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In this paper we prove several inequalities concerning invariant norms of matrices
belonging to the range of some matrix-valued Linear Positive Operator (LPO). We
provide a variational characterization of unitarily invariant norms in terms of bilinear
forms and a kind of Cauchy-Schwarz inequality for matrix-valued LPOs. The latter
inequality holds for matrix-valued LPOs acting on L? spaces (e.g., multi-level Toeplitz,
Finite Elements matrices ezc.) but it is still unclear if it is true in general. These tools turn
out to be very effective in order to deduce inequalities concerning norms of multilevel
Toeplitz matrices and of some related approximations in matrix algebras.
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1. INTRODUCTION

In this paper we prove several inequalities and estimates concerning
unitarily invariant (u.i.) norms of matrices that can be expressed as
the range of matrix-valued Linear Positive Operators (LPOs) [12, 13]
(the reader is referred to Chapter 4 of the beautiful book [1] for a
detailed discussion of u.i. norms).

*Corresponding author. e-mail: serra@mail.dm.unipi.it
te-mail: paolo@cvgmt.sns.it

ISSN: 1025-5834. Online ISSN: 1029-242X. © 2002 Taylor & Francis Ltd
DOI: 10.1080/10255830290030417



310 S. SERRA CAPIZZANO AND P. TILLI

Throughout, we denote M, the vector space C" * " of n x n complex
matrices. If A is a complex vector space of (complex valued)
functions, closed under complex conjugancy and absolute value, then
we say that

T:A— M,

is a matrix-valued operator. Furthermore, if T is linear and positive
(i.e., the matrix T(f) is Hermitian and nonnegative definite, whenever
the function f € A is real-valued and nonnegative), then we say that T’
is a matrix-valued LPO. These kind of operators arise quite naturally
in many applications, such multilevel Toeplitz matrices [20], dis-
cretizations (by finite differences or finite elements) of elliptic PDEs
[15,16], and some weighted Laplacian matrices associated to graphs
[14, 5].

A matrix norm ||-|| is called unitarily invariant (u.i. for brevity) if
||lUAV]|| = ||4|| holds for arbitrary 4, whenever U and V are unitary
matrices.

It is well known that u.i. norms are intimately connected with
singular values; more precisely, a function ||-|| defined on nxn
matrices is a unitarily invariant norm if, and only if, there exists a
symmetric gauge function ® on R” such that

Al = @(o1(A), - .., 0a(A)),

where 0;(A) denotes the j-th singular value of 4. If ® is a symmetric
gauge function, then ||| will denote the corresponding u.i. norm.

We recall that a function ® on R” is called a symmetric gauge
function if it satisfies the following properties:

(1) @ is a norm.

(2) @ is absolute, i.e., D(x1,...,x)=D(x1],...,|xn]).

(3) ® is symmetric, ie., ®(x1,...,X%n) = P(xr,,...,%,) for every
permutation m: {1,...,n} —{l,...,n}.

In what follows, [x;]i_,, or simply [x] if n is clear from the context,
denotes the vector with entries x; so that we may write ®([x;]) instead
of ®(x,...,x,). Moreover,

(x,y) = inﬂ if x=[x]eC" and y=[y]eC"

i=1

denotes the Euclidean innner product.
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Every symmetric gauge function ® has the following properties
(see [1]), which will be widely used in what follows:

O([x]) <@(yi]) if |xi <ly:| foralli, (1)

and

®([|xill) < @([xf) P2 ((ylD* if p>1 and 1/p+1/g=1.

)
Finally, if Py,..., P, are mutually orthogonal projections on C” such
that P1® - ®Py =1, then
k
>opar| < lai @)
i=1
holds for every matrix 4 of order n and every u.i. norm ||-||. The last

inequality is known as the “pinching inequality” (see [1]).
Among u.i. norms, of particular interest are the so called Schatten
p-norms ||- ||, (see [1]), defined as follows:

n (1/p)
Al = max{o}, and [Al, ==(_§;<ai)f’) it p>1,
=

where {o;};_; denote the singular values of A.

The paper is organized as follows. In Section 2, we prove a very
general characterization of u.i. norms. Section 3 is devoted to prove a
Cauchy-Schwarz inequality when A = LP(Q, ) for some p>1 and
some measure space (€, ) and to prove several inequalities for u.i.
norms (in particular, Schatten norms) of matrices arising from matrix-
valued LPOs. Finally, we discuss some examples and applications
concerning u.i. norms of multilevel Toeplitz and Hankel matrices, and
also matrix algebra approximations of Toeplitz matrices.

2. A VARIATIONAL CHARACTERIZATION
OF u.i. NORMS

Our results concerning matrices from LPOs are based on the following
variational characterization of u.i. norms.
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THEOREM 2.1 Let ® be a symmetric gauge function on R". Then for
every matrix A € M, we have

lAllg = sup 2([l[{Aui, v)[Ti-y) (4)

where the supremum is taken over all pairs of orthonormal basis {u;};_,
and {v;}..,, i.e.,

up, ;e C" and (u,u;) = (v;,v;)) =6y, 1<i,j<n.
If, moreover, A is positive semidefinite, then we have
lAlle = sup ([(Aui, un)]i_y), (5)

where the supremum is taken over all orthonormal basis {u;};.

i=1-
Proof Let U, V be two unitary matrices such that V*AU=

diag(ay, . ..,0,) is the singular value decomposition of 4. If {u;};_,
and {v;}}_, are, respectively, the columns of U and V, then we obtain

[Alle = @([0:]) = @([(Aus, vi)]) = D([[{Aus;, vi)]),

and hence < holds in (4). On the other hand, if U (with columns
{w;};_,) and V (with columns {v;}}_,) are any two unitary matrices
and P; is the projection onto the i-th coordinate, then the singular
values of Y i_, PiV*AUP; are {|(4Au;v;)|}, and from the pinching
inequality (3) we obtain

n

}:P,-V*AUPi“q) <|[V'AUls = l|Alls-
=1

i=

o([[{Au;, vi)|]) =

Therefore, since {u;};_, and {v;}]_, are arbitrary orthogonal systems,
we obtain that also > holds in (4), and this completes the proof of (4).
Finally, the proof of (5) is similar (it suffices to observe that the

singular values of A coincide with its eigenvalues). ]

3. SOME INEQUALITIES FOR u.i. NORMS
OF LPOs MATRICES '

First we consider a kind of Cauchy-Schwarz inequality regarding
matrices arising from a linear positive operator T defined over A and
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taking value in M, where the linear space A is closed under
conjugancy and absolute value (for other matrix versions of the
Cauchy-Schwarz inequality refer to Chapter 9.5 of [1]): Vu,veC",
Vfe A

KT, V)P < T, ud(T (A1), ) (6)

Remark 3.1 If the linear space A is not closed undpr absolute value,
then relation (6) is generally false. Take A = span{e’®* : a € {0, £ 1}}
and define T : A — M, as the linear operator such that

T(1) = I, T(e;"‘)=(g g)

It is trivial to check that T is a LPO. However, for f = e;"‘, u=(0,1)7,
v=(1,0)7, we have |f|=1 and |(T(f)u,v)|*=4 with (T(|f|)u,u)=
(T(|f|)v,v) =1 so that (6) does not hold.

In the following proposition we consider a parametric general-
ization of inequality (6) and we give some alternative formulations. By
the way, it is shown that inequality (6) can be rewritten in other two
equivalent ways.

ProrosiTioN 3.1 Let T : A — M, be a LPO where A is a linear space
closed under conjugancy and absolute value, and let v be a positive
constant. Then the following three statements are equivalent:

(a) Yu, veC" Vfe A

KT(f)us 2 < AT Dt w) (T f1)v, v) ()
holds true;
(b) the (nonlinear) operator G : A — My, defined as
_ (T T()
=15 in) ©

is a positive operator i.e., for any weC* and for any f€ A,
(GUNHw,w) 2 0;
(¢) Vu, veC", Nfe A

KT (P 1 < 2D ) + 2T, »). ©)



314 S. SERRA CAPIZZANO AND P. TILLI

Proof Note that (c) follows from (a) on taking square roots and
using the arithmetic-mean —geometric-mean inequality.

Concerning (b), we observe that G(f) is Hermitian since
T(f) = T(f)*. Decomposing we C*" as (u, v), we see that G(f) >0 is
equivalent to

YT D, uy +A(T(f)v; v) + 2Re(T(f)u,v) 20 Vu,ve ", (10)

hence (b) follows from (c) using 2Re z > —2|z|.

On the other hand, given u,veC" we can find weC such
that |w|=1 and 2Rew(T(f)u, v} = —2|{T(f)u, v)|. Hence, if G(f)>0
then rewriting (10) with wu in place of u we obtain that (b)
implies (c).

Finally, if (c) holds true, then rewriting (9) with /¢ in place of u and
tvin place of v, where ¢ > 0 is a parameter, we obtain (2) on minimizing
with respect to ¢ the resulting right-hand side. n

We observe that relation (7) with y=1 is exactly relation (6). In the
following we will also consider the case where v=2. Indeed (7) with
~ =2 (and therefore its equivalent forms) holds for any linear positive
operator for purely algebraic reasons.

Conversely we will prove (6) in the case where A is an L? space for a
certain pe€[l,00) and T is a LPO from A to M,. In actuality the
arguments in the proof are not purely algebraic but they have some
essential analytic flavour as well.

THEOREM 3.1 Let T: A — M, be a LPO with A being closed under
absolute value and conjugancy. Then inequality (7) holds true for y=2
and for any u,v and f.

Proof The proof is organized in four steps.

Step 1 First we assume that f is real-valued and nonnegative.
Therefore T(f) = T(|f]) is nonnegative definite and (6) holds
true by the classical Cauchy-Schwarz inequality in C”.

Step 2 If fis real-valued, then we can always write f=f+ —f~ where
St =max{0,f} and f~ =max{0, —f} are nonnegative. We
observe that |f]=f" +f", we recall the first step, and we
invoke the monotonicity of the operator 7(-). Therefore
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we have

KT (F)u, v)| < KT )u, v)| + T (), v)|
< by step 1T (), ) T (), ) 2
+ (T Y)Y 0)
< UT(If1yu, w) /(T (If )y, ) 2.
Step 3 The proof in Step 2 can be improved and this will be useful to

prove the general case. Let us suppose again that f is real-
valued. Then

KT, )P < (KT, v+ (TG, W)
= ({(|(T ), )], KTEu, ), (1,1)))?
< csin 2((TED ) + (T )u,v))
< by Step 12((T(f+)u’ u)(T(f*)v, v)+
+ (TG Ju,u){T(f)v,v))
S 2UT(f)u, u)(T(If])v, v)
which is (7) with y = v/2.
Step 4 Suppose now that f is complex valued so that f=
Ref + ilmyf.
Therefore we have

KT, ) < (T (Refu, )| + (T (Imf)u, v))

< by step 32((T(|Ref )1, u)(T(Ref|)v, v)+
+ (T (| ), u) (T (| )v, v)+
+ (T([Ref|)u, u) *(T(|Ref|)v, v))'/2-
A(T(Jmf|)u, u) (T ([Imef )y, v) /?)

< 2(T(|Ref| + |Imf)u, u)
(T(|Ref| + |Imf])v, v)

< (a)4<T( Ifl)ua u) (T(lfl)v7 V)

where in the last inequality labeled with (@) we use the
majorization |Ref| + |Imf| < V2[f). |
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Now we turn our attention to an important particular case, that is
when the space of functions A is an L? space over some measure space.

THEOREM 3.2 Let p€[1, 00), let n be a positive integer and let (2, u) be
a measure space with a o-finite positive measure p. If T : LP(Q, ) —
M, is a LPO, then

(a) T is continuous,
(b) inequality (6) holds true for any u,ve C" and any f€ L”.

Proof of Part (a) We first suppose that n=1, i.e., that T is a positive
linear functional on L. In order to prove that T is bounded, it suffices
to prove that for every sequence {u;} which is convergent in L?, there
exists a subsequence {u,} such that T(u,) is bounded (see [11]). On
the other hand, it is well known that for every sequence {uy}
convergent in L”, there exists u € L” and a subsequence {uy,} such that
|ug;| <u p-a.e. in Q. Therefore, from the positivity of T we obtain

|7 (ur, )| < T(|Re wy,|) + T(|Tm gy |) < 27 (Ju])

hence T is continuous.

In the general case, letting T(f)=: {T;(f)} we see that T} is a
positive linear functional on L?, hence it is continuous. Finally, the
continuity of T} when i#j follows from

2
|7y ()" < Ta(lu)) T (lue),
which is an easy consequence of positivity.

Proof of Part (b) First observe that A is closed under conjugancy
and absolute value so that each term involved in (6) and in its
equivalent rewritings is well defined. Each entry (7(.));; is a
continuous linear functional from A to C (by part (a)) and therefore
by the Riesz representation Theorem there exists a function
u; ;€ LY, p) such that 1/p+1/g=1 and

(T(F)),; = / i J(x)f (x)dps (1)

Since T(-) is globally positive it follows that

(T (D)5, 5) = /Q

lij=

3wy ()siglf I >0
=1
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Vf €A, Vse C" and consequently, by standard measure theory argu-
ments, the matrix U(x) = (u;;(x)); -, is nonnegative definite almost
everywhere.

Finally let « and v belonging to C”. Therefore

n 2

Ty, ) = ’ 3 s v

l,j—_l
Q

En: i (X)u; ¥
- ‘ L KU (), )l ()|

2

If(x)ldp

ij=1
2

2

[1 VT@, @) T W (6)|dp

< (al)

2

/ﬂ VO BF @U@ N ldp

< (@) [ (WEm - [ UGl
= (T, )T 1f1)v, )

where the inequality labeled with (al) follows (for almost every x)
from the Cauchy-Schwarz inequality in C" since (U(x)u,v)=
(R(x)u, R(x)v) with U(x)=R(x)R(x)=R(x)* a.c. and where the
inequality labeled with (a2) is a consequence of the classical Cauchy-

Schwarz inequality in L2 since the function 1/(U(x)w, w)[f(x)] belongs
to LR, p). [

Remark 3.2 If T: A— M, is a continuous LPO with A= C(K),
where K is some compact set in the Euclidean space, then inequality (6)
holds true for any u,v€ C" and any f. The argument is similar to the
one of the preceding theorem (relying also on the Radon—Nikodym
Theorem).

Remark 3.3 We point out that we were not able to construct a vector
space of functions A, closed under absolute value and complex
conjugation, where the inequality (6) does not hold true. Note that the
example presented in Remark 3.1 concerns a space .A which is not
closed under absolute value.
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THeOREM 3.3 Let p€[l,00), let n be a positive integer and (2, 1) be a
measure space with a o-finite measure p. If T : LIP(Qpu) = M, is a
LPO, then

TN < MT DI (12)
holds for every unitarily invariant norm |||-||| and every f€ L*.

Proof Let {u;};_, and {v;};_, be two systems of unitary vectors. By
Theorem 3.2 we know that (6) holds true. Therefore by (9) in
Proposition 3.1 with v=1, we have for every i

1
1G] < 5 [ UG,
+5 [ FOIUE, v

where the matrix U(x) = (us,(x)); - has entries defined as in (11). Let
II-]l be a ui. norm, and let ® be the associated symmetric gauge
function. From the last inequality and the convexity of ® we obtain

(|| [rweom vian ]1) <o(3| [ weom,upa 1

+% [/9 FRU ), vi)d“} :=1)
< %q’( :/nlfKU(x)“v“")d“:n )

i=1

syo([ [ e )
<UDl )

where the last inequality follows from (4). Finally, from the
arbitrariness of {u;};_, and {v;}._, using (4) again yields | T(f)|ls <
IT(fDlle>» which completes the proof. n

CoroOLLARY 3.1  Under the assumptions of Theorem 3.3, suppose that f,
Fe LP(Q, p) are such that F is real valued and F(x) > |f(x)| at p-a.e.
x€S). Then

NTEI < T E (13)

holds for every unitarily invariant norm |||-|||.
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Proof From F2>|f| and the positivity of T, it follows that
T(F)>T(|f]) (in the sense of the partial ordering of Hermitian
matrices). From the Fan Dominance Theorem (see [1]) we obtain

NTASDIN S NIT(F)||| for every wu.i. norm, hence (13) follows
from (12). n

THEOREM 3.4  Let (2, u) be a measure space with a o-finite measure p,
and let 1<r<p<+oo. If T:L(Q,u) NL'(Q,u) - M, is a LPO,
then for every fe L'NL' the following estimate holds, concerning the
Schatten p-norm of T(f):

1
1T, < ITANG- (14)
Proof By Theorem 3.3, we can assume that f'is real and nonnegative.

Let {u;}}_, be an orthonormal systems of vectors of C". For every i, we
have from Jensen’s inequality

(feecmas ) < ([ ey upan) ”,

where the matrix U(x) = (u5,(x));,-, has entries defined as in (11).
Summing over i and raising to the power 1/p yields

<g (/gf(x)(U(x)u,., u,-)dﬂ)p)(l/‘”
< (g (/af(x)r(v(x)“i,u.-)du> (p/r))(l/p).

Letting @p([xi)) = (i bal) 7 and @pyp(xl) := (S bl )7,
the last inequality can be written as

o[ [poroma])

<@ ([ [ 100 0y ] )(m),

i=1

and the claim of the theorem follows from (5), since the orthonormal
system {u;} was arbitrary. |
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THEOREM 3.5 Let (2, 1) be a measure space with a o-finite measure p,
and let T : L'(Q, ) = M,, be a LPO. If f€ [P(, u) and g€ LY, ),
where 1 < p, g<oo and 1/p+1/q=1, then we have

()l < ITUFPIN P T (1g)) ) /2 (15)

for every unitarily invariant norm ||-||. Moreover, if fe L\(Q, 1) and
g€ L>(Q, 1) then

TGN < llgll - IT (D (16)
holds for every unitarily invariant norm ||-||.
Proof By Theorem 3.3, we can assume that fand g are real and non-
negative. Let {u;};_, be an orthonormal system of vectors and let
U(x) = (u;i(x)); j=1 be the matrix defined in (11). For every i, writing
(U )i, ) = (U )i, ) P (x), s, ) 119
we have from the Holder inequality

Af(x)g(x)(U(x)ui,ui)dHS (/Qf(x)p<U(x)“i,u,~)du)(I/p)
( /Q () U(x)u;, “i)d,u)(l/q)_

Let ® be the symmetric gauge function associated with the u.i. norm
|I-]l. Using (1) and (2) we obtain from the previous inequality

o[ (fg)(X)(U(x)ui,u:)du];)
<a([( [reowem ui)du>(l/p)
(f gq(x)w(x)ui,ui>dn)wq)];)

<o([ [rewemmna) )"

i=

? ( [ /n & (x)(U(x)ui, ui)dp] ;) (‘/q),
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and (15) follows from (5), since the orthonormal system {u;} was
arbitrary. Finally, (16) follows from Corollary 3.1, letting X := ||g|| .
and observing that

F(x)g@)I < AF(x)| and TN = AT DI

Remark 3.4 An alternative proof of (15) is the following. By well
known inequalities, we have for every ¢ >0

F)e()| < %lf(x)l” + ’—qf )1,

and from Corollary 3.1 and the linearity and positivity of T we obtain

g 9
IT(feDll < ;HT(VI”)II +—q—llT(Ig|")I| for all 7> 0.
Then (15) follows on choosing the value of ¢ which minimizes the
right-hand side.

Remark 3.5 All the inequalities proved in this section are sharp, as
one can easily check letting f(x)=1 and g(x)=1.

4. EXAMPLES AND APPLICATIONS

In what follows we give an idea of the several contexts in which
matrix-valued linear positive operators arise.

4.1. Multilevel Toeplitz Matrices

We first turn our attention to u.i. norms of (multilevel) Toeplitz
matrices.

Let f be a complex-valued function of k variables, integrable on the
k-cube I := (0, 2m)*. Throughout, the symbol #;, stands for (2m)7* L
The Fourier coefficients of f, given by

j‘] = f]f(x)e—‘i(iyx)dx, ;:2 = —1’ je Zk, (17)
k
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are the entries of the k-level Toeplitz matrices generated by f. More
precisely, if n=(n,...,n;) is a k-index with positive entries, then
T,.(f) denotes the matrix of order 7 (throughout, we let A :=II¥_;n; )
given by

L) = 3 o 3 i) @@L (18)

Uil <m Uil <me

In the above equation, ® denotes tensor product, while J,(,f) denotes
the matrix of order m whose (i,j) entry equals 1 if j—i=/ and equals
zero otherwise. In other words, the 2m—1 matrices {J,(,f)}, =0,
+1,...,£(@m—1) are the canonical basis of the linear space of
m x m Toeplitz matrices and the tensor notation emphasizes the
k-level Toeplitz structure of T,(f). The reader is referred to
[20,2,21,19] for more details on multilevel Toeplitz matrices. Here
we just recall the following elementary fact (see e.g. [9, 21]).

ProrosiTiON 4.1 Let n=(ny,...,n;) be a positive k-index with k> 1
and a let T, : L'(I) — M, be defined as in (18). Then T, is a matrix-
valued LPO.

In order to give one specific characterization of the results in
Section 3 in the case of multilevel Toeplitz matrices, we identify
7 vectors and polynomials of degree n via a suitable isomorphism.
Indeed, given k>1 and a k-index n=(ny,...,n;) as above, we
define

Pk .= {u - C | u(x) = Z ajew’x>},
JeT¥
where

5 = {(ir,.. ., jx)lji€eNand 0 <j; <m; for i=1,2,...,k}.

The set Py, is a vector space of trigonometric polynomials of dimension
7, and we endow it with the L? inner product

(u, V)2 == 7€ u(x)v(x)dx.
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Given u€Py, u(x) =3 ae i), we can associate with it the
vector &€ C" given by

m—1 ne—1

1= S a0

ne
=0 =1

where {e(')},_0 is the canonical basis of C™. It is clear that the map
u — @ is a linear isomorphism. In fact, it is easy to check that

(u,v)p = (&1,%), for all u,veP%, (19)

and we obtain a linear isometry between P}, and C”. Therefore, we can
drop the notation i, and we can regard u as a polynomial from P} or
as a vector from Cf‘ according to the necessity.

Observing that (Jm el ef,';)) = §j»—; and using elementary properties
of the tensor product, from (18) one obtains after straightforward
computations

7[ FOIU)T R dx = (To(Fuv) foralluveP.  (20)

(in the right-hand side, u and v are meant as vectors from C"). We
remark that (19) can be obtained from (20) letting f(x)=1, in such a
way that T,,(f)=1.

Remark 4.1 From (20) one can see that, if f(x) is real-valued and
nonnegative, then T,(f) is positive semidefinite (also the converse is
true, provided T,(f) >0 for every n). In this case, it is immediate to
check that

1Tl = tr(Ta(F)) = ff(x)dx. (21)

The representation formula (20) is extremely useful. From it and
from Theorem 2.1, we can deduce a variational characterization for
any u.i. norm of any Toeplitz matrix.

CoroLLARY 4.1 Let n=(ny,...,nx) be a positive k-index, and let
fe LY. If T (f) is the k-level Toeplitz matrix associated with f, then
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we have for every symmetric gauge function ® on R

17501 = sup |

) e

where the supremum is taken over all pairs of orthonormal systems
{u;};_, and {vi};_, of trigonometric polynomials such that

ff(x)ui(x)%‘)dx

u;, v € Py, 7[ ui(X)u;(x)dx = 7[ vi(x)vi(x)dx = 65, 1<i, j<h.
I I

(23)
Moreover, if f is real and nonnegative then we have
0l = sp® (| 1) lataPas] ),
& =

where the supremum is taken over all orthonormal systems {u,-}f’=1 of
trigonometric polynomials satisfying (23).

Proof Using (19) and (20), we obtain (22) applying Theorem 2.1
with A = T,(f). Similarly, in order to obtain (24) it suffices to observe
that T,(f) is positive semidefinite if f is real and nonnegative (by
Proposition 4.1). |

In addition, a further consequence of the analysis in Section 3 is the
following estimate, which improves (and generalizes to any Schatten
p-norm) the estimate proven in Lemma 4 from [8].

CorOLLARY 4.2 Let fe€LP(I) for some p with 1<p<oo. If n=

(ny,...,n) is a positive k-index, then the following estimate holds
concerning the Schatten norms:
A (1
172, < )P IF1]- (25)

Proof The case where p= +o0 is a well known fact concerning the
spectral norm of Toeplitz matrices. If p < + 00, then choosing r =p we
obtain from Theorem 3.4 with 7(-)=T,(-)

1T (O, < IT AP = (e Tu(ir )P = )P £,

where the last equalities follow from (21) with |f}P in place of £. m
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4.2. Hankel Matrices

A Hankel matrix is one whose entries are constant along any lower-
left —upper-right diagonal. As with Toeplitz matrices, one can consider
multilevel Hankel matrices, generated by a multivariate symbol
f, integrable on the k-cube I := (0, 27)*. With the same notations of
the previous subsection, let {f"j} denote the Fourier coefficients of f,
according to (17). If n=(ny,...,n;) is a k-index with positive entries,
then H,(f) denotes k-level Hankel matrix of order 7 generated by
f, defined as

2n -1 2n—1 . ) )
Hi()=> Y Foki) ®--- @KW (26)
J1=1 Je=1

Here K,(,f) denotes the matrix of order m whose (i,j) entry equals 1 if
i+j=I1+1 and equals zero otherwise; the matrices K,', [=
1,...,2m—1 are the natural basis of the linear space of Hankel
matrices of order m. As with Toeplitz matrices, the tensor product ®
stresses the k-level block structure of the matrices we are considering.

It is well known that the operator H, is not a LPO: to see this, take
k=1, f(x)=2(1—cos x) and n=(n;) = (1), and note that H;(f) =f; =
—1 is negative despite that f> 0. However, in [8] it was proved that,
given feLl(ly), for every multiindex » there exists a function
gn€ Ll(lk) and a unitary matrix U, such that

UsHu(f) = Tu(gn) and |gu(x)| = |f(x)| forevery xelr. (27)

In view of this fact, we obtain the following

CoroLLARY 4.3 Let fe IP(I;) for some p with 1<p<oo. If n=
(ny,...,nx) is a positive k-index, then the following estimate holds
concerning the Schatten norms:

IH P, < B P If ]l (28)

Proof Using (27), we see that ||H,(f)|| = || T.(gn)| for every u.i. norm,
since U, is unitary. Moreover, we have ||f||;, = ||gxll,», hence the
estimate (28) is a consequence of the corresponding estimate for
Toeplitz matrices, stated in Corollary 4.2. n
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We stress that this corollary improves and generalizes the estimate
obtained in Lemma 5 of [8].

Remark 4.2 From relations (25) and (28) we know that

ITa P, IHA )L, < @2 £l

for any f'€ LP(I;). Nevertheless the Toeplitz and the Hankel case are
substantially different. First of all inequality (25) is asymptotically
tight since (see [18])

Jim 1T @ = flly

and therefore for any nonzero f, ||T.(f)||, < (ﬁ)('/”)C cannot hold for
any n=(ny,...,n) if C <||f||,,. Conversely, for fixed n and f'e L”(I}),
setting 7(f,p,k,n) = {geLP(Ik) : § =fj,e —n<j<n-—e,e; =1}, we
have T,(g) = T,(f) for g€ 7(f,p,k,n) and then

T < mAP  inf
Il <@ inf el
with a negligible improvement with respect to (25): for instance, for
f(x) = 2(1 = cos (x)) and p= oo we find

. . s
Wl = _int e = 007,

In the Hankel case the situation is quite different. For instance
||T,,(f)||p = 1 which is much less than (ﬁ)('/”)llﬂlu. However estimate
(28) can be used in the opposite direction for obtaining information
from the “discrete” to the ‘“‘continuous”. Setting off,p,k,n) =
{eclP(It) : § =fj,e<j<2n—e,e; = 1}, we have H,(g)=H,(/) for
g€ o(f,p,k,n). Then for the previous example f(x) we find

inf gl =1.
g€ o(f.pkn)

:A]ong thq same ]ines, consider «, G real numbers and the function
f(x) = ae™ + Be¥*. Then for any g(x) of the form

g(x) =f(x) + i tqe"’;"‘ € n o(f,p, k,n)

q=0 n>2
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we deduce the nontrivial estimate

jol + /o7 + 48
2

= |H2(f)loo-

Moreover the minimum is realized by f if and only if & =0 or 3=0.
In a general multilevel setting, given a positive k-index ¢, for flx) =
> gme g~ and for g(x) € N, 5 ,o(f,p,k,n) we have

t
gl 2 IHPlloo = 4| D logl?
q=e

showing that the obtained estimate is better than the one deduced
from the comparison with the L? norm (the estimates coincide, that is

1H: Al = ,/Z‘Fe |aq|2, if and only if all but one of the coefficients
0,4 are Zero).

||g||L°° 2

4.3. Multilevel Toeplitz Matrices and Optimal Matrix
Algebras Approximation

Let U, and V,, be two unitary complex n x n matrices and let us denote
by B, the linear space (commutative matrix algebra if V,, = U,) of all
the matrices defined as

B, = {X = U,AV, : A is a diagonal complex matrix}  (29)

where the symbol * means transpose and conjugate.

Now suppose that a matrix A4 is given and let us consider the
optimal approximation P,(A) with respect to the Frobenius norm (the
Schatten norm with p=2) in the space B,. Then

Pa(A) = arg min [|A — X]|,

where the minimum exists and is unique since B, is convex and || - ||, is
a strictly convex norm.

It is well known that P,(A) has the following explicit represen-
tation [6]

Pa(A) = U,diag(U,AV,)V;, (30)
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where now diag(Y) denotes the diagonal matrix with the same entries
as Y along the main diagonal. Formula (30) can be easily put in
connection with the pinching inequality (3).

THEOREM 4.1  Let ||-|| be a u.i. norm and let B,, Py(-): M, — By, be as
in (29), (30) respectively. Then for every matrix A € M, we have

IPx(A)]l < Al (31)

with equality holding if A € B,.

Proof Since U, and V, are unitary, by relation (30) and by the
pinching inequality (3), we have

n
IPu(A)]| = Uy Pa(A)Vall = || D PUAVLP|| < [|U;AV,|| = [IA].-
i=1
If A € B,, then P,(A) = A and equality trivially holds. ]

Remark 4.3 Theorem 4.1 extends a result in [7,4] where the relation
(31) was proved in the special case of Schatten p-norms with p=2
and p = oo.

We recall that this kind of results is useful in a practical context of
approximation of Toeplitz sequences by simpler and more appealing
matrix structures (circulants, trigonometric algebras ezc.) in order to
solve Toeplitz linear systems in a computationally efficient way (see
also [3, 17)).

Finally, in light of Proposition 4.1 and formula (30), we know that
for any ne N, the operators T, and P, o T, (with V,,= U, satisfy the
assumption of Theorem 3.2 with p =1 so that Theorems 3.3, 3.4 and
3.5 and Corollary 3.1 automatically hold.

The following final remark gives a insight on the wide range of
applications of the results of this paper.

Remark 4.4 The list of the matrix-valued LPOs that arise in the
applications is very long. We want just to mention the discretizations
by Finite Elements or Finite Differences of some boundary value
problems, the case of Laplacian graph matrices coming from
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optimization problems etc. In all these cases the vector n=(ny,...,nx)
is related to a finesse parameter of the discretization process so that we
have to deal with sequences of matrices of increasing order. The
inequalities proved in the preceding sections can be used in order to
analyze the behaviour of these structures for large »n under some
perturbations as it occurs and is of interest in a Numerical Analysis
context.
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