,O)UZ,F)FiGj

h,hh! B! \G€L, 7,0€Ly 1
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Since C .0 h h,(l, Y(vi, 7 CU,O)U;L 7) is scale and rotation invariant, it is independent of (, o and
Cyﬁo. Set Cij = c;(’;‘h' _;(’;‘h'( ( 213 Go, 0) > € C. Then, we have

K o,z h h /= h
1l oG o1, Y (v Vs G00)Vh ) = Cig (22) (%Z) (9230) (472:;0>

Since L(1)Fy o = L(1)Fy; = 0 and
(LY 0 o) = o8 G0 = LG 501G~ LG

we have (1,Y (v
Hence,

<1’Y< (a1, C ) (am,C ) C“O) Y<am+1’§m+1,o) " ‘Y(am+"’£m+n,0)1>
< (al C ) (amC ) ><1’ Y(am+1’§m+1,o) T Y(am+”’§m+n,0)1>

AN 4
+ Cl,v Cl,v m+1 OCm—H 0

W)
hh
00)V ) = 0if (h, h) = (0,0), (K, 1) # (0,0) or (h, h) # (0,0), (I, k') = (0,0).

h/ h/7

AT r (@) (&) () () k|
= G |-
(h,R)#£(0,0), 1€1}, 7,0 it Go,0 Gu.0 Co,0 G0

(h’ R)#(0,0)

G W {1, W Cm+1,0 h Cmt1,0 h
The sum Z (h,@#(0,0), Zielh,ﬁvjelh/ h! CZJ (CU10> (a) ( C'U 0’ > ( E’” 0’ > EG]
(h',h")#(0,0)

uniformly in Up,11,,41, and (k, ), (', ') run through the spectrum of F, i.e., {(h,h) € R? | F},; #
0}. By Proposition 2.5 and Proposition 2.6, h +h > 0 and h + h = 0 if and only if h = h = 0.

Hence, by the polynomial spectrum density (14), the series (52) does not have singularity at
gl 2 = (0 and C’Z“ 2 = 0 by Proposition 2.5 and Proposition 2.6, we can take the limit of A — oo,

converges locally

Glv Cm+1,0

ie.
’ QJ,O’ CU,O

— 0, which proves the assertion. O
Now we prove (OS4). By translation-invariance (OS1), it suffices to show

m dn Qm Am | * n n
lim S (O(far)® @ ghr) = S (©(far) ) Sk (gh),

for cach @, b, and fo € 7% (R?*") and gb» € .#2"(R*") with compact support RZ.
By Lemma 3.4, we may assume that

supp(f®) Cc U,, ~ and  suppg C U,,

since (OS4) is invariant under the simultaneous translation.

Set K,,, = supp(O(f2)*) and K, = supp(¢®*). Let A € R be sufficiently large so that
(K,,, £i\) X Kp, C X,,10(C). By the definition of the distribution,

Sy (0 (far) @ i)
/Sggrnbn (Cla s 7Cm+n)(7-$i)\@(f;lnm)*)(<17 e 7Cm)ggn (Cb Tty Cn)dT1d£1 e dTm—l—ndgm—i-n

= /[( K T:rnn)(c :I:l)\ Cm:tl)\a gm-l—l;---agm-l—n)@(fr?zm)*(CM'" agm)gzn(gla"' 7Cn)
drydey - - A endEomin.
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Hence, by Proposition 3.6, and by noticing that its assumption is rotation-invariant, thus we can
apply it to i\ instead of A € R,

lim Sﬁf_fnb" (TsrO(fom )" ® i)

A—00

- /K S G S Gt O (G G 1)

dr1dg, - - AT 0@y
= Sy (©(fm))Sh (g),

This completes the proof of (0OS4), and thus all the conformal OS axioms (OS0")—(OSC).
Note that in OS4, only translations in spatial directions are considered, but the above proof
shows the clustering for translations in arbitrary directions.

4 Examples

In this section we will see that the family of conformal field theories (full vertex operator algebras)
introduced in [Mor23] satisfies the assumptions of the main theorem of this paper, that is, uni-
tarity, local C}-cofiniteness, and polynomial energy bounds. We begin with a brief review of the
construction of full vertex operator algebras in [Mor23, Section 6].

Let L be an even lattice, that is, L is a free abelian group of finite rank n equipped with
non-degenerate symmetric bilinear form,

(= e : Lx L Z,

such that (o, @)t € 2Z for any o € L. Note that we do not assume that L is positive-definite.
Let {a@;}iz1,.n be a basis of L and € : L x L — Zs = R* be a (non-symmetric) bilinear form
defined by

e(ay, o) = (—1) (/2 for all
e(ai, aj) = (—1)@00 ) if i > j
e, aj) =1 if 7 > 1.

Then, e(—, —) is a 2-cocycle Z2(L,R*). Let R[L] = D, Rey be an R-algebra with the multipli-
cation defined by

eq -5 = €(a, B)eats

for o, 8 € L. This algebra is called a twisted group algebra introduced in [FLMS88]. It is easy to
show that

e(a,f) = e(a,=B) = e(~a,8) and  e(a,a) = (1)@ (53)
holds for any «, § € L. Define a linear map 6 : R[L] — R[L] by
0(eq) = €_qs (54)
which is an R-algebra automorphism by (53).
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Set
H=ILoR,

which is equipped with the symmetric bilinear form induced from L. Let P(H) be a set of R-linear
maps p € Endg H such that:

P1) p? = p, that is, p is a projection;

P2) The subspaces ker(1 — p) and ker(p) are orthogonal to each other.
Let P~(H) be a subset of P(H) consisting of p € P(H) such that:

P3) ker(1l — p) is positive-definite and ker(p) is negative-definite.

For p € P(H), set p =1 —p and H; = ker(p) and H, = ker(p). We will construct a full vertex
algebra Fy,, for each p € P(H) and show that it is unitary if p € P.(H).

Let (nr,my) be the signature of H. Then, the orthogonal group O(H) = O(ng,mp,R) acts
on P(H) and P-(H). Then, as an O(H )-set,

P.(H) = O(ng,mr;R)/O(ng;R) x O(myp; R). (55)
Let p € P(H). Define the new bilinear forms (—,—), : H x H — R by

(ha hl)p - (ph7ph/>lat - (ﬁhuph,)lat
for h,h' € H. By (P1) and (P2), (—, —), is non-degenerate. Note that (—, —), is positive-definite
if and only if p € P.(H).
Let H? = @,,., H ®t" @ Rc be the affine Heisenberg Lie algebra associated with (H, (—, —),)
and H-go = D,50 H ®@t" @& Re a subalgebra of H?. Define the action of f]go on the twisted group

~

algebra R[L] = @ ., Re, by

Ceq = €4
0, n>1,

h®t'e, = -
{(h, Q)p€a, n =0

for « € H. Let Fp, be the H?-module induced from R[IA/] Denote by h(n) the action of h ® t" on
Fr,forn € Z. For h € H, set

h(z) =Y ((Ph)(n)="""" + (ph)(n)z™""") € End Fp [[=%, 2*]]

h*(z) = %Z((ph) (n)z™""" + (ph)(n)z™" ")

h(z) = HZ:((ph)(n — 1)z" + (ph)(—n — 1)z").
B4 (h,2) = :Xp (- > )
B0 - (5 (M P02 )
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For h, € H, and h; € H;, h.(z) and hl(g) are denoted by h;(z) and h,(Z), respectively.

Let o € H. Denote by l., € EndR[L] the left multiplication by e, and define the linear map
2PezPe R[L] — R[L][2R, 28] by 2PezPey = 2PepPloz(PabBloey for B € L. Then, set

ea(2) = B (a, 2) ET(a, 2)l., 2P*2P* € End Fy,[[z5, 25]][5, 25).
By Poincaré-Birkhoff-Witt theorem, F7 , is spanned by
{hi(=n1 —1)...hi(=ny — DA (=mq — 1) .. A5 (—my — 1)en ),

where hi € Hj, n; € Zso and hi € H,, m; € Z>o forany 1 <i<land1<j <k and o € H.
Then, a map Y : Fr, — End Fy,[[z*, z2%]][z¥, zF] is defined inductively as follows: For a € L,
define Y (eq, 2) by Y(ea,2) = ea(z). Assume that Y (v, z) is already defined for v € Fp,. Then,
for h, € H, and h; € H; and n,m € Z>q, Y (hi(—n — 1)v, z) and Y (h.(—m — 1)v, 2) is defined by

1 dn 1dn
Y(hi(=n—1)v,2) = (== b (2))Y(0,2) + Y (0,2) (= b (2))
Y (ho(-m = 1)0.2) = (-2 b7 ()Y (0.2) + Y (0.2) (= 1E(2))
rimm= 2= igg W) e rw (s e (2))
Set
| dim | dimH,
L=1@e, w=5 > h(=Dhi, @=5 > hi(=1)h,
i=1 7j=1
where h} and h? is an orthonormal basis of H; and H, with respect to the bilinear form (—, —),.

Set F' = F,, and
Frn={veG|w(l,-1)v=hv,o(-1,1)v= hv, h(0)v = (a, h),v for all h € H}

for h,h € R and o € H. Then, e, € F¢

2 (pO[,pOé)p ’ % (ﬁ()@ﬁa);; ’

Then, by [Mor23, Theorem 4.14, Proposition 5.11, Theorem 6.5], we have:

Proposition 4.1. For p € P(H), (Fr,,Y,1) is a full vertex algebra over R. If p € P~(H), then
(L(0), L(0))-eigenvalues are non-negative, and (Fr,,,Y, 1, v, ) is a full vertex operator algebra over
R. Moreover, the isomorphism classes of full vertex operator algebras are parametrized by

AutL\Ps (H) = AwtL\O(ng, mr;R)/O(nr; R) x O(mp;R),
where AutL C O(np,mp;R) is the automorphism group of the lattice L.

Hereafter we assume that p € P~(H). The R-algebra involution (54) can extend to an auto-
morphism of the full vertex algebra 0 : F, — F,, by

6 :h}(—ny —1)...hi(=ng — DR (=my — 1) ... B (—my, — e,
= (=D)"Fh (—ny — 1) . A (=ny — DRY=my — 1) ... hF(—my — De_q

(see [Mor23, Proposition 5.13] applied to the automorphism 6 (54) of the AH pair (the twisted group
algebra) giving an automorphism of the G-full VA and by [Mor23, Theorem 5.8] an automorphism
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of (F,,Y, 1) by functoriality). Note that Ff = FL, ®g C is naturally a full vertex algebra over
C. Fori=0,1, set F; = {a € F, | 6(a) = (—1)'a}, which are regarded as subspaces of Ff, and

F=F,&iF C F,

Then, F is a real subalgebra of Ffp. It is clear that w,@ € Fy C F and F satisfy the assumption
of Proposition 2.3. Thus, F has a unique non-degenerate symmetric invariant bilinear form:

(—,=):FQF =R
with (1,1) = 1, which is a restriction of that of Fj , ®g C.
Proposition 4.2. The bilinear form on F is positive-definite.

Proof. We first show that the bilinear form is positive-definite on
R(eq +e-0) ®Ri(eq —€_4)
for any v € L. We have

(€a + €, €a + €_qa)
=lm(Y (e + €-a,2)1, 60+ €_4)
z—0
— ]jm(_1)(pOé,pO()IQat/Q-‘f-(ﬁOé,ﬁa)lQat/QZ—(pa,pa)i}t2(}70&,]30&)12,(“<17 Y(ea + 6_0” £_1)<€a + e_a)>
— (_1)(a,a)lat/2<17 leae_a + leiaea)>
— (—1)(6“’“)1“/2(6(@, —a) + e(—a,a))(1,1) = 2,
where we used (53) in the last line. Similarly,
(i(eq —€_a)ilea —€_o)) =2 and ((eqa+e_q),ileq —e_q)) =0.
It is clear that F' is spanned by
V. = Spang {i"™*h} (—ny — 1) .. hi(—ny — Dhr(=my — 1) ... hF(—=my — 1) (eq + e_a)}
V.o = Spang {i"™* ™ hi (—ny — 1) ... hi(=ny — DR (=mq — 1) ... hF(—=mi — 1)(eq — e_a)}.

Then, V' and Vép are orthogonal if 7y # 1 or a # £4. Since (—, —), is positive-definite for any
p € P-(H), by the commutator relation of affine Heisenberg Lie algebra, V" and V are both
positive-definite. O

There is a unique anti-linear involution 6 : F' Ep — Ffp whose fixed point real subalgebra is F'.

Hence, F is a unitary full VOA.

The (chiral) polynomial energy bounds for intertwining operators among VOA modules are
studied by [TL97, Guil9al]. The following proposition is clear from the definition of the polynomial
energy bounds:

Proposition 4.3. Let F' be a locally C:-cofinite unitary full VOA. Assume that
1. M; and M; in the definition of local Cy-cofiniteness are unitary modules of the VOA V and
W,
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2. All the VOA intertwining operators in (9) satisfy the chiral polynomial energy bounds.
Then, F satisfies the polynomial energy bounds.
Then, we have:

Theorem 4.4. For any p € P~(H), (FEP,Y, 1,w,w,0) is a unitary full vertez operator algebra
and satisfies the local C-cofiniteness condition, the polynomial energy bounds and the polynomial
spectral density.

Proof. The canonical subvertex operator algebra ker L(—1) C F contains the Heisenberg vertex
algebra My, (0), which is generated by the weight one subspace H;, and similarly My, (0) C
ker L(—1). Foranya € L, F* = is the Verma module of My, (0)®

My, (0) and is local Cj-cofinite.

The chiral polynomial energy bounds for Heisenberg modules are shown in [TL97, Proposition
1.2.1 and Proposition 1.3.1] and [Guil9a, Theorem A.2]. Hence, the polynomial energy bounds
follows from Proposition 4.3.

It is clear that

Fa
n,mEL>o ~ n+ 1 (pa,par) p,m+ 3 (Pov,per)p

#{(h,ﬁ)€R2]n—lghgn,m—lgﬁgm,Fhﬁ;ﬁO}
=#{a € L| (po,pa), <n and (po, pa), < m}

for any n,m € Z. Since ker p and ker p are orthogonal,
#{a € L | (pa,pa), <n and (pa,pa), <m} <#{ae€L|(a,a), <n+m}.

Since (e, ), is positive-definite, the right-hand-side can be estimated by the lattice points (the
volume) of the ny, +my, = rankH dimensional sphere. Hence, there is a constant C' > 0 such that

#{acL|(a,a), <n+m} < C(n+m)=

From this it is straightforward that #{(h,h) € R* | N < h+h < N + 1, F},;; # 0} is bounded by
a polynomial in N as in (14). O

Remark 4.5. Note that ker L(—1) generically coincides with the Heisenberg vertex operator algebra,
however, at the rational points of

AutL\O(np,mp;R)/O(np;R) x O(mp; R),

ker L(—1) is a lattice vertex operator algebra. For example, for L = II,;, the unique even uni-
modular lattice of signature (1,1), Rsg = O(1,1;R)/O(1;R) x O(1;R) and Autll,; = Zy X Zy
acts as R +— R~! for R € Ry, which is the T-duality of string theory. Then, we have

M;(0) ifR*¢Q
Vspaz  if R* = p/q with p,q € Z coprime,

ker L(—1) = {

where M;(0) is the rank one Heisenberg vertex operator algebra and V g;.7 is the lattice vertex
operator algebra associated with the rank one lattice Za, (a, a) = 2pq (for more detail see [Mor23,
Section 6.3]).
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5 Outlook

We plan to investigate more examples of full VOAs such as the Ising model and framed algebras
[Mor21], and compare them with direct constructions of Wightman fields [AGT23].

We are partly motivated by the possibility to deform full CFT to massive models [Zam89].
To do that, it would be a great help to have stronger tools that characterize the CFT such as
functional integration measures [GJ87]. It would be interesting to see which unitary CFTs are
associated with such measures. In this regard, our proof shows the linear growth condition (OS0’)
under (PEB) and (PSD), yet we are unable to show another variant (E0”) of [OS75] which asks
that the Schwinger functions S, extend to .(R*"), including the coinciding points. To have an
functional integration measure, it seems necessary that such extensions are possible, cf. [GH21,
Proposition 5.1], and considering fields with small scaling dimensions might help.

Related with this, such a deformation might be more conveniently performed on the Riemann
sphere. As a result, the deformed QFT should be defined on the de Sitter space [BJM23, JT23].
For this purpose, it is desirable to have an analogue of the OS reconstruction for the sphere, cf.
[Sch99a]. In addition, similar to the OS axiom framework, reflection positivity plays a role in
the representation theory of symmetric Lie groups, where by analytic continuation one aims to
construct representations of the dual group by starting from those of the group, by providing a
new Hilbert structure to the original presentation Hilbert space. In this way, it is interesting to
study reflection positivity representations on their own, cf. [NO18] for a general account on this
topic and [ANS22, ANS] for the prototypical examples Z, R, and the circle group T for 5 > 0.
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