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Mathematical Quantum Field Theory

@ Quantum field theory (QFT): infinite degrees of freedom on
continuum ((infrared and) ultraviolet divergences)

@ Axiomatic approaches: Wightman, Osterwalder-Schrader,
Araki-Haag-Kastler...

e Examples: free fields, P(¢)2 models (and more (super)renormalizable
models), some gauge theories in d = 1+ 1,1 + 2, ¢3 model,
integrable models in d =1+ 1, (see Summers ‘12)
conformal field theories (CFT) in d =1+ 1 (as conformal nets).

@ Physically, CFTs should capture universal properties of larger classes
of QFT (being fixed points of the renormalization group flow).

@ Two-dimensional CFTs have infinite-dimensional symmetries, many
examples. Purely mathematical interests.

We construct Wightman fields for a class of two-dimensional CFT. J
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Constructive QFT, VOA and CFT

@ CFT should be RG fixed points, but the constructive methods usuallly
require non-zero mass. Exceptions: Ising model (Smirnov et al.),
Liouville theory (Kupiainen et al.)...

@ Which (traditional) axioms have been checked? (cf. rational CFT
(Schweigert et al.), conformal bootstrap (Rychkov et al.))

@ Algebraic approach to CFT: Vertex Operator Algebras (VOAs).

e Carpi-Kawahigashi-Longo-Weiner '18: Chiral unitary (strongly local)
VOA = conformal net on S!, Haag-Kastler axioms.

In this talk, we discuss
- Wightman fields for a class of full two-dimensional CFT.

- Schwinger functions and Osterwalder-Schrader axioms, including
the linear growth condition (work in progress).

- Possible relations between CFT and finite-volume massive theories.

Yoh Tanimoto (Tor Vergata) Wightman fields for 2d CFT IAMP seminar, 23/01/2024 3/19


https://arxiv.org/abs/1503.01260

Two-dimensional conformal field theory

@ In relativistic QFT in d = 1 + 1, one puts the Lorentzian metric
(x,¥) = xoy0 — x1y1 on R,

o The conformal group (transformations of R'*! that preserve the
metric up to a function) is Diff(R) x Diff(IR), acting on the lightrays
X0 + X1 = 0.

@ In a quantum theory, Diff(R) x Diff(R) gets a (projective) unitary
representation.

@ There are observables that are invariant by ¢ x Diff(R) (or
Diff(R) x ¢): chiral observables.

@ Chiral observables are quantum fields living on the lightray R,
extending to S* by the conformal covariance.

e Many examples: free fields (boson/fermion), Diff(S!)-symmetry itself
(the Virasoro algebra), the WZW models (loop groups).

@ A Full CFT is an extension of chiral observables in such a way to
keep locality, covariance etc.
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Figure: The stereographic projection of S* C C to R, the lightray decomposition
of R+,
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Axiomatic approaches to 2d CFT

e Wightman fields {¢;}:
o Operator-valued distributions ¢; on R, For f € /(R'*1), ¢;(f)
gives an (unbounded) operator on a common invariant dense domain in
a Hibert space H.
o Locality: [¢;(f), ¢x(g)] = 0 if supp f is spacelike to supp g,
Mabius/conformal covariance, spectrum condition, vacuum...
o ¢; is chiral if it depends only on xp & x1.
@ Unitary Vertex Operator Algebra:
o Algebra generated by formal series Y(a,z) = > ., amz "%, V a
linear space, a € V and a(,) € End(V), V carries a nice scalar product.
o Locality: [Y(a,w), Y(b,z)](w — z)N = 0 where N depends on a, b,
MGbius/Virasoro covariance, grading, vacuum, “conformal
Hamiltonian” Ly (generator of rotations) diagonalized on V...
(Carpi-Kawahigashi-Longo-Weiner '18) For a primary vector v; in a VOA V
with “polynomial energy bounds”, let ¢;(z) = 3, ¢j.nz~ %" = Y (v}, 2).
H=V, 2 =C®L). ¢j(f) =3, adj.nis a chiral field, f € C®(S?).
(thinking of z € S1)
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Examples: the U(1)-current

@ The derivative of the massless scalar field decomposes into the left
and right chiral components: the U(1)-current.

[J(x),J(¥)] = id'(x = y), or [Im, In] = MOmtn, m,n € Z. An
infinite-dimensional Lie algebra.

@ This algebra has the vacuum representation gy, where there is a
distinguished vector €2 such that J,Q = 0 for all n > 0 and the whole
representation is spanned by J_y, - - J_ €, kj > 0. (bosonic Fock
space with the one-particle space spanned by J_,xQ) It admits a scalar
product and J: = J_,.

@ In the vacuum representation, the Heisenberg VOA is generated by
J(z) =X,z "1, This is unitary.
o There is a Virasoro field (stress-energy tensor) L(z) = 3", L,z=27",
L, = %Zk s Jo_kJk :, satisfying
[Lim, Ln] = (m+ n)Lmin + 35m(m? — 1)0m _p.
e o(Lg) = NU{0}. Diff(S'), Mob-covariance ({L,}, {L1,Lo,L_1})
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Examples: the U(1)-current, chiral Wightman field

e Chiral Wightman field on S': We define

J:C®(SY o s J(F) = Fuda

on 7 = C>(Ly), f(e?) =3, e™%,. Temperedness from
1
[ W]l < C([n| +1)[[(Lo + 1)>W]].
There is a positive-energy representation U : Diff(St) — B(H),
integrating {L,}, that makes J covariant.

@ From this, a usual Wightman field on R+ can be constructed as
follows:
o Identify S' and R U {oo} by the stereographic projection
o Identify R and a lightray in R*!
o For f € S (R'"?), reduce it to a lightray by £ (x;) = [ f(x4, x_)dx_.
Define f — J(f}).
@ U can be restricted to dilations and translations of R.

e J, U, satisfy the Wightman axioms, J depends only on x.
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Superselection sectors and charged primary fields

The U(1)-current admits a family of representations H,, parametrized
by a € R.

o H, > Q, such that J,Q, =0 for n >0, Jy = «.

o Mo =Hir =span{J_y, -+ J_k,Qa, ki > 0} = Ho.

o H, admits a scalar product and J; = J_,. Virasoro algebra L,.
Consider ,H @ Ho. Jni= @ In, Ln = @ L.
For 5 € R, there is a primary field Y3(z) acting on @, H, where
Ys(z) : Hin ’Hgﬁrﬁ Formal series in z°,s € R.

E*(B,2) = exp <¥ 2n>0 Bji" >

Ys(z) = cgE~(2)E*(2)z°%, where cs is the unitary shift
Hg — Hatp: 820 = Qatp. BJo on H, gives - B.

As z° is multi-valued, we cannot consider Yj as a field on St
However, we can take a branch of z° on S\ {—1} and Yj can be
considered as a field on it.
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Full Wightman fields

@ Yj3(z) makes sense as an operator-valued distribution on S\ {-1}:

o Yp(2) = cp Yoz 975, d = %2 but on each H,, this is a countable
sum.
o For f e C=(S*\ {-1}), put s = L [T f(e)e~"*0df.
Ys(F) =32, Yoshs. )
e This is convergent on C*°(Lo).
o It holds that Y, (z1)Ys(22) = e Y5(22) Ya(z1) if arg z1 > arg 2.
o The braiding % Y,(z) is not local as a “field” on R = S\ {~1}.

o On H ® #, we consider the product field Y3(z, w) = Y3(2z) @ Ys(w).
Restricts to @, cr Ha @ Ha-

o Identify R*! = R x R 2 (S1\ {~1}) x (S*\ {~1}).

@ If (z1, wy) is spacelike to (22, wn), then argz; > arg z; and
arg wy < arg z» (or vice versa).

4 Locality: \N’a(zl, Wl)sv/ﬁ(ZQ, W2) = eia,B—ia,B \75(22, WQ)\N/D[(Z;[, Wl) =
Y53(22, wa) Yo (21, wr). Covariance: [Ln, Ys5] = ((d — 1)n — 5) Ya.nrs
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Generalization to rational unitary CFT

e V: unitary VOA with “modules/representations” V.

@ In some cases, the set of a's form an abelian group G and one has
Y, with scalar braiding. In that case, one can construct Wightman
fields in the same way (Adamo-Giorgetti-T. ‘23, CMP).

Affine VOAs (WZW models) for simply laced groups with level 1
should be in this class.

@ More generally, under good assumptions (see Gui ‘19), the modules
V. and intertwinters Y, have unitary structures.

@ It should be possible to construct Wightman fields on @, Vo ® Vs,
where & is the conjugate module (Adamo-Giorgetti-T. work in
progress). cf. Huang-Kong ‘07, Moriwaki '23.

@ Is the theory determined by the module structure @, Vo ® V57
Apparently no. cf. Davydov ‘14, Bischoff-Kawahigashi-Longo ‘15.
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Osterwalder-Schrader axioms

o With Wightman fields, one can associate Schwinger functions
satisfying the Osterwalder-Schrader (OS) axioms, by certain analytic
continuations.

@ Is there a more direct construction of Schwinger functions?

@ OS axioms for Schwinger “functions” {S,} (for simplicity, we consider
only one species of field): tempered distributions on R?" excluding
coinciding points x; = Xk, j # k, satisfying Euclidean/conformal
covariance, reflection positivity (RP), symmetry, clustering, linear
growth.

@ OS reconstruction: the analytic continuation of S, to
(x0,x1) + (ixo0, x1) gives Wightman functions (distributional boundary
values).
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Schwinger functions from unitary chiral VOA

Work in progress Adamo-Moriwaki-T.

o VOA: formal series ¢'(z) = 3>, ¢z "(= 29¢(2)).

@ Assume polynomial energy bounds for V
(Carpi-Kawahigashi-Longo-Weiner ‘18), valid in all known examples:
loaW |l < C(|n] + 1)°||(Lo + id)PW|| for some C,s,p > 0.

@ Schwinger functions converges for |z;| > --- > |z,| and analytic:

Sn(217 o ;Zn)
= (Q¢"z) - (@) = D (b Pz -z,
k17...7kn
2o —ky—--—kn Zn —kn
= Qb - Q - .
kg,-Z:,k,,< Ftamremty Pfl) <21> (Zn—l) ’

Other regions by permutation and continuity.
@ OS reconstruction: z = x1 + ixg = (x1,Xx0) — (X1, iX0), Sp depends on
X1 — Xp, giving a chiral correlation function.
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Schwinger functions from unitary chiral /full VOA

Work in progress Adamo-Moriwaki-T.
@ RP + conformal covariance:

0< Z/G(Ej_lﬂ e 721_1)6'(21'4—1’ T 7Zj+k)5j+k(217 T ’ZjJrk)
j.k

(21, 5 zpk) [dxadys - - - dxjy i dyjik,

where J(z1,--- ,z,) is the Jacobian that makes z — Z~1 unitary
together with the scaling factors of the fields.

e Unitarity 0 < (-, W;, 37, Vi),
= [z 2)d"@) 0 @)@ z)ldady - ddyQ
and ¢'(z) = ¢®(z71)* = Reflection positivity

@ Polynomial energy bounds should imply Linear growth.

(Q, i - D, D] < C([kal + 14+ kol + 1) T (1Ki| +1)°
j=1

o Full VOA: power series in z and Zz, real analytic. OS axioms?
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Some ideas from Constructive QFT

e (Glimm-Jaffe '72) Start with the free field on the Minkowski space,
add the interaction to the Hamiltonian, define the new dynamics and
take a new representation of the algebras.

o (Barata-Jakel-Mund '23) Start with the free field on the de Sitter
space, add the interaction to the Lorentz generators, define the new
dynamics on the same Hilbert space (Haag's theorem is
curcumvented by finite volume, cf. Weiner ‘11).

o More abstractly (Jakel-Mund '18), fix a Haag-Kastler net on the de
Sitter space.

o On the same Hilbert space, construct a new representation of the
Lorentz group by adding the interaction term to the generators.

o Under certain conditions (finite speed of propergation, existence of
vacuum), one can generate a new Haag-Kastler net: keep the algebras
of wedges at time zero, and the rest is defined by covariance with
respect to the new representation.

o Examples: P(¢),-models.
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CFT as unperturbed theory

@ Can we take the CFT as the starting point and perturb the dynamics?

@ Any conformal field theory extends to the Einstein cylinder
(Guido-Longo '03)
@ The de Sitter space is conformally equivalent to part of the cylinder.

@ By composing these maps, any CFT can be considered as a QFT on
the de Sitter space.

@ Lorentz transformations are contained in the Mébius group.
LR1+1L 4,1 -1QRL, L1014+ 1® L.

@ Add a primary field to the Lorentz geneators (cf. Zamolodchikov ‘89,
the resulting models should be integrable)
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Figure: The Minkowski space My and the de Sitter space dS? conformally
embedded in R?. The cylinder is obtained by identifying the dotted lines. The
dark grey region is a wedge W and the light grey region is a double cone.
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New Lorentz generators

o (Jakel-T. ‘23, LMP) Take the primary field for the U(1)-current, let
18] < % Then > Y3k ® Y30tk makes sense as an operator (this is

a Fourier component of the the time-zero restriction of \N/g).
@ With A € R, the Lorentz relations are weakly satisfied for

Lel+1@la+r( Y Yer® Ve 114)

e=+1k

Lo RT -1 Lo

Laiol+lel+A Y Yer® Yeus)
e=+1,k

@ The proof depends only on the primarity (diffeomorphism covariance
of Y) and commutativity of the time-zero restriction. Hopefully
valid for generic CFT.

@ Open problem: extension to a group representation (domain
problem). Euclidean theory + OS reconstruction might help.
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Outlook/open problems

e Domain problem for the Lorentz generators? (+ interacting vacuum
— new Haag-Kastler nets on dS2, possibly massive and integrable).

@ Osterwalder-Schrader axioms for unitary full VOA (work in progress
with M.S. Adamo and Y. Moriwaki)

e Glimm-Jaffe axioms (functional integrals/measures on the space of
distributions) for CFT?

e Maybe VOA, Wightman, Araki-Haag-Kastler are equivalent? (cf.
Raymond-Tener-T. ‘22, CMP, Carpi-Raymond-Tener-T. work in
progress, unitary VOA <= Wightman fields on S!)

@ Higher dimensional CFT?
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