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Poisson problem

Find u: Q — R such that

—Au=1f inQQ,
u=0 ond2,

where f : Q — R is a sufficiently regular function.
We suppose that the problem has an unique solution.
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Collocation method

The idea of collocation method

@ Find a suitable finite dimensional space for the solution:

V, = span{ui, ..., Un};
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Collocation method

The idea of collocation method

@ Find a suitable finite dimensional space for the solution:
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Collocation method

The idea of collocation method

@ Find a suitable finite dimensional space for the solution:
V, = span{ui, ..., Un};

o carefully choose n points in Q (collocation points):
©={m,...,Tn};

@ collocate the equations of the system at these points:

find & € V, such that

—ATI(T;) = f(T,‘) V1 € ©

i(x) = Z ciui(x) = Ke=F
i=1
K,'y_,' = —AUJ(T,') F,' = f(T,').

High regular functions needed: at least C? at each collocation points.
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B-Splines

@ Uniform knot vector = no repetitions on the internal knots
= maximal regularity B-splines CP~1;

@ open knot vector.
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An insight on C-CSP Collocation

o IGA standard Galerkin: slow s« optimal « ;
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An insight on C-CSP Collocation

o IGA standard Galerkin: slow s« optimal « ;

@ |IGA standard collocation: fast & suboptimal e,
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C-CSP Collocation Points

An insight on C-CSP Collocation

@ IGA standard Galerkin:

@ |IGA standard collocation: fast & suboptimal s ;

Greville points: 7; = % i=1,...,n

slow s« optimal « ;

Galerkin Greville
odd p evenp
L? p+1 p—1 p
H* p p—1 p
H>| p—-1 p—1 p-1
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C-CSP Collocation Points

Why are we interested in efficient IGA collocation?
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Figure courtesy of [Schillinger, Evans, Reali, Scott and Hughes, 2013]
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C-CSP collocation

New schemes based on superconvergent points: [Gomez and De Lorenzis, 2016] ;
in particular Collocation at Clustered Superconvergent Points (C-CSP)
[Montardini, 2016] [Montardini, Sangalli and Tamellini, 2017] .

T YT



C-CSP Collocation Points

C-CSP collocation

New schemes based on superconvergent points: [Gomez and De Lorenzis, 2016] ;

in particular Collocation at Clustered Superconvergent Points (C-CSP)
[Montardini, 2016] [Montardini, Sangalli and Tamellini, 2017] .

Galerkin residual: f — u}l = u" — uj.

up—  Galerkin solution;
u— exact solution;

h— mesh-size.
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C-CSP collocation

New schemes based on superconvergent points: [Gomez and De Lorenzis, 2016] ;

in particular Collocation at Clustered Superconvergent Points (C-CSP)
[Montardini, 2016] [Montardini, Sangalli and Tamellini, 2017] .

u(0)=u(l)=0
Galerkin residual: f — u}l = u" — uj.
up—  Galerkin solution;
u— exact solution;
h— mesh-size.

Galerkin superconvergent points:

(> (" — a2 (en)? < CHP.
Ypi€Wp
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C-CSP Collocation Points

Estimated Superconvergent Points

Degree | Superconvergent Points in [-1,1]
p=3 =1 1
V37 V3
p=4 ‘1,01
p=5 + 2251—530\/%
p=6 -1,0,1
p=7 +0.504918567512

[Gomez and De Lorenzis, 2016]
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Odd p: C-CSP points
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In 2D: tensor product of univariate ones.
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Even p: C-CSP attempts
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Even p: C-CSP attempts

SUBOPTIMALITY in L? norm
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Numerical results

2D domains

u(x,y) = —(x2+y2 = 1)(x* 4+ y* — 4)xy?

u(x,y) =sin (— 5xm(y — 4x))
sin (— 227(5 —¥)) (¢ + )
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Numerical results

Annulus domain: p=3

~®-H' Galerkin

= =n
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Numerical results

Annulus domain: p=5 and p=7
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Numerical results

Orders of convergence

Galerkin Greville C-CSP
oddp evenp |oddp evenp
> p+1 [ p-1 p p+1 p
H* p p—1 p p p
H>| p—-1 p—1 p—-1|p—-1 p-—1
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Numerical results

Conclusions

Advantages
b fast;
& optimal for odd p;

& optimal for odd p and for both periodic and Neumann problems;
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Numerical results

Conclusions

Advantages

b fast;

& optimal for odd p;

& optimal for odd p and for both periodic and Neumann problems;

Problems
# suboptimal for even p:
# lack of mathematical explanation.
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Numerical results
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