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0 Bernstein Polynomials

© FEM Assembly

@ Computation of Bernstein-Bézier Moments
@ Assembly of Element Matrices

e Further Applications of BB Moments
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0 Bernstein Polynomials
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Bernstein Polynomials

@ Definitionin 1D:  BM(x) = ()x'(1 —x)"', i=0,...,n,

]
a basis for the space of polynomials of degree n.
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Bernstein Polynomials

@ A standard tool in curve and surface modelling:
@ Good algorithms for evaluation, differentiation, degree
raising.
@ Optimal condition numbers among all non-negative bases.
@ Bernstein-Bézier techniques for smooth piecewise
polynomials in 2D and 3D.
@ Long ago suggested as shape functions in the finite
element method (de Boor, Schumaker), alternative to
Lagrange interpolation basis.

@ Turn out to be optimal for the assembly of high order FEM
system matrices on simplices’

M. Ainsworth, G. Andriamaro and O. Davydov, Bernstein-Bézier finite
elements of arbitrary order and optimal assembly procedures, SIAM J. Sci.
Comp., 33 (2011), 3087-3109.
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Bernstein Polynomials

Bernstein basis ponnomiaIs on a d-simplex T
o BM(x) = b (x) -+ b (X), € €Tng, x €RY

E1Eyq! §d+1'
0 Tngi={€= (&, arr) € 28 el = 0}, Je| = 1 g

® by(x),...,bgy1(x)— barycentric coordinates of x w.r.t. a
simplex T = [vy,...,Vg41] C RY
V3

bi(x) are linear polynomials
satisfying

bi(v)) = if i =,
! 0 otherwise

bs

Vq Vo

@ bi(x) are linear = Bg’d(x) is a polynomial of degree n
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Bernstein Polynomials

Example: Bernstein polynomial on a triangle (n =3, d = 2)

bi(x) B0 = P3(X)
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Bernstein Polynomials

Example: Bernstein polynomial on a triangle (n =3, d = 2)

by (x) B0 = P3(X)
Courant hat function Bernstein-Bezier basis function

A
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Bernstein Polynomials

Domain points (Bernstein-Bézier techniques)
@ Ing= {f = (&1, barn) €281 g = ”} can be
identified with the set of domain points
d+1
Dp1 = {Ps =130 ivi}seZn,d CT=I[vi, .., Vasi].
@ Example: in 2D
iV1+jV2—|—kV3

Dpr = {P(i,j,k) =7 CT=[wn,,v

}i+j+k:n
I3 = {(3,0,0),(0,3,0),(0,0,3),
(2,1,0),(1,2,0),(0,2,1),
(0,1,2),(2,0,1),(1,0,2),(1,1,1)}

2

@ Geometric splitting: “Degrees of freedom" located in p
correspond to faces, edges, vertices, etc., which is
important for the assembly of global system matrices.
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Bernstein Polynomials

Domain points

@ We can identify domain points on faces shared by two or
more simplices because the restriction of a d-dimensional
Bernstein polynomial to a k-dimensional face is the
k-dimensional Bernstein polynomial for the same domain

ooint in this face Np’
-

@ Domain points coincide with interpolation points for
Lagrange basis functions
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Bernstein Polynomials

Continuity across common faces
Linear shape functions BB vertex shape functions

Oleg Davydov Fast Assembly of Bernstein-Bézier FEM



Bernstein Polynomials

Continuity across common faces
Linear shape functions BB vertex shape functions

BB edge shape functions BB interior shape function
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Bernstein Polynomials

Bernstein basis functions are C° B-splines on triangulations:
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Bernstein Polynomials

Bernstein versus Lagrange shape functions: degree 3

Vertex Edge Internal
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Bernstein Polynomials

Bernstein versus Lagrange shape functions: degree 5

Vertex Edge Internal
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Bernstein Polynomials

Bernstein versus Lagrange shape functions: degree 9

Vertex Edge Internal
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Bernstein Polynomials

Bernstein versus Lagrange shape functions: degree 20

Vertex Edge Internal
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Bernstein Polynomials

Key properies for the fast computation of system matrices
@ Product is a Bernstein polynomial:
m/mm
Bn,dBm,d . (5) (() Bn+m,d
& ¢ ( 2n) &+¢
§+¢
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Bernstein Polynomials

Key properies for the fast computation of system matrices
@ Product is a Bernstein polynomial:
Bn,dBm,d . (2) (?) Bn+m,d
& ¢ ( 2n) &4+¢
§+¢
@ Gradient is a sparse linear combination of Bernstein
polynomials: VBg’d =n 3 BQ:;’dVba,
OéEILd
sparse: the number of terms is independent of degree;
Vb, are constant vectors dependingon T;
b, are barycentric coordinates,
numbered as Bernstein polynomials of degree 1:
be = BY?, a e T1 4 = {(1,0,...,0),...,(0,0,...,1)}.
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Bernstein Polynomials

Key properies for the fast computation of system matrices
@ Product is a Bernstein polynomial:
Bn,dBm,d . (2) (?) Bn+m,d
& ¢ ( 2n) &4+¢
§+¢
@ Gradient is a sparse linear combination of Bernstein
polynomials: VBg’d =n 3 BQ:;’dVba,
OéEILd
sparse: the number of terms is independent of degree;
Vb, are constant vectors dependingon T;
b, are barycentric coordinates,
numbered as Bernstein polynomials of degree 1:
be = BY?, a e T1 4 = {(1,0,...,0),...,(0,0,...,1)}.
@ Hence other differential operators such as Hessian, curl,
div also produce sparse linear combinations of Bernstein
polynomials.
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9 FEM Assembly
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FEM Assembly

Dirichlet problem for linear second order elliptic equation:

—div(AVu)+b-Vu+cu = f inQ,
u = g onoQ.

Weak formulation of the homogenuous problem (g = 0):
Find u € H}(Q) such that for all v € H}(Q)

Vu-AVv +(b-Vu)v+cuvidx = [ fvdx. (1)
Q Q
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FEM Assembly

Weak formulation of the homogenuous problem (g = 0):
Find u € H} () such that for all v € H}(Q)

/SI[VU-AVqu(b.Vu)v%—cuv]dx:/vadx. (1)

Galerkin method:

@ Choose a finite dimensional subspace P of H}(Q2) with
basis {¢1,...,on}-

@ Replace u by a linear combination u = Zf\; uj¢; and
require (1) to hold foreach v =¢;, j=1,... N.

@ This results in a linear system w.r.t. {u;} ,, with system
matrices in LHS and load vector in RHS, with entries:

/Qng,--Angjdx, /Q(b-qu,-)qb,-dx, /Qc¢,-gzbjdx, /Qfgbjdx
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FEM Assembly

Simplicial finite elements
@ Q c RY s triangulated into simplices (‘elements’).
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FEM Assembly

Simplicial finite elements
@ Q c RY s triangulated into simplices (‘elements’).

o {¢;}N, is a set of basis functions for the space of
continuous piecewise polynomials of total degree n.
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FEM Assembly

Simplicial finite elements
@ Q c RY s triangulated into simplices (‘elements’).

o {¢;}N, is a set of basis functions for the space of
continuous piecewise polynomials of total degree n.

@ Assume that for each simplex T, nonzero restrictions ¢ ¢,
¢ € Ir, of the basis functions to T (‘shape functions’) form a
basis for the space P, of polynomials of degree n.

Oleg Davydov Fast Assembly of Bernstein-Bézier FEM



FEM Assembly

Assembling the linear system
@ Compute for each element T:

(a) load vector /f¢r75 dx, €e€lr,
T

(b) mass matrix /c¢r75¢77< dx, ¢, Celr,
T
(c) stiffness matrix / Vore AVorcdx, (€l
T

(d) convective matrix /(b -Vore)orcdx, &€ lr
T
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FEM Assembly

Assembling the linear system
@ Compute for each element T:

(a) load vector /f¢r75 dx, €e€lr,
T

(b) mass matrix /c¢r75¢77< dx, ¢, Celr,
T
(c) stiffness matrix / Vore AVorcdx, (€l
T

(d) convective matrix /(b -Vore)orcdx, &€ lr
T

@ Then the (/,j)-entry of e.g. the global stiffness matrix is

/ Voi-AVeg;dx = Z /TVQST’& . AVQbT,gj dx,
Q

TCsupp ¢;Nsupp ¢;

where é7¢, = dilt, o716 = Ol
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FEM Assembly

Assembling the linear system
@ Compute for each element T:

(a) load vector /f¢r75 dx, €e€lr,
T

(b) mass matrix /c¢r75¢77< dx, ¢, Celr,
T
(c) stiffness matrix / Vore AVorcdx, (€l
T

(d) convective matrix /(b -Vore)orcdx, &€ lr
T

@ Then the (/,j)-entry of e.g. the global stiffness matrix is

/ Voi-AVeg;dx = Z /TVQST’& . AVQbT,gj dx,
Q

TCsupp ¢;Nsupp ¢;

where o7 = ¢ilr, o1 = &7
@ For Bernstein basis functions the load vector consists of
Bernstein-Bézier moments [, f(x) Bg’d(x)dx, £€Tng.
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@ Computation of Bernstein-Bézier Moments
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Computation of Bernstein-Bézier Moments

Consider Bernstein-Bézier moments (of degree n):

P00 = [ 10089 0ax. €€ Tng
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Computation of Bernstein-Bézier Moments

Consider Bernstein-Bézier moments (of degree n):

P00 = [ 10089 0ax. €€ Tng

@ For constant data (f(x) = 1),
T
/Bg’ddx: %, independent of ¢
T ("g%)
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Computation of Bernstein-Bézier Moments

Consider Bernstein-Bézier moments (of degree n):

P00 = [ 10089 0ax. €€ Tng

@ For constant data (f(x) = 1),
T .
/TBg’ddx: %, independent of ¢
@ Look for a quadrature to efficiently evaluate the moments

{pgvd(f) : £ € I 4}, for any continuous f and large n
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Computation of Bernstein-Bézier Moments

Consider Bernstein-Bézier moments (of degree n):

op9(r) = /T () BRO(X)dX, € € Tng

@ For constant data (f(x) = 1),
T .
/TBg’ddx: %, independent of ¢
@ Look for a quadrature to efficiently evaluate the moments

{pgvd(f) : £ € I 4}, for any continuous f and large n

N
@ Hence, look for a quadrature / g(x)dx ~ Z w;g(x;) with
T =1

N ~ n9 centers, to be used with g(x) := f(x) Bg’d(x).
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Computation of Bernstein-Bézier Moments

Consider Bernstein-Bézier moments (of degree n):

op9(r) = /T () BRO(X)dX, € € Tng

@ For constant data (f(x) = 1),

T .
/TBg’d dx = %, independent of ¢
@ Look for a quadrature to efficiently evaluate the moments

{pgvd(f) : £ € I 4}, for any continuous f and large n

N
@ Hence, look for a quadrature / g(x)dx ~ Z w;g(x;) with
T i=1
N ~ n9 centers, to be used with g(x) := f(x) Bg’d(x).
@ Stroud conical product rule is especially well suited
because it allows fast evaluation of the quadrature by sum
factorization.
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Computation of Bernstein-Bézier Moments

Sum factorization
@ Assume we need to compute double sums

n n
Ske=>_Y cijko)fy foral kit=1,....n
i=1 j=1

This requires in general ~ n* multiplications.
o If ¢ j(k, () is factorized as ¢; j(k, ¢) = ci(k)c;(¢), then

n n n n
The= > cij(kOfi; =Y "ci(k) > g(Of,.
i=1 j=1 i=1 j=1
@ Hence, the cost can be reduced to 2n° by computing
n
1. 0(i,0) =Y _¢(O)fy, it=1,....n (n°multipl.)
j=1

n
2. Sxo=> ci(k)o(i,0), kt=1,....n (n°mulpl)

i=1
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Computation of Bernstein-Bézier Moments

Sum factorization

@ For multiple sums

zk1,,,,,kdzz Zc,h, (Kiy.o ka) Foo iy Ki=1,...,0,

I11 ’d1

such that
CI1, W) (k17 "7kd) = C,'1(k1)"'Cid(kd),

the cost reduces from n2? to dn+1.

@ The method of sum factorization in FEM goes back to
[Orszag, 1980] who used it with tensor-product shape
functions on quadrilateral partitions.
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Computation of Bernstein-Bézier Moments

Duffy transformation

d+1
x(t) = bixc  [0,1]9 = T={(x,..., Xq11)
k=1
bi=t, ba=b(1-by), b3=86B(1-b—-b), -,
bg=tg(1—b1 —---—bg_1), bay1=(1—-by—--—bg)
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Computation of Bernstein-Bézier Moments

Integral over simplex T reduced to box [0, 1]¢

/fx)dx_d||T|/ ity (1)~ 1/ dt(1—t)° / dtyf(X(1))
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Computation of Bernstein-Bézier Moments

Integral over simplex T reduced to box [0, 1]¢

/fx)dx_d||T|/ ity (1)~ 1/ dt(1—t)° / dtyf(X(1))

Gauss-Jacobi quadrature (exact for poly. of degree 2g — 1)

1 q
| = srsig(sias = 3w Va(el)

i=1
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Computation of Bernstein-Bézier Moments

Integral over simplex T reduced to box [0, 1]¢

/fx)dx—d||T|/ ity (1)~ 1/ dt(1—t)° / dtyf(X(1))

Gauss-Jacobi quadrature (exact for poly. of degree 2g — 1)

1 q
| = srsig(sias = 3w Va(el)

i=1

Stroud conical product rule:

/fx)dx~d||T|ZW(d 10)2 (@-20) Z WO H(X i)

ih=1 =1 ig=1

where x; i, == x(60710, 9720 00
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Computation of Bernstein-Bézier Moments

Stroud conical product rule

/fx)dx~d||T|ZW(d 10)2 @20 3, WO KX ...i,):

I1—1 12 1 Id 1
where X .., = x(6071, 0720 00
10
(f( ),f ) Xiy iy
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Computation of Bernstein-Bézier Moments

Stroud rule for the computation of the moments (q ~ n):

on(f) = / (x) B9(x) dx
T

I Ig N M

q
~d|T| S w0 w08 (i)
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Computation of Bernstein-Bézier Moments

Stroud rule for the computation of the moments (q ~ n):

on(f) = / (x) B9(x) dx
T

q
~dlT] 30 w0 w VBRI )X, i)

]
i yeeeyig=1

@ Positive weights with respect to the data f(x;, ;).
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Computation of Bernstein-Bézier Moments

Stroud rule for the computation of the moments (q ~ n):

on(f) = / (x) B9(x) dx
T

q
~dIT) Y w0 wROBI ) (X

’d
i yeenslg=1

@ Positive weights with respect to the data f(x;, ;).

@ A naive way of computing these integrals could go through
precomputing the weights W(d 10 (0 0B x, i) for
alln € I, 4 and all (iy, ... /d) c{1,. ..,q}d which already
results in excessive storage requirement (ng)? ~ n??
(square of the size n? of the moment vector), and then
computing all integrals with ~ n?? operations.

7777
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Computation of Bernstein-Bézier Moments

Stroud rule for the computation of the moments (q ~ n):

on(f) = / (x) B9(x) dx
T

q
~dIT) Y w0 wROBI ) (X

’d
i yeenslg=1

@ Positive weights with respect to the data f(x;, ;).

@ A naive way of computing these integrals could go through
precomputing the weights W(d 10 (0 g (x;,..i,) for
alln € I, 4 and all (iy, ... /d) c{1,. ..,q}d which already
results in excessive storage requirement (ng)? ~ n??
(square of the size n? of the moment vector), and then
computing all integrals with ~ n?? operations.

@ We reduce this cost to ~ n?*"! operations by using sum
factorization thanks to another nice property of Bernstein
polynomials: factorization w.r.t. Duffy transformation.

7777
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Computation of Bernstein-Bézier Moments

Factorization of Bernstein polynomials w.r.t. Duffy transform

bi=t, bx=0b(1-by), b3=1(1-by—b2), -,
bg=ta(1=by — -+ =bg-1), bgy1=(1—-b1— -~ bg).

Hence

by=t, bo=(1-t), bz=(1-t)1-t)tz, -,
bg=(1—t)- (1 —ty_1)ty, bay1 =1 —t)---(1—ta).

ByY(x(1)) =

n

VAN 3 d+1
b b bd+1

tm( — Y )772+ “+1d+1 ...t’7d(1 — ty)d+1

myle 77d+1 !

— mh 77d+1

= By, (t)B}, " () By, " (),

since Yop{ nk = n.
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Computation of Bernstein-Bézier Moments

Computing the moments by sum factorisation:

f)—/fX)B”d )dxwdl‘T‘ZWOO g d- 1(5(00) '

Id1
Z w320 g ( (d 2.0)y Z w9 0B (el 1O)f(Xii is)
1312944y d
12 1 I1 1
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Computation of Bernstein-Bézier Moments

Computing the moments by sum factorisation:

f)—/fX)B”d )dxwdl‘T‘ZWOO g d- 1(5(00) '

Id1
Z w320 g ( (d 2.0)y Z w9 0B (el 1O)f(Xii is)
1312944y d
12 1 I1 1

® Precompute Bm(g(ko))for alm=0,...,n, j=0,...,m,
i=1,...,q,k=0,...,d — 1, altogether O(dgn?) values,
and dq values of w,(k’o),i:1,...,q,k:O,...,d—1.
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Computation of Bernstein-Bézier Moments

Computing the moments by sum factorisation:

f)—/fX)B”d )dxwdl‘T‘ZWOO g d- 1(5(00) '

Id1

Z s ZO)B” m (d 20)) Z s 10)Bn d 1,0) )f(xi1,i2 ..... o)
=1 i1=1
@ Precompute B’"(f(k 0)) foralm=0,...,n, j=0,....m,
i=1,...,q,k=0,...,d — 1, altogether O(dgn?) values,
and dq values of w,.(k’o), i=1,...,9,k=0,...,d—1.
@ Assume 0(q9) cost for g¢ evaluations f(X;, j,.._i,)-
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Computation of Bernstein-Bézier Moments

Computing the moments by sum factorisation:

f)—/fX)B”d )dxwdl‘T‘ZWOO g d- 1(5(00) '

Id1
Z w320 g ( (d 2.0)y Z w9 0B (el 1O)f(Xii is)
1312944y d

12 1 I1 1

@ Precompute B’"(f(k 0)) foralm=0,...,n, j=0,....m,
i=1,...,q,k=0,...,d — 1, altogether O(dgn?) values,
and dq values of w,.(k’o), i=1,...,9,k=0,...,d—1.

@ Assume 0(q9) cost for g¢ evaluations f(X;, j,.._i,)-

@ k-th loop: sum over i, with O(q) flops for each (51, ...,1x),
m + -+ 1k < n,and each (ixi1, 2, ..., ig), with
O(gn*q?=*) cost, forallk =1,...,d.
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Computation of Bernstein-Bézier Moments

Computing the moments by sum factorisation:

f)—/fX)B”d )dxwdl‘T‘ZWOO g d- 1(5(00) '

Id1

Z (d 20)Bn 771 (d 20 Z (d 10)Bn d 10 )f(X’hIZ 77777 Id)

=1 i1=1

@ Precompute B’"(f(k 0)) foralm=0,...,n, j=0,....m,
i=1,...,q,k=0,...,d — 1, altogether O(dgn?) values,
and dq values of w,.(k’o), i=1,...,9,k=0,...,d—1.

@ Assume 0(q9) cost for g¢ evaluations f(X;, j,.._i,)-

@ k-th loop: sum over i, with O(q) flops for each (51, ...,1x),
m + -+ 1k < n,and each (ixi1, 2, ..., ig), with
O(gn¥q?=%) cost, forall k = 1,...,d.

@ Hence, overall complexity ~ n9*1 for any d > 2.
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Computation of Bernstein-Bézier Moments

Fast evaluation of a polynomial u(x) := > u,B}9(x)

. €7,
at all Stroud points: 1=Snd
(d 1.0)) gl (d—2,0)
n— &,
XI17’27 B/ Z Z B772 n (512 ) e
n2=1
n=my—-—=Nd—1 (0.0)
N—n1—-="d—1 (0,0
Z By, (5/d )Un
ng=1
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Computation of Bernstein-Bézier Moments

Fast evaluation of a polynomial u(x) := > u,B}9(x)

i €7,
at all Stroud points: n€Ln,d
(d 1.0)) & (d—2,0)
n— -2,
XI17’27 Y/ Z Z an l (512 ) e
ne=1
N=ny = —Nd—1 00)
N=m1——nd-1 (0,0
Z BTId (Eid )UT]
ng=1

@ Sum factorization: start from the iy-loop.

@ k-th loop: sum over 7, with O(1) flops for each (11, ..., 7).
m + -+ 1k < n, and each (i, o, . . ., ig), with
O(n*q9=*+1) cost, for k = d, ..., 1

@ Overall complexity ~ n9*1 (the same order as a single
evaluation by de Casteljau algorithm).
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Computation of Bernstein-Bézier Moments

CPU time: computation of BB moments with O(n9+") cost
2D 3D

0

10 . ; 10 .
Moments @ Moments @
100 b
w0t b
w0tk
-, 107}
Bt 2
c c
3 . s 8 103
g7y )
g o4 g
£ 10 £ 10 b
& 15 a2
G 107 S
10 F
108 [
. 10
107
-8 . . -7
10 10
10° 10 102 10° 10° 10 10?
Polynomial Degree Polynomial Degree

C++ code available (GPL): www.bbfem. de
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@ Assembly of Element Matrices
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Assembly of Element Matrices

Dirichlet problem for linear second order elliptic equation:

—div(AVu)+b-Vu+cu = f inQ,
u = g onoQ.

Weak formulation of the homogenuous problem (g = 0):
Find u € H}(Q) such that for all v € H}()

/[Vu-AVv+(b-Vu)v+cuv]dx:/ fvdx.
Q Q

In Galerkin FEM with Bernstein basis shape functions on
simplices, we need to compute for all {,{ € Z,, ¢

/ [VBg’d.AVBg’dﬂb.VBg’d)Bg’d+cBg’ng’d]dx, / f B]dx.
T T

Oleg Davydov Fast Assembly of Bernstein-Bézier FEM



Assembly of Element Matrices

Using Bernstein-Bézier moments

20) = [ e B ax, €Ty

we have:
@ Load vector/ f(x)Bg’d(x)dx = pg’d(f), £ €Ing,
T

This is just a moment vector, cost: O(n?*1) flops.
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Assembly of Element Matrices

Using Bernstein-Bézier moments

20) = [ e B ax, €Ty

we have:
@ Load vector/ f(x)Bg’d(x)dx = pg’d(f), £ €Ing,
T

This is just a moment vector, cost: O(n?*1) flops.
@ Mass matrix (thanks to the product formula)
n,d n,d (2) (Z) 2n,d
| ct0BE 0B 0x = <5 E0E(0), €. € Tng
T (e
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Assembly of Element Matrices

Using Bernstein-Bézier moments

20) = [ e B ax, €Ty

we have:
@ Load vector/ f(x)Bg’d(x)dx = pg’d(f), £ €Ing,
T

This is just a moment vector, cost: O(n?*1) flops.
@ Mass matrix (thanks to the product formula)

/T c(x)Bl¥(x)B? (x)dx = ©)() p2rd(c), €¢€Tng

(¢4¢)
@ Stiffness matrix (thanks to the gradient formula)

/ VB (x)A(x)V B (x)dx

n—1y\ (n—1
_n Z (5 a)(ﬁ—ﬁ) 2n 2,d ( b;'AvbB)

( 2n—2 ) Pe—atc—pB
a,feETy g \§—a+(—p
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Assembly of Element Matrices

Computation of the system matrices with O(1) cost per entry:

(n—1)(n—1)
r S o 28 (VDIAVDg), €,C € Tng

a,B€,g \§—at+(—p
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Assembly of Element Matrices

Computation of the system matrices with O(1) cost per entry:

2 (g:;) (Z:;) 2n—-2,d T
Ny e i 2 (VBLAVb,), €.C€Tng
Oé,ﬁeILd (f—a+<—ﬁ)

@ Number of entries is |Z, 4[> ~ n?d

Fast Assembly of Bernstein-Bézier FEM

Oleg Davydov



Assembly of Element Matrices

Computation of the system matrices with O(1) cost per entry:

(n—1)(n—1)
r S o 28 (VDIAVDg), €,C € Tng

a,B€,g \§—at+(—p

@ Number of entries is |Z, 4[> ~ n?d
@ Multinomial coefficients may be computed recursively by a
few divisions and multiplications per entry contributing

O(n?9) flops.
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Assembly of Element Matrices

Computation of the system matrices with O(1) cost per entry:

(n—1)(n—1)
r S o 28 (VDIAVDg), €,C € Tng

a,B€,g \§—at+(—p

@ Number of entries is |Z, 4[> ~ n?d

@ Multinomial coefficients may be computed recursively by a
few divisions and multiplications per entry contributing
O(n?9) flops.

@ Need the moments of degree 2n — 2,

p?n—Z,d(a) — /Ta(x) Bg”‘z’d(x)dx, §E€Ton 24
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Assembly of Element Matrices

Computation of the system matrices with O(1) cost per entry:

(n—1)(n—1)
r S o 28 (VDIAVDg), €,C € Tng

a,B€,g \§—at+(—p

@ Number of entries is |Z, 4[> ~ n?d

@ Multinomial coefficients may be computed recursively by a
few divisions and multiplications per entry contributing
O(n?9) flops.

@ Need the moments of degree 2n — 2,

p?n—Z,d(a) — /Ta(x) Bg”‘z’d(x)dx, §E€Ton 24

@ As we know they can be computed with O(n?*") <« n??
flops! Hence overall cost is optimal: O(n?9)
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Assembly of Element Matrices

CPU time: assembly of mass and stiffness matrices
2D 3D

‘ " Mass A 4 ‘ Mass --A--
102 Stiffness @ ] 10" Stiffness @
Stiffness (variable) --©-- Stiffness (variable) --©--
Stiffness (variable, precomg) —A—
2 Cn° - a4 -~
o 10° 1
107 1
0y %)
° ° 0
s 5 10°r 1
8 o2 3
8 10% 1 1 &
) ) )
E E 107 ¢ 1
= =
2 10% - 1 2
o O 10% | 1
6 | 1
10 108 | i
-8 - . . -8 - .
10 10
10° 10 102 10° 10° 10 10?
Polynomial Degree Polynomial Degree

C++ code available (GPL): www.bbfem. de
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Assembly of Element Matrices

History: Optimal assembly of element system matrices
@ Lagrange basis on simplices: O(n?) per entry, total O(n39)
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Assembly of Element Matrices

History: Optimal assembly of element system matrices
@ Lagrange basis on simplices: O(n?) per entry, total O(n39)

@ [Orszag, 1980]: The sum factorisation method with the
optimal O(n??) cost for tensor-product elements.
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Assembly of Element Matrices

History: Optimal assembly of element system matrices
@ Lagrange basis on simplices: O(n9) per entry, total O(n*?)
@ [Orszag, 1980]: The sum factorisation method with the
optimal O(n??) cost for tensor-product elements.

@ [Karniadikis & Sherwin, 1999] designed basis functions on
simplices with almost optimal O(n??+") complexity.
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Assembly of Element Matrices

History: Optimal assembly of element system matrices
@ Lagrange basis on simplices: O(n?) per entry, total O(n39)

@ [Orszag, 1980]: The sum factorisation method with the
optimal O(n??) cost for tensor-product elements.

@ [Karniadikis & Sherwin, 1999] designed basis functions on
simplices with almost optimal O(n??+") complexity.

@ [Eibner & Melenk, 2006] achieved optimal complexity
O(n??) on simplices in 2D and 3D by a extending the
polynomial space by many “internal” shape functions of
higher degree (e.g., 6 dim(PP,) shape functions in 3D) and
adapting Lagrange basis polynomials to the nodes of the
quadrature rule used for integration.

Oleg Davydov Fast Assembly of Bernstein-Bézier FEM



Assembly of Element Matrices

History: Optimal assembly of element system matrices
@ Lagrange basis on simplices: O(n?) per entry, total O(n39)

@ [Orszag, 1980]: The sum factorisation method with the
optimal O(n??) cost for tensor-product elements.

@ [Karniadikis & Sherwin, 1999] designed basis functions on
simplices with almost optimal O(n??+") complexity.

@ [Eibner & Melenk, 2006] achieved optimal complexity
O(n??) on simplices in 2D and 3D by a extending the
polynomial space by many “internal” shape functions of
higher degree (e.g., 6 dim(PP,) shape functions in 3D) and
adapting Lagrange basis polynomials to the nodes of the
quadrature rule used for integration.

@ [Ainsworth, Andriamaro & D., 2011]: Optimal complexity
O(n??) with Bernstein-Bézier shape functions.
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e Further Applications of BB Moments
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Further Applications of BB Moments

Matrix-vector products for iterative methods

@ For example, let M = [M¢c]¢ cez, 4 be the element mass
matrix,

Mg = /T c(x)Bl(x)B? (x)dx.
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Further Applications of BB Moments

Matrix-vector products for iterative methods

@ For example, let M = [M¢c]¢ cez, 4 be the element mass
matrix,

Mg = /T c(x)Bl(x)B? (x)dx.

o Then, with u(x):= > u:BP%(x),
Cezn,d

M- [Ulcer,q = | /T B (x| =l (cu)leers o
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Further Applications of BB Moments

Matrix-vector products for iterative methods

@ For example, let M = [M¢c]¢ cez, 4 be the element mass
matrix,

Mg = /T c(x)Bl(x)B? (x)dx.

o Then, with u(x):= > u:BP%(x),
Cezn,d

M- [Ulcer,q = | /T B (x| =l (cu)leers o

@ Evaluation cost for u(x;, j,,...;,) at Stroud points is O(nd+1 ).
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Further Applications of BB Moments

Matrix-vector products for iterative methods

@ For example, let M = [M¢c]¢ cez, 4 be the element mass
matrix,

Mg = / c(x)Bl(x)B? (x)dx.
T
o Then, with u(x):= > u:BP%(x),

Cezn,d

M- [Ulcer,q = | /T B (x| =l (cu)leers o

@ Evaluation cost for u(x;, j,,...;,) at Stroud points is O(nd+1 ).

@ The same for the moments pg’d(CU), hence the total cost is
O(n+1), much less than n?? needed for matrix assembly.
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Further Applications of BB Moments

Matrix-vector products for iterative methods

@ For example, let M = [M¢c]¢ cez, 4 be the element mass
matrix,

Mg = /T c(x)Bl(x)B? (x)dx.

o Then, with u(x):= > u:BP%(x),
Cezn,d

M- [Ulcer,q = | /T B (x| =l (cu)leers o

@ Evaluation cost for u(x;, j,,...;,) at Stroud points is O(nd+1 ).

@ The same for the moments pg’d(CU), hence the total cost is
O(n+1), much less than n?? needed for matrix assembly.

@ [Kirby 2011, Kirby & Thinh 2012]: A different O(n?+1)
algorithm for M - [u¢]cez, , implicitly relying on the same
properties of Bernstein polynomials
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Further Applications of BB Moments

Nonlinear problems

@ Load vectors and linearized system matrices are computed
as usual, with the exception that the coefficients depend on
the current iterate u of the approximate solution.

@ Reduces to the computation of the BB moments of the type
pg’d(u, f) = / f(x; u(x);Vu(x))Bg’ddx, §E€lng
T

@ With u expressed in BB form, the cost of its evaluation and
evaluation of its gradient at Stroud points is O(n*"). Then
f is evaluated with O(n?) cost, and the usual algorithm for
the moments requires again O(n?*1) flops, and we arrive
at the total O(n®*") cost for the moment vector.
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Further Applications of BB Moments

Isogeometric elements

@ Quadrilateral and hexahedral elements, isoparametric and
other curved elements. Involve a nonlinear mapping from

parameter to physical domain ¢ : T — T with Jacobi
matrix Jg.

@ Stiffness matrix can be computed with the help of a BB
moment vector at optimal O(n?Y) cost:

/VB”d (x) - AVBL®(x)J3 " (x)| det Jo (x)| dx

@ Sum factorization is also useful for the assembly of high
order B-spline system matrices (isogeometric analysis).
Almost optimal algorithm: O(n) flops per non-zero entry?

2F. Calabro, G. Sangalli and M. Tani, Fast formation of isogeometric

Galerkin matrices by weighted quadrature, Comput. Methods Appl. Mech.
Engrg., 316 (2017), 606—622.
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Further Applications of BB Moments

Vector-valued finite elements
@ Needed e.g. to solve Maxwell’s equations (time harmonic):

curlE 4+ jiwpH =0,
curlH — iweE = J.

E,H ¢ H(curl) := {f € [L2(Q)]® : curl(f) € [L2(Q)]°}
@ Nédélec’s space for a triangulation A in 2D
Np(D) = {s € [Sny1(A)]? : s is tangent continuous,

s|1 € Np:= [Pp]? + x'tHpforall T € A}

xt= [)ﬁ] = [_Xz], PP,: polynomials of total degree n,
Xo Xq

H,: homogeneous polynomials of degree n,

Sn+1(A): (discont.) piecewise polynomials of degree n + 1
@ Shape functions are basis functions for N, on triangles

T € A. Combined together into basis functions for NV,(A)
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Further Applications of BB Moments

Bernstein-Bézier shape functions for H(curl) in 2D

@ Shape functions for N, are given by?

V={vBl aes  u{w} i=123,
Inv = {VBZ—H Toc In+1,2}7

i ={(n+ 1)Bg§:a,w,- CacTp\ {al),

wj = b,+1Vb, 1 — bi_1Vbj1 are Whitney functions,
&,”*1, 7, I,,+1 2, &: certain sets of indices

@ High order gradient shape functions are separated
@ Different shape functions based on barycentric coordinates
have been suggested by [Arnold, Falk & Winther, 2009].

3M. Ainsworth and G. Andriamaro and O. Davydov, A Bernstein-Bézier

basis for arbitrary order Raviart-Thomas finite elements, Constr. Approx., 41
(2015), 1-22.
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Further Applications of BB Moments

Numerical example: Standing wave solutions of Maxwell’s
equations in 2D

@ With Q = [0, 1]?, we want to solve the eigenvalue problem
(A>0):

—curl(curlu) =X2u in Q,
t-u=0 onoQ.

@ The eigenpairs are given by (A% ,, uk ), k,£ =0,1,..., with
k sin(kmx) cos({mx) +
2 202 2 —
Neo = (kS +£9), Uk (X, y) = ( (sin(¢ry) cos(kmx)

@ Divide the square into two triangles by a diagonal, and use
BB shape functions of degree n up to 25.
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Further Applications of BB Moments

120
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Further Applications of BB Moments

100

RS

0.01 | 1
0.0001 |
le-06 ;

le-08

Absolute error

le-10

le-12

le-14

le-16 ‘ ‘ ‘ ‘

Convergence with rate q”z/3 forsome 0 < g < 1, in agreement
with theoretical error bounds [Ainsworth & Coyle, 2003].
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Further Applications of BB Moments

Condition numbers of simple eigenvalues

A1 A2 A33 A4 4 6,6 A7.7
8.97e+00 | 3.69e+00 | 3.38e+01 | 8.00e+02 | 1.16e+06 | 5.25e+07

@ Shown: the largest condition numbers of the simple
eigenvalues that occured in our experiments with n < 25.

@ The condition number v of a simple eigenvalue X of the
generalized eigenvalue problem det(A — A\B) = 0 is defined
as

I L R

Vi0eZ+ 187
where x and y are the right and left eigenvectors of A
[Stewart, Matrix Algorithms Vol.Il, 2001].

@ The numbers in the table suggest reasonable conditioning
even for the 85th eigenvalue )7 7.
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Further Applications of BB Moments

Some further papers on BBFEM

@ Mixed tetrahedral-hexahedral-pyramidal partitions:
M. Ainsworth, O. Davydov and L. L. Schumaker, Bernstein-Bézier finite
elements on tetrahedral-hexahedral-pyramidal partitions, Comput.
Methods Appl. Mech. Eng., 304 (2016), 140-170.

@ Inversion of BB mass matrix: R. Kirby, Fast inversion of the
simplicial Bernstein mass matrix. Numer. Math., 135 (2017), 73-95.

@ Comparison of GPU implementation of BB and Lagrange
basis functions: Jesse Chan and T. Warburton, GPU-accelerated

Bernstein-Bezier discontinuous Galerkin methods for wave problems,
SIAM J. Sci. Comp., 39 (2017), A628-A654.
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Library BBFEM

C++ code for the BB-moments, system matrices and all
experiments is available under GPL from

www.bbfem.de
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