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GOAL OF  This TALK : DESCRIBE WHAT KIND OF  

INFORMATION
THE  

PRINCIPLE
OF LEAST ACTION CONVEYSINTOTHE STUDY OF  THE  EXISTENCE OR

. -

THE  NON - EXISTENCE OF INVARIANT

LAGRANGIANGRAPHS ,

IN PARTICULAR :

• WEAKINTEGRABILITY →
A  NON - commutative VERSION OF

LIOUVILLE - ARNOLD  THEOREM FOR

CERTAIN CLASSES OF HAMILTONIANS
.

• REGULARITY OF  THE MINIMAL AVERAGED ACTION



I
.

THE PRINCIPLE  OF LEAST ACTION IN HAMILTONIAN Dynamics

→ AUBRY -
MATHER THEORY ( 1980 - 90 's)

C /

NATURE  is THRIFTY IN ALL  its Actions
"

- PIERRE - Louis MOREAU  D MAUPERTUIS ( 1744)

HISTORICAL REMARK :

K NIG PUBLISHED A  NOTE  CLAIMING PRIORITY FOR LEIBNIZ in THE BERLIN

ACADEMY CORRESPONDENCES OVERSEEN  By MAUPERTUIS .

PRIORITY DISPUTE  BROUGHT sin EULER
,

VOLTAIRE AND ULTIMATELY A  committee

CONVENED By THE KING OF PRUSSIA
.

IN 1913
,

THE BERLIN ACADEMY REVERSED  its PREVIOUS DECISION AND

FOUND LEIBNIZ HAD PRIORITY



1. I CARTOON EXAMPLE  - A ( VERY SPECIAL )INTEGRABLEHAMILTONIAN System

h .

.
IT ? IRM

→
IR Hamilton  inn Assumptions

( x
, p ) ↳ help )

•
he ONLY DEPENDS  ON p

Ic = 2phlp ) .
he is CZ

← EQUATIONS OF MOTION{
pi = o • he is STRICTLY CONVEX IN  P

( i
. .

,
Positive DEFINITE HESSIAN )

Off Go ,po)= ( 0Gt 2pmPo) t
, Po ) ← FLOW

.
he superliner in pin

m
PCPO)

IR ^ ( in E.
,

him h = to )
* 11pm - soo 11PM

Po  ← 8po=TFLPo )

. invariant torus ← rotation with

.
ROTATION VECTOR

^ Im pcpo )( THE PHASE SPACE  is FOLIATED By INVARIANT TORI



QUESTION : WHAT HAPPENS TO  This  Foliations IF ONE PERTURBS THE SYSTEM ?

• TORI FOLIATED By PERIODIC  ORBITS WILL

IN
GENERAL  DISAPPEAR

-  ,

•
IN 1954 KOLMOGOROV ( AND LATHER ARNOLD AND MOSER IN  DIFFERENT SETI  NGS )

PROVED  THAT  THE MAJORITY OF  THESE  TORI WILL SURVIVE ← KAM THEORY
^

THOSE  CORRESPONDINGI

to

DIOPHANTINE
-

ROTATION VECTORS

m m

IR ^ IR

^-
-

# •
WHAT HAPPENS to

-

I
THE  DESTROYED  TORI ?

- > -

PERTURBING -
.

# •
WHAT HAPPENS IN

.
.

THOSE GAPS ?

ITM



CHANGE OF Point OF  VIEW ' - LAGRANGIAN Point OF  view

H : IF IRI
,

IR Hamiltonian - y
L : -1171122

, IR LAGRANGIAN

Lair )= nip ( Cpr >
-

Har
, p ) )

FENCHEL - LEGENDRE  

INEQUALITY

PEIRM

Lcxi )+HCx,p7ZCpr > V v
, PCIRM ACTION FUNCTIONAL

= ⇐ p=QLCxr ) ( out )
,

VCE ) ) to  Eats ] ( E - L )

⇐ v=2pHCx,p ) §
ace ) is a

"

criticalPoint
"

For

t
THE  FUNCTIONAL

TERM TERM
b

( x ,2pH ) / I Giap " ) Adachi ) = JLGcc-4.ru/dt
✓ a

IT ? IRM > ITI IRMgot<
EULER-LAGRANGE

%⇒°°%!!
aI

2¥ = II ←

EQUATION
fee )

minimum
?

do



( BACK to  THE CARTOON EXAMPLE ) =

spiff, ,zm
( Lp ,

-03 - hcp ) )

§!= ITI { Po } →
Ep

,

-_
IF { Vo ) invariant  For Get

11

INVARIANT  FOR 01¥ SphlPo )

GOAL : CHARACTERIZE Epo

IN
 TERMS  OF  

ITS
ACTION PROPERTIES

IDEAL ( J
.

MATHER ) i Look AT  INVARIANTPROBABILITY MEASURES i THEIRACTIONPROPERTIES

.  . -
M

• µ ,
INVARIANT  PROB

. MEASURE SUPPORTED ON Ep
,

= It x ( Vo )

Aequo) =fltvdpeo= Kro )=Lpo.ro>
- hcpo )

yIF IRM How to

COMPARE

•
V ANY

INVARIANT
PROB .

MEASURE I THEN ?

L

Aer ) = Jarl do Z

ftp.rs-hcpoddu-spo , Jodo > - ECB )

TFIRM FIRM



1DA2 ( J
. RATHER ) : MODIFY THE LAGRANGIAN : ECU )

- Lpo ,V > ← SAME E - L FLOW

BUT  

DIFFERENT

ACTION

Ae
. ! = !? :&"

- a Po is)dM= -
h " "

Acm, ⇐ Acs,
l - a pops

l - Lpo .us

A Cv ) Z I Cllr)
- cpo.rs)do =  -

hcpo )
l - L Poi )

FIRM

conclusionI : . EVERYinv.
PROB

. MEASURE SUPPORTED  ON Ep
,

Minimizes A ( . )
E- Lpo ,V >

f
→ • Epo = UL supra .

: no Minimizes Ae !÷? ,
} ←

,
-

,

VARIATIONAL

MATHER CHARACTER 17

SET
so  min A ( M )

=  - Lcp, ) ← ,OFD-LETORUSl-cpo.us
.

µ INV . VARIATIONAL

PB REAS CHARACT . OF  THE

s .

.  . / HAMILTONIAN
MINIMALAVERAGE -

ACTION



QUESTION : CAN WE AVOID To CHANGE THE LAGRANGIAN ?

. M

DEFid: µ INV .
PROB

. MEASURE  ⇒ pcpe) :  = J v dfl EIR

Rotation
VECTOR  offer

Tmx IRM

iDEN : COMPARE  ONLY INV
.

PROB
.

MEASURES with THE SAME ROTATION VECTOR

,  "
-

M
.

• µ ,
INVAR LANT  PROB

. MEASURE SUPPORTED ON Ep
,

= It x ( Vo ) ← ROTATION VECTOR

pcpeo ) = Vo

Aequo) = fltvdpeo= EGO ) =Lpo.ro >
- hcpo )

Infirm

•
V AnyINVARIANTPROB .

MEASURE WITH pcr ) = To

Aer ) = Jarl do Z

ftp.rs-hcpoddu-spo , Jodo > - ECB )
-

TIIRM FIRM "

To

⇒ Aecpw) E Aea )



CONCLUSION , 2 : EVERY

inv
.

PROB
. MEASURE SUPPORTED  ON Ep

,

Minimizes A ( . )

-
B

e

AMONG ALL INV . PB MEASURES WITH THE SAME

ROTATION
VECTOR

g- > • Epo = U { supply : Mo Minimizes Ae
AMONG MEAS

.
 WITH SAME Rot . VECTJ

MATHER

SET .VARIATIONALCHARACTER 17

OF  D- LE TORUS

> so  min Ae ( M )
= lfro ) ←

-  f

( µ INV . VARIATIONAL

CHARACT . OF  THEpcm ) -_ No

LAGRANGIAN
-  .

MINIMALAVERAGE
ACTION



SUMMARY OF  THIS CARTOON EXAMPLE

U { sunny : µ

minimises
A } ← Epo -_ IT ? too } → U { supper : µminimizesAe
l - 43 ,v > WITH CONSTRAINT

INVARIANT TOROS pcpe ) = So }
.

X
.

. 4
I N

'  .

,

, M
=

Few ,
I Po
, I

I T I

,
I

' Po = Zero ) .

✓
To  = rdphcpo )

t

help
. )= -

mim Ae.fp.?? ,

I Koo ) -

- min A. C µ )
minor . c - - - - - - - - -7 Minn

&

PB
.

 REAS .PB ness .

I pqu ) =D
-  -

 

FEN
CHEL - LEGENDRE

DUALITY

help ) -
-

nypfep.us
-

lb )

)
EG

)=xupp(
cp.us - help ) )



1. 2 SILTING : TONELLI LAGRANGIAN AND

HAMILTONIAN

•
M COMPACT  CONNECTED

MANIFOLDw/out
 

BOUNDARY

dim
N = m

• g
RIEMANNIAN

METRIC
* .

L : TM → IR is A TONELLI LAGRANGIAN IF H : TM → IR is A TONELLI HAMILTONIAN IF

c x ,v )

•
LECZCTM ) . 4 c-

CEFN
)

.

"

.
L FIBER WISE STRICTLY convex : ZIL > o .

H FIBER WISE STRICTLY convex :221-1> o

pp

/  .
,  a

•
L SUPER LINEAR LN  THE FIBER o H SUPER LINEAR LN  THE FIBER

' HCXIP ) -

brm L% = too  unit .  in x
him

- = too  unit .  in x

11 uh - soo

KPH
-700 11PM

- n
-

FENCHEL LEGENDRE

DUALITY
L Girl = psffffyfep.ir ?- HEP ) ) Hex ,p)= sup ( cpv ? - LEN ) )

VEIN



EXAMPLES .

-

.

•
GEODESIC  FLOW L C X

,
5) = Iz 11511

,

•

MECHANICAL
system Lcxio )= 1211511! -

VG ) VECZCM )

- -
- -

- -

•
LET

¥
BE A CZ VECTOR FIELD ON M LET

4¥
-

BE  THE FLOW  OF

LET Lcxiv ) = Iz Hv - Xcx ) life ← MATE LAGRANGIAN

GRAPH =L ( x
,

C x ) ) : KEM ) is INVARIANT  UNDER OI!
- t

4
GRAPH ) GRAPH ( IT ) THE  FLOW  OF is  EMBEDDED

IN
 THE  FLOW OF A  TONELLIIT t I T'

cnornnoian

M M



1. 3 MATHER THEORY FOR TONELLI LAGRANGIAN

L : TM →
IR TONELLI LAGRANGIAN OIL: TM

→ TM E - L FLOW

My = {

INVARIANT
PROBABILITY MEASURES of § } # 01

Aj . My → IR ACTION

FUNCTIONAL
MATHER GRAPH THEOREM

.  .
✓

•
I ME My MINIMIZING AL Mo • TM

I Tl Bi -

LIPSCHITZ
 Horton

.

V

• No ) :  =  -

Mig AIM )
TICK . )oMTn

me XX No

E
.

:
,

on

•
MT :  = U { sunny : Adm ) = .

do ) ) -  -

-

M

.
'

y

•
IT IS NON - EMPTY ,

INVARIANT
,

COMPACT

•

it
 LIES IN THE ENERGY VALUE  = ACO ) ( CARNEIRO

,
e 995 )

•

it
is SUPPORTED ON A LIPSCHITZ GRAPH ( MATHER GRAPH THEOREM 1991 )



?How  TO MODIFY THE LAGRANGIAN .

. C

•
IF Z is A  CLOSED ONE  FORK  ON M =p Lycxiv )= L C xp ) - LY ,

r > HAS  THE

SAME E - L FLOW As L ( EXERCISE

EE ions

)
• ify = df FEIN ) ⇒ Jsdf ,v > dpe=o Free My

TM

STRATEGY .

-

• LET  CE Ht ( M
,

IR ) AND Z AREPRESENTATIVE⑨ Lzcxio) = LAN ) -
L Ziv > is ATONELLILAGRANGIAN

THESE

•FINDMINIMIZING MEASURES FOR AL
,

f- Definitions

C DEPEND ONLY

•

DEFINE
ACC ) :  =  -

Mim A on  c

% he
' -

)~

• CONSTRUCT MATHER SETS Me :  = U { sunny : ALzCµ1= - ACC ) )
,

C

↳ COMPACT
,

INVARIANT
, LIESINENERGY LEVEL LCC )

,
SUPPORTED ON A LIPSCHITZ GRAPH



ROTATION VECTOR OF AN INVARIANT MEASURE p : My → He ( M
,

IR )
( SCHWARTZMAN ASYMPTOTIC  CYCLE )

LET ME ME DEFINE Im : H' C M
,

IR ) →
IR

c . - seaman I
'  ' 

THE REPRESENTATIVE Z
RIESZ THEOREM

TN

Im LINEAR FUNCTIONAL
- y

I !pCµ)c(H' CM.IR ))× I H.CM.IR )

s .
t

. Inca ) = cpcpr )
,

c > Vcc HIM
,

IR )
STRATEGY .

#
'

• V-h-CH.CM.IR )
, ZE = L MEME : pcpeth } Flo

•

FINDMinimizing
MEASURES FOR AL

.

ON Mh
<

• DEFINEBch) :  = MIE AL

we
• CONSTRUCT MATHER SETS Me :  = U { sunny : pCµ)=h , Aclu )=f3Ch )

-

↳ core PACT
, INVARIANT,

SUPPORTED ON LIPSCHITZ GRAPHS



?
Surerearizino : { I I

}⇐µEnj
:

- - - - . > { Ehlen
.ch .cn .ir ,

y T
MATHER SET MATHER SET

OF  COHOMOLOGY OF  HOMOLOGY

CLASS C CLASS h

X : Hi CM.IR ) → IR c- - - - - - - - - - - - . . > B : H.CM ,
IR ) → IR

c ↳ -
Mim A h ,→ mim A

ZL
l -  < Ziv >

FINCH EL - LEGENDRE Meh
<

MATHER 'S A - FUNCTION DUALITY MATHER 'S B - FUNCTION
.

( EFFECTIVE HAMILTONIAN ) ( EFFECTIVE LAGRANGIAN )

u s

xcc ) = sup ( cc ,h > - Bch ) ) Bch ) -
- sun ( cc ,h > -

aces )
HE HIM ,

IR ) c-CHKM.IR )

FEN CHEL - LEGENDRE  INEQUALITY .

' WARNING '

#

'

X. B ARE CONVEX

Acc ) -1 BCL ) Z Cgh > V-cc-HLM.IR ) THE H.CM , IR ) But  not NECESSARILY

= ⇐ c=2BCh ) ⇒ he 2×6 , strictly convex
.

←
SUB DERIVATIVES OR DIFFERENTIABLE



{ ' Ike
. mini?

- - -  '  . ' { Keys
.cn .cn .ir ,

RELATIONS .

-

•
U Me =

U 15h
CC H' CM ,iR ) h-CH.CM , IR )

•
15ha Flc ⇒ he 22cal ⇐ cE2BCh )

• if  c. c' C- 2BCh ) ⇒
ITH E MY n Ftc

,
( MY AND MY

,
ARE  not  Disjoint )

• IF he
,

he 's 21C ) ⇒
M~%£h" E Fla ( Muc contains motions of

DIFFERENT ROT
.

 VECTORS )

QUESTIONS • If B is Ct
,

isit
 TRUE THAT THE System is

INTEGRABLE
?

-  .  '  .

•
CAN ONE  DETECT  THE EXISTENCE  OF AN  INVARIANT LAGRANGIAN

GRAPH Frore PROPERTIES OF B ?



2 . DIFFERENTIABILITY OF RATHER 'S B - FUNCTION AND

INTEGRABILITY

B : H.CM ,
IR ) → IR is A CONVEX  FUNCTION

↳ Not  NECESSARILY

Strictly
.

CONVEX

NOR DIFFERENTIABLE

-  c  -
-

••
IF I AN  INVARIANT TORUS

,
WHOSE Motion is CONJUGATED  TO A ROTATION OFROTATIONVECTOR h =p B is DIFFERENTIABLE AT L

n
r •IF  THE  SYSTEM  is INTEGRABLE  =p B IS @

<

ON SOME  OPEN SET

⇐

r
.  r

\  .••if I AN  INVARIANT  LAGRANGIAN GRAPHS A
,

S .  T .
ALL ITS INVARIANT MEASURES

HAVE ROTATION VECTOR he AND THE  
UNION

OF  THEIR
SUPPORTS

COVERS N

=p B is DIFFERENTIABLE AT h
.



•

IF
dim HIM ,

IR )=O  =D B is DEFINED  ONLY AT A  POINT

⑨

IF
dim H

,
( M ,3R)=e  =D B is DIFFERENTIABLE EVERYWHERE ( WITH THE

| POSSIBLE  EXCEPTION OF  THE  ORIGIN )Y
CARNEIRO ' 95 : B ALWAYS DIFF

.  in RADIAL DIRECTION )

QUESTION : WITH THE EXCEPTION OF  THESE  TRIVIAL CASES
,

DOES THE DIFFERENTIABILITY

OF B imply ANYTHING ON INTEGRABILITY / I inv . LAGRANGIAN GRAPHS ?

DEFINITIONS :
 •

HE HIM ,
IR ) is K - IRRATIONAL IF K  is  THE  

Dimension
OF  The

SMALLEST SUBSPACE GENERATED By ELEMENTS OF H
,

( M
,

7L )
,

Or

NTAINING
he

.

→ I - IRRATIONAL :

"
ON A  LINE OF RATIONAL SLOPE

"

→ COMPLETELY IRRATIONAL : ke

dim
H

,
CM

,
IR )



RESULTS ON CLOSED SURFACES ( with DANIEL MASSARI
, NONLINEARITY 2011 )

THEOREI.tl
T M BE A  CLOSED  ORIENTED  SURFACE OF GENUS g

LET tho E H.CM ,
IR ) e - IRRATIONAL AND NON -

SINGULAR
non - SINGULAR

-

MEANS THAT

( is ⇒ dim 2BCho ) z g u

U Me
( Ii ) If Mirth AND B is DIFFERENTIABLE  AT fw

CE 2B Cho )

DOES  NOT CONTAIN

.  .  n . -  .FIXED POINTS

=p F AN  INVARIANT LAGRANGIAN GRAPH FOLIATED By PERRODIC OF  THE  FLOW

-

ORBITS
,

whose  HOROLOGYIsA MULTIPLE OF ho
/ v. f. FIEF

-
-

u

REMAINS :  so THE  ABOVE RESULTS ARE  FALSE  IF Lo is SINGULAR →
T FIXED PT

• ( Ii ) GENERALIZES A RESULT By MATHER FOR Twist MAPS OF ALL  OTHER

ORBITS ARE

PERIODIC
Tt  IE ANNULUS

,
AND A RESULT By BANGERT  FOR GEODESIC FLOWS ON IT

'd



DEFINITION A  TONELLI HAMILTONIAN H :
# M is SAID  To BE Co - INTEGRABLE IF

( re - C
.

ARNAUD )

I A FOLIATION OF # M By INVARIANT LAGRANGIAN GRAPHS
,

ONE  FOR

EACH COHOMOLOGY CLASS

REMARKS LIOUVILLE - ARNOLD INTEGRABILITY ON TTY ⇒ COINTEGRABILITY-

:

0¥

THEOREM 2 BE C
"

( H.CM ,
IR ) ) ⇒ THE System is

INTEGRABLEI
IN  PARTICULAR ? (METZ)

-
. .  I

•
he e-  IRRATIONAL : F INV .

 LAGRANGIAN GRAPH FOLIATED  By PER
.  ORBITS WITH HOMOLOGY

he AND  THE SAME  MINIMAL PERIOD

7

② h COMPLETELY IRRATIONAL : F INV - LAG . GRAPH WHOSE  MOTION is CONJUGATED TO ANIRRATIONAL
ROTATION OR A  DENJOY TYPE MORE ORORPIIISR

.

↳ I Gg SET  OF ( co ) HOMOLOGIES FOR WHICH THE Motion is CONJUGATED TO A ROTATION

• h=o F C
't

INVARIANT torus CONSISTING OF  FIXED Points



SOME COMMENTS
-

• THIS ANALYSIS CAN BE  EXTENDED TO NON

ORIENTABLE

SURFACES

-  .  >  '

IF Mf IRIZ
,

KLEIN BOTTLE =D F HEH .CM ,
IR ) S.T. B is not  DIFFERENTIABLE ' AT h

• ONE OF  THE KEY PROPERTY

IN
DIMENSION 2 is  THAT IF he is i - IRRATIONAL AND

now - SINGULAR =p
Fth consists OF  PERIODIC ORBITS .

• IN HIGHER DIMENSION Not MANY

RESULTS
ARE KNOWN ?

→ FOR NEARLY INTEGRABLE SYSTEMS

USING KAR THEORY ONE CAN DEDUCE SOME REGULARITY ,

-

IN THE WHITNEY SENSE
,

ON SOME SET  OF  DIOPLLANTINI HOMOLOGIES ,



3. WEAK INTEGRABILITY

RECALL LET CV
,

W ) BE A SYMPLECTIC MANIFOLD H :
V

→
IR

HAMILTONIAN

n
L ( W 2 - FORM CLOSED  AND  NON  DEGENERATE )

Poisson
.  ,  -

BRACKETS
•

HAMILTONIAN VECTOR FIELD :

aw = DH
.

? F
,

H }
"

•
F : V → IR is AN INTEGRAL OF MOTION FOR Xp,

it w ( Xf
, Xh ) =  O

→ F REMAINS CONSTANT ALONG THE ORBITS OF Xp, ← y ORBITS LIE sin { F=  C }

•
IF F

, , . . . . Fm ARE  

INTEGRALS
 OF  motion =p { F

, = C
, ,  

- - - ,Fm=  Cm } is AN
-

INVARIANT

SET

THE  MORE

INTEGRALS
OF Motions EXIST  =D  THE MORE  ORBITS ARE  CONSTRAINED

ON
"

SMALLER "
SUBMANIFOLDS

-

T
THEY MUST  HAVE

SOME
" TRANSVERSAL i Ty

"

=p FUNCTIONAL INDEPENDENCE



THEOREM

( Liouville - ARNOL 'D )

LET m  = I dirmv
,

E ,
.  . - . Fm : V → IR

INTEGRALS

OF MOTION .

ASSURE :
•

F
, ,

. - . . ,Fm ARE FUNCTIONALLY INDEPENDENT ( DF
, . - - . ,dFm LINEAR INDER )

• { Fi , Fj }=o Hi ,j=i . . .  m ← PAIRWISE  in

involution
( Poisson commute )

m
CONSIDER Mc :  = { I = as

,
. . . .

, Fm= am } F 10 c= ( a
,  . - .  cm ) EIR

r  t
.

THEN '

• Mc is AN INVARIANT LAGRANGIAN SUBMANIFOLD

T i r
.

 ,  a  1

INTEGRALS OF Motion INVOLUTION INDEPENDENCE

•
ifMaiscompact ( AND connected

.tt#MI-tTmo~wwic
" THE

F

.

MOTION IS CONJUGATED TO A ROTATION 7
i

•
F A NEIGHBOURHOOD OF Mc AND A CHANGE  OF COORDINATES ( Action - ANGLE )

TRANSFORMING THE HAMILTONIAN : TT: UET # me
,

IR { p=o}= 'Mc
( x , p ) - , IF Cp )



CAN ONE WEAKEN THE HYPOTHESES IN LIOUVILLE - ARNOL 'D THEOREM ?
.

REMARK : IN LIOUVILLE - ARNOL 'D THEOREM
,

INVOLUTION is FUNDAMENTAL TO CONCLUDE

THAT THE  INVARIANT MANIFOLD  is LAGRANGIAN AND its DYNAMICAL PROPERTIES
.

DEFINITION( WEAK - INTEGRABILITY ) ← [ SORRENTINO
,

TRANS
.

Ares 2011 ]

( V
,

w ) SYMPLECTIC MANIFOLD
,

dim ✓
= 2M

,
H : V →

IR HAMILTONIAN

. .  ,  ~

H is SAID WEAKLY -
INTEGRABLE IF  IT HAS M INDEPENDENT INTEGRALS OF MOTION -

Liouville - ARNOLD =D WEAKINTEGRABILITYINTEGRABILITY 0€

The ! LET G A compact Semi - simple LIE

GROUP OF RANK ZZ

THESE LEFT INV - METRICS ARE IN ANY NBHD OF  THE  Bi - INVARIANT  METRE

WEAKLYINTEGRABLE
:  BUT not → THERE ARE LEFT INV.METRICSLiouville - ARNOLD with Positive  top

. ENTROPY ( BFIEFRN-n.in )



EXAMPLE  OF WEAKLY -
INTEGRABLE SYSTEMS ( SORE  IDEAS )

/

G COMPACT LIE GROUP
, OL LIE ALGEBRA

CONSIDER A  LEFT INVARIANT RIEMANNIAN METRIC ON G → GEODESIC FLOW

↳ A : of → Of
*

EUCLIDEAN STRUCTURE  ON G

DEFINING
THE METRIC

( symmetric Positive  DEFINITE )

↳ Ag? Tg G → TIG )itcan  BE EXTENDED to  THE WHOLE TG
'

g te Eg . ,
A

Lg . # I

MAPS INDUCED By LEFT  TRANSLATION ON COTANGENT

AND  TANGENT SPACE

AT
Cg , ) = ( g , Ag ( if ) ) MOMENT  OF  INERTIA  OPERATOR co - ADJOINT REPR

(
OF  THE  GROUP

v

H : T
→ IR

C g. p ) ti tzcp , Afp > d§Ps=o ¥ePb=o_d¥zB

p ur > B = LIP → 75%4715%4Enron

RELATE
)

LETTER.ms OF

Ps = RIP → , ,  , ,  , ,  to THE space
OWE  FOR EVERY g EG



WEAKLY
- INTEGRABLE TONELLI HAMILTONIANS H : TTM

→ IR

IDEA : STUDY HOW THE  PRESENCE OF

INTEGRAL
OF MOTIONS

,

is REFLECTED BY THE

:

Action
- minimizing PROPERTIES OF  THE SYSTER ( IE

,
ITS MATHER SETS { ME !

.cm
,

ay ,}
KEY REMARKS . x

-
.

MATHER SETS IN
,  '

• { ME )
,

ARE SYMPLECTIC INVARIANT
.

LET F-

TEM
→ IR T

't
M via  THE

LEGENDRE  TRANSFORM
.  r

INTEGRAL OF Motion AND LET :
Tt M

-
¥ M BE  ITS FLOW -

THEN : ¥ ( MICH) ) = ME (Hoot 't) = MECH ) ⇒ ME
-

is PRESERVED By 0¥

-  -  I

••
IF H HAS K INDEPENDENT INTEGRALS OF Motion ⇒ RANK II

,p ,
ME Z k

A
- *

pg
't ME ARE  not NEC . V Ggp ) E ME VCE HIM

,
1121THE RANK  OF ↳ p , c PROVIDES

SUBMANIFOLDS
A  CONSTRAINT  TO HOW MANY INDER

INTEGRALS of MOTION ,
CAN Exist IN I×,p,M! = { SET  OF ALL VECTORS TANGEN ,  to ME AT ( X

, P ) }
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