
Wedge-local fields in integrable models with bound
states

(partly with D. Cadamuro, arXiv:1502.01313)

Yoh Tanimoto

JSPS SPD fellow, Tokyo / Göttingen

March 18th 2015, Berlin

Y. Tanimoto (University of Tokyo) Wedge-local fields with bound states 18/03/2015, Berlin 1 / 8



Towards more 2d QFTs

Goal
Construct Haag-Kastler nets (local observables) for integrable models
with bound states (factorizing S-matrices with poles).
Non-perturbative, non-trivial quantum field theories in d = 2.

Sine-Gordon, Bullough-Dodd, Z (N)-Ising...

Methods and partial results
Conjecture the S-matrix with poles, construct first observables localized
in wedges, then prove the existence of local observables indirectly.

Weakly commuting fields: φ̃(f ) = z†(f +) + χ(f ) + z(J1f −), φ̃′(g)
(c.f. Lechner ‘08, φ(f ) = z†(f ) + z(J1f −) for S-matrix without poles).

Wedge-algebras: A(WL) = {eiφ̃(f ) : supp f ⊂WL},
A(WR) = {eiφ̃′(g) : supp g ⊂WR}. φ̃(f ) and φ̃′(g) strongly
commute? Arguments for modular nuclearity.
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Overview of the strategy

Haag-Kastler net ({A(O)},U,Ω): local observables A(O),
spacetime symmetry U and the vacuum Ω.
Wedge-algebras first: construct A(WR),U,Ω, then take the
intersection

A(Da,b) = U(a)A(WR)U(a)∗ ∩ U(b)A(WR)′U(b)∗

The intersection is large enough if modular nuclearity or
wedge-splitting holds.
Wedge-local fields: a pair of operator-valued distributions φ, φ′ such
that [eiφ(f ), eiφ′(g)] = 0 if supp f ⊂WL, supp g ⊂WR.

Examples: scalar analytic factorizing S-matrix (Lechner ’08), twisting by
inner symmetry (T., ’14), diagonal S-matrix (Alazzawi-Lechner ’15)...

More example? S-matrices with poles.
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Standard wedge and double cone
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Factorizing S-matrix models (Lechner, Schroer)

Input: meromorphic function S : R + i(0, π)→ C,

S(θ) = S(θ)−1 = S(−θ) = S(θ + πi), θ ∈ R.

S-symmetric Fock space: H1 = L2(R, dθ), Hn = PnH
⊗n
1 , where Pn is

the projection onto S-symmetric functions:

Ψn(θ1, · · · , θn) = S(θk+1 − θk)Ψn(θ1, · · · , θk+1, θk , · · · , θn).

Zamolodchikov-Faddeev algebra: S-symmetrized creation and
annihilation operators

z†(ξ) = Pa†(ξ)P, z(ξ) = Pa(ξ)P, P =
⊕

n
Pn,

(a†(ξ)Ψn)(θ1, · · · , θn+1) = ξ(θ1)Ψn(θ2, · · · , θn+1).

If S has no pole, then φ(f ) = z†(f +) + z(J1f −) is a wedge-local field
(Lechner ‘04).
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The bound state operator
S: two-particle S-matrix, simple poles at πi

3 ,
2πi
3 , bootstrap equation

S(θ) = S
(
θ +

πi
3

)
S
(
θ − πi

3

)
.

Pn: S-symmetrization, H =
⊕

PnH
⊗n
1 , H1 = L2(R),

Dom(χ1(f )) := H2 (−π
3 , 0

)
(χ1(f ))ξ(θ) :=

√
2π|R|f +

(
θ + πi

3

)
ξ
(
θ − πi

3

)
,

R = Res
ζ= 2πi

3

S(ζ),

where H2(α, β) is the space of analytic functions in R + i(α, β) such that
ξ(· − γi) is uniformly bounded in L2-norm, γ ∈ (α, β), and f + is analytic.

χn(f ) = nPn (χ1(f )⊗ I ⊗ · · · ⊗ I) Pn,

χ(f ) :=
⊕

χn(f ).
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Wedge-local fields and weak commutativity

The CPT operator: (JnΨn)(θ1, · · · , θn) = Ψn(θn, · · · , θ1).
New field:

φ̃(f ) := φ(f ) + χ(f ) = z†(f +) + χ(f ) + z(J1f −),

and the reflected field: φ̃′(g) := J φ̃(g j)J , g j(x) = g(−x).

Theorem (Cadamuro-T. arXiv:1502.01313)
For real f , g , supp f ⊂WL, supp g ⊂WR, then

〈φ̃(f )Φ, φ̃′(g)Ψ〉 = 〈φ̃′(g)Φ, φ̃(f )Ψ〉, Φ,Ψ ∈ Dom(φ̃(f )) ∩Dom(φ̃′(g)).

Strong commutativity? Question of domains.
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Summary

input: two-particle factorizing S-matrix with poles
new field φ̃(f ) = φ(f ) + χ(f )

weak commutativity
modular nuclearity (by assuming strong commutation)
features of φ̃(f ): no polynomial Reeh-Schlieder property, no energy
bound, non-temperateness

Open problems
strong commutativity
non-scalar models (Sine-Gordon, Z(N)-Ising...): weakly commuting
fields (with D. Cadamuro), strong commutativity and modular
nuclearity more difficult
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