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Motivation Local refinement

Motivation

> Splines and B-splines are of interest in a wide range of areas:
> established tool: geometric modelling, approximation theory
» recently: isogeometric analysis (paradigm for solving PDEs)
> In higher dimensions usually based on tensor-product topology

» © computationally efficient, geometrically intuitive
» @ restriction to rectangular meshes
— not well suited for adaptive refinement
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Motivation Local refinement

Motivation

Alternative spline spaces

T-splines

LR-splines ‘

Splines on T-meshes

Splines on triangulations

Splines on unstructured quad meshes

YV VvV VvV VvV VY

Hierarchical splines
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Motivation Local refinement

Motivation

Alternative spline spaces

T-splines

LR-splines ‘

Splines on T-meshes

Splines on triangulations

Splines on unstructured quad meshes

YV VvV VvV VvV VY

Hierarchical splines

local refinement

any degree, any smoothness, any dimension

basis: linear independence, convex partition of unity, stability
easy construction of quasi-interpolants

vV vy VvVYyy
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H-model H-basis

Hierarchical model

Hierarchical splines and B-splines

[Forsey, Bartels, 1988]
[Kraft, 1997]

» framework for surface fitting and modelling

efficient construction of local features
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H-model H-basis TH-basis

Hierarchical model

Hierarchical B-splines: construction

[Forsey, Bartels, 1988]
[Kraft, 1097]

» sequence of n nested (tensor-product) spline spaces on Q°
Vecvic...cvyrt
each spline space V¢ spanned by normalized B-spline basis
B ={Bjs i=1,...,N;}

H. Speleers Hierarchical spline spaces



H-model H-basis TH-basis

Hierarchical model

Hierarchical B-splines: construction

[Forsey, Bartels, 1988]
[Kraft, 1097]

» sequence of n nested (tensor-product) spline spaces on Q°
Vecvic...cvyrt
each spline space V¢ spanned by normalized B-spline basis
B ={Bjs i=1,...,N;}
» sequence of n domains
QO;Ql 2 ;)Qn—l

anl

Ql

QO

hierarchical domain
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H-model H-basis TH-basis

Hierarchical model

Hierarchical B-splines: construction

[Forsey, Bartels, 1988]
[Kraft, 1097]

» sequence of n nested (tensor-product) spline spaces on Q°
Vecvic...cvyrt
each spline space V¢ spanned by normalized B-spline basis
B ={Bjs i=1,...,N;}
» sequence of n domains
QO;Ql 2 ;)Qn—l

anl

Note: ol
supp®(f) = supp(f) N Q° Q°
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H-model H-basis TH-basis

Hierarchical model

Hierarchical B-splines: construction

recursive definition of H:

(1) initialization: H® = {Bjo € B° : supp’(Bj o) # 0}
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H-model H-basis TH-basis

Hierarchical model

Hierarchical B-splines: construction

recursive definition of H:

(1) initialization: H® = {Bjo € B° : supp’(Bj o) # 0}
(11) recursive case: construct H‘*? from H*
WA = UHEY, 0=0,...,n—2,
where
Myt = {Bij € H' - supp®(By;) € Q')
HEY = {Bi1 € B supp(Bieir) € Q)
() H=H"1
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H-model H-basis TH-basis

Hierarchical model

Hierarchical B-splines: 1D example

degree 2

refined region
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Hierarchical model

Hierarchical B-splines: 1D example

degree 2
—_———

refined region
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Hierarchical model

Hierarchical B-splines: 1D example

degree 2

refined region
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Hierarchical model

Hierarchical B-splines: 1D example

degree 2

refined region
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H-model H-basis TH-basis

Hierarchical model

Hierarchical spline space

V' local refinement

v any degree, any smoothness, any dimension

Hierarchical basis
V' linearly independent

v’ nonnegative
[Kraft, 1997]
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H-model H-basis TH-basis

Hierarchical model

Hierarchical spline space

V' local refinement

v any degree, any smoothness, any dimension

Hierarchical basis Normalization: truncated basis
V' linearly independent V' linearly independent

v nonnegative
[Kraft, 1997]

nonnegative

v

v’ partition of unity
v smaller support
v

improved stability
[Giannelli, Jittler, Speleers, 2012]
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H-model H-basis TH-basis

Hierarchical model

From hierarchical basis H to truncated basis 7

> by subdivision, we can write every f € V¢ C V¢*!

Ney1

f= E Cio+1 Bips1

A\ - AR
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H-model H-basis TH-basis

Hierarchical model

From hierarchical basis H to truncated basis 7

> by subdivision, we can write every f € V¢ C V¢*!

Ney1

f= E Cio+1 Bips1

VAN

> truncation mechanism:

trunctt1(f) = E Gie1 Bioy1
i:supp®(Bjp+1) L QT
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H-model H-basis TH-basis

Hierarchical model

Truncated B-splines: construction

recursive definition of 7T

(1) initialization: 7% =H® = {B; o € B° : supp®(B; o) # 0}
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H-model H-basis TH-basis

Hierarchical model

Truncated B-splines: construction

recursive definition of 7T

(1) initialization: 7% =H® = {B; o € B° : supp®(B; o) # 0}
(11) recursive case: construct 7" from T*
TH =T uTEY, f=0,...,n-2,
where
Tit = {trunc“l(BZ;) : B,7; eTi N suppO(BZ;) Z Q)
Tat =HE! = {Bis1 € B supp(Bj 1) € QLY
my 7=7""1
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H-model H-basis TH-basis

Hierarchical model

Truncated B-splines: 1D example

degree 2

refined region
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Truncated B-splines: 1D example

degree 2

refined region
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Hierarchical model

Truncated B-splines: 1D example

degree 2

refined region
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H-model H-basis TH-basis

Hierarchical model

Truncated B-splines: 1D example

degree 2

refined region
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H-model H-basis TH-basis

Hierarchical model

Truncated B-splines: 2D example

bidegree [2,2]

level ¢

level ¢+ 1

level ¢ + 2
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TH-basis

H-basis

H-model

O
o
@)
S
©
.9
=
O
| -
©
P -
9
T
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Hierarchical spline spaces
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H-model H-basis TH-basis

Hierarchical model

Truncated B-splines: 2D example
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H-model H-basis TH-basis

Hierarchical model

Truncated B-splines: 2D example
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Properties TH-basis

Truncated basis: properties

Truncated basis 7 another basis for hierarchical spline space

With respect to classical hierarchical basis H:

(1) spanH =spanT
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Properties TH-basis

Truncated basis: properties

Truncated basis 7 another basis for hierarchical spline space

With respect to classical hierarchical basis H:

(1) spanH =spanT

(2) the truncated basis functions are nonnegative and linearly
independent
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Properties TH-basis

Truncated basis: properties

Truncated basis 7 another basis for hierarchical spline space

With respect to classical hierarchical basis H:

(1) spanH = spanT

(2) the truncated basis functions are nonnegative and linearly
independent

(3) reduced support of coarse basis functions;
reduced overlap of basis supports — sparser systems

THB:
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Properties TH-basis

Truncated basis: properties

Truncated basis 7 another basis for hierarchical spline space

(4) preservation of coefficients:

let Z, := {i: Biy € B'NH}, let D' :=Q°\ Q" and let

n—1 Np
T
flpe = Z Z C;,TkBi,k\Df = Z GeBjelpe,
j=1

k=0 i€Zy

then c,T[ =ciy €L
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Properties TH-basis

Truncated basis: properties

Truncated basis 7 another basis for hierarchical spline space

(4) preservation of coefficients:

let Z, := {i: Biy € B'NH}, let D' :=Q°\ Q" and let

n—1 Np
T
flpe = Z Z C;,TkBi,k\Df = Z GeBjelpe,
j=1

k=0 i€ T,
then c,T[ =ciy €L

(5) the truncated basis forms a partition of unity on °
= convex partition of unity

(6) preservation of Greville abscissas
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Properties TH-basis

Truncated basis: properties

Truncated basis 7 another basis for hierarchical spline space

(7) the truncated basis is strongly L. -stable:

at each level ¢, assume Cy < h’ . /h‘ . < C; (for any direction)

min/ "'max —
n—1
let f = Z Z c,TkB,Tk then
k=0 i€y

Ko max ¢ | < max |f(u)| < Ky max|c/,|
ik " ueQod ik

with Ky and Kj independent of the number of levels n
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Construction Examples

Quasi-interpolation

Hierarchical quasi-interpolants [Speleers, Manni, 2016]

» QI based on truncated hierarchical basis

» convex partition of unity
» small support
» preservation of coefficients
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Construction Examples

Quasi-interpolation

Hierarchical quasi-interpolants [Speleers, Manni, 2016]

» QI based on truncated hierarchical basis

» convex partition of unity — numerical stability
» small support — local control
» preservation of coefficients — easy construction
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Construction Examples

Quasi-interpolation

Hierarchical quasi-interpolants [Speleers, Manni, 2016]

» QI based on truncated hierarchical basis

» convex partition of unity — numerical stability
» small support — local control
» preservation of coefficients — easy construction

» Consider a sequence of Qls in V¢, £ =0,...,n—1

N,
Q(F) = Xiu(f)Bis
i=1
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Construction Examples

Quasi-interpolation

Hierarchical quasi-interpolants [Speleers, Manni, 2016]

» QI based on truncated hierarchical basis

» convex partition of unity — numerical stability
» small support — local control
» preservation of coefficients — easy construction
» Consider a sequence of Qls in V6 0=0,...,n—1
N,
Qz(f) = Z )\;,g(f) B,‘/
i=1

then

Q(f) = i > Nik(f) B,

k=0 i€Zy
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Construction Examples

Quasi-interpolation

Hierarchical quasi-interpolants
> Let  QYf):= Z"’f Nie(F)Big, £=0,...,n—1
then Q(f):=>,_ €T, ,k(f)BZ;
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Construction Examples

Quasi-interpolation

Hierarchical quasi-interpolants
> Let  QYf):= Z"’f Nie(F)Big, £=0,...,n—1
then Q(f):=>,_ €T, ,k(f)BZ;

» Polynomial reproduction (Py C VO):

if Q(q)=gq, VgePq V! then Q(q)=gq, VYqePy
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Construction Examples

Quasi-interpolation

Hierarchical quasi-interpolants
> Let  QYf):= Z"’f Nie(F)Big, £=0,...,n—1
then Q(f):=>,_ €T, ,k(f)BZ;

» Polynomial reproduction (Py C VO):
if Q(q)=4q, VgcPy, ¥/ then Q(q)=gq, VqgcPy,
» Spline reproduction (projector):

" { Qf(s)=s, VseVi W
i

then Q(s)=s, VseS
Ai¢ is supported in Q°\ Q¢1 (s)
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Construction Examples

Quasi-interpolation

Hierarchical quasi-interpolants
> Let Qf(f)::z?’flx,e(f)s,-z, (=0,...,n—1
then Q(f):=>,_ ez, Ni i k(F) BZ;

> Spline reproduction (projector):

" {Qf(s)_s, Vs € V¢, we
|

then Q(s)=s, VseS
Ai¢ is supported in Qf\ Q¢! (s)

» Projector — dual basis:

Nie(BT) = 6i 0ok (0r,s: Kronecker delta)

H. Speleers Hierarchical spline spaces



Construction Examples

Quasi-interpolation

Hierarchical quasi-interpolants

> Let T be a cell, and

Ay = conv< U AU 'T‘), (A : support of Aj )
( YN T#0

AN T
I,f).suppo(Bi’z

» Full approximation order:

if f € CPTY(Ay) and Q(q) = q, Vq € P, then

If = Q(F)ll+ < C(diam(Ar))" ™ (1+Co) D [ID*Flny
la|=p+1
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Construction Examples

Quasi-interpolation

Numerical examples: setup

» C! quadratic bivariate tensor-product B-splines
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Construction Examples

Quasi-interpolation

Numerical examples: setup
» C! quadratic bivariate tensor-product B-splines

> Building block Q“(f) := > Ai(F) Bis:
i=1
» choose a cell T;, in support of each B,
» choose 3 x 3 points xj i, € Tip, j=1,...,9
> solve the system Z Ck,gBk,g(Xj,,',g) = f(XjJJ)
B k:supp(Bi,¢) N Ti,e#0
> set \ig=Cig
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Construction Examples

Quasi-interpolation

Numerical examples: setup
» C! quadratic bivariate tensor-product B-splines
> Building block Q“(f) := > Ai(F) Bis:

» choose a cell T;, in support of each B,

v

choose 3 x 3 points xj ¢ € Tip, j=1,...,9

solve the system Z Ck,e Bre(X,i.0) = f(xj,i.e)
k:supp(Bi,¢) N Ti,e#0

v

> set \ig=Cig

n—1
> Set Q(f) == > > Nixl(f) B,

k=0 i€,
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Construction Examples

Quasi-interpolation

Numerical examples

_ 2 2 2
Flay) = 3exp(y/(10x—3)2+(10y —3)2) + 3exp(y/(10x+3)2+(10y+3)2) + 3exp(y/(10x)2+(10y)2)

0 M

+
02| +

i &
i =8
02 H
+

04 s

1 08 06 -04 02 0 02 04 08 08 1
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Construction Examples

Quasi-interpolation

Numerical examples

_ 2 2 2
Flay) = 3exp(y/(10x—3)2+(10y —3)2) + 3exp(y/(10x+3)2+(10y+3)2) + 3exp(y/(10x)2+(10y)2)

max-error versus dimension
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Closure

Concluding message

Truncated hierarchical B-splines

> the hierarchical model: local refinement

» the truncation mechanism: construction of a basis for a hierarchical
space with properties

linear independence
nonnegativity

small support

partition of unity
preservation of coefficients
strong L.-stability
quasi-interpolants

SSRNENENENENEN

» Their use in adaptive isogeometric methods: see Giannelli's talk
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Closure

Truncated basis: proofs of properties

Strong L..-stability of truncated basis [Gianelli, Jiittler, Speleers, 2014]

n—1
let f = Z Z cﬁBﬁ then
k=0 €T
Ko max|c/, | < max|f(u)] < Kymax|c/|
ik " ueQ’ ik "

with Ky and Kj independent of the number of levels n

Sketch of proof.

> right: convex partition of unity = k; =1
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Truncated basis: proofs of properties

Strong L..-stability of truncated basis [Gianelli, Jiittler, Speleers, 2014]
let f—ZZc B/, 'x» then
k=0 i€Zy

Ko max|c k| < max|f( )| < Ki m;,a(x|c,-77;\
I
with Ky and Kj independent of the number of levels n

Sketch of proof.
> right: convex partition of unity = k; =1
> left:  stability of the B-spline basis: for cell* C D* = Q¢ \ Q“*1
CB* < K[ f || sofcenr+]
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Truncated basis: proofs of properties

Strong L..-stability of truncated basis [Gianelli, Jiittler, Speleers, 2014]
n—1

let f = Z Z cﬁBﬁ then
k=0 i€Ly

Ko max|c,-7;| < max|f(u)| < Ky max|c,-7;\
ik " ueNo ik "
with Ky and Kj independent of the number of levels n

Sketch of proof.
> right: convex partition of unity = k; =1
> left:  preservation of coefficients:

dre = C/l;* < KHf”oo[ceI/*] < K”fHoo = ko = 1/K
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Truncated basis: proofs of properties

Preservation of coefficients [Gianelli, Jiittler, Speleers, 2014]

let D* := Q°\ Q*1, and let

n—1 Ng

_.E E T RT __E

f|De = Ci,kBi,k|Df = Cj,gBj,g‘De, A7)
k=0 i€Zy j=1

then CZ; =ciy, €1

Sketch of proof.

—1 n—1
lor= 33 hiblilor + 30 o+ > 3 il

k=0 i€T, i€T, k=0+1i€T,

> last sum is empty by local support of BY,, k > £
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Truncated basis: proofs of properties

Preservation of coefficients [Gianelli, Jiittler, Speleers, 2014]

let D* := Q°\ Q*1, and let

n—1 Ng

— E E T RT — E

f|De = Ci,kBi,k|Df = Cj,gBj,g‘De, A7)
k=0 i€Zy j=1

then CZ; =ciy, €1

Sketch of proof.

-1
flo = 35 hiblilor + Y- iBllo

k=0 i€Zy i€Zy

» central sum: no truncation effect for k = £: BY,|p: = Bi¢|pe
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Closure

Truncated basis: proofs of properties

Preservation of coefficients [Gianelli, Jiittler, Speleers, 2014]

let D¢ := Qf\ Q1 and let

flpe —ZZC:kB/k|D" —ZCJE

k=0 i€Zy

N4

then 7; Gie, €1

Sketch of proof.

{—1
floe = 32 > clBlidoe + 3 cliBielor

k=0 /€Ly i€Zy

> first sum: representation in terms of B;, + rearrangement of terms
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Truncated basis: proofs of properties

Preservation of coefficients [Gianelli, Jiittler, Speleers, 2014]

let D* := Q°\ Q*1, and let

n—1 N[
_ T RT —
flpe = Z Z i kBiklpe = ZCJ,ZBM\DZ, Ve
=1

k=0 i€Zy
then cﬁ =cy, €L

Sketch of proof.

floo = > dlBidlpe + > /Bisloe
i9Ts ez,

» uniqueness of B-spline representation
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