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Symplectic and contact properties of the
Mané critical value of the universal cover

Gabriel P. Paternain and Alfonso Sorrentino

Abstract. We discuss several symplectic aspects related to the Mané crit-
ical value ¢, of the universal cover of a Tonelli Hamiltonian. In particular
we show that the critical energy level is never of virtual contact type
for manifolds of dimension greater than or equal to three. We also show
the symplectic invariance of the finiteness of the Peierls barrier and the
Aubry set of the universal cover. We also provide an example where ¢,
coincides with the infimum of Mather’s o function but the Aubry set of
the universal cover is empty and the Peierls barrier is finite. A second
example exhibits all the ergodic invariant minimizing measures with zero
homotopy, showing, quite surprinsingly, that the union of their supports
is not a graph, in contrast with Mather’s celebrated graph theorem.
Mathematics Subject Classification (1991). 37J50, 37J05 (primary); 37J55,
53D05, 53D10 (secondary).

1. Introduction

Let M be a compact connected manifold of dimension n and let us consider
an autonomous Hamiltonian H : T*M — R, which is C?, strictly convex
(i.e., with positive definite hessian) and superlinear in each fiber, and the
corresponding Lagrangian system L : TM — R, which is defined by Fenchel—-
Legendre duality. Hamiltonians and Lagrangians of this kind are often said to
be of “Tonelli type”.

Since the seminal works by John Mather [19,20], Ricardo Mané [16]
and Albert Fathi [13], much effort has been spent in order to study the
dynamics of these systems and their symplectic properties, both using vari-
ational methods—the so-called principle of least action—and their analyt-
ical counterpart, in the form of viscosity solutions and subsolutions of
Hamilton—Jacobi equations. See for instance, just to mention a few references
[3,6,9,12,14,18,21,24].

The energy values on which these methods can be applied are called Mané
critical values. These values appear in several different contexts and can be
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defined and interpreted in many interesting ways, each reflecting and encoding
a distinet dynamical or symplectic significance (see for instance [2,6,22,26]).

This work aims at advancing further the work in [5], where the authors
thoroughly analyzed the relation between these critical values and the symplec-
tic topology of the corresponding energy hypersurfaces. More specifically, they
focused on understanding how the dynamical, symplectic and contact proper-
ties of the regular energy levels of the Hamiltonian change when one passes
through some Mané critical value. Here we will focus more on the Peierls bar-
rier and the Aubry set.

1.1. Mané critical values

In the case of a compact M, a crucial idea behind the definition of these crit-
ical values is the following observation. If one modifies the Lagrangian (and
consequently the corresponding Hamiltonian) by subtracting a closed 1-form,
then it is easy to verify that while this does not affect the Euler-Lagrange
flow of the system, nevertheless it has a substantial impact on its action-
minimizing properties. More specifically, if 1 denotes a closed 1-form on M,
and L,(z,v) := L(z,v) — (n(x), v) and H,(z,p) = H(x,n(x) + p) are respec-
tively the modified Lagrangian and Hamiltonian, then the corresponding Mané
critical value c(H,) can be defined in many equivalent ways (see also [25]):

(1) Variational definition I if 9t denotes the set of invariant probability
measures of L (hence of L,), then:

c(Hy) = f#rélgjrllL /TM L,(xz,v)du,

i.e., it is the opposite of the minimal average L, -action of invariant prob-
ability measures of the Euler-Lagrange flow of L (see [19]). A measure
which realizes this minimum is called an action-minimizing (or Mather’s)
measure of cohomology class [n].

(2) Variational definition II: for any absolutely continuous curve (abs. cont.)
v : [a,b] — M, we define its L-action as

Then (see [7,16]):
c(Hy) =inf{k € R: Ar, 4x(y) >0, Vabs. cont.loop v}
= sup{k € R: Ap 41(y) <0 for some abs. cont. loop v}.

(3) Hamiltonian definition: in [4] Dias Carneiro proved that c¢(H,,) represents
the energy of action-minimizing measures of cohomology class [n], i.e., the
energy level on which they are supported.

(4) Symplectic definition: it was proved in [22] that ¢(H,,) represents the infi-
mum of the energy values k’s such that the energy sublevel {H (x,p) < k}
contains a smooth Lagrangian graph of cohomology class [n] € H!(M;R).
In particular, it corresponds to the smallest energy sublevel containing
Lipschitz Lagrangian graphs of cohomology class [n].
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(5) PDE definition: ¢(Hy) is the unique k for which Hamilton-Jacobi equation
H(z,n(z) + p) = k admits viscosity solutions [13].

The above definitions (and many others) are all equivalent (in the com-
pact case) and it turns out—as it could be easily evinced for instance from
item (4)—that they only depend on the cohomology class of 1 and not on
the particular representative that has been chosen. Moreover, these values are
somehow symplectic invariant, in the sense that they are invariant under the
action of exact symplectomorphisms [2]; non-exact symplectomorphisms do
preserve the set of values {c(Hy)}mem (m;r), but they do affect the corre-
sponding cohomology classes: they essentlally act as a “translation” in the
parameter (i.e., the cohomology class).

It is rather useful to consider all of these values as a function on H!(M;R):

a:HY(M;R) — R

¢ — c(Hy,),

where 7, represents any closed 1-form of cohomology class c¢. This function,
which is usually called Mather’s a-function, turns out to be convex and super-
linear (see [19]) and it surprisingly behaves as a sort of “effective Hamiltonian”
for the system; moreover, its regularity and strict convexity properties encode
many interesting aspects of the dynamics of the system [17,18,26].

The minimum of this function, which is usually denoted by co(H), is
called Mane’s strict critical value. This value is a symplectic invariant (not
only for exact symplectomorphisms) [22]: it corresponds to the largest energy
sublevel that does not contain in its interior any Lagrangian submanifold
Hamiltonianly isotopic to the zero section. In particular, observe that co(H)
represents the lowest energy level in which these variational methods (known
as Aubry—Mather theory) can be applied.

In some cases, there is a way to push these methods below the strict
critical value. The main idea consists in lifting the system to a cover space (see
).

Given II : M — M a cover of M, we can consider the corresponding
lifted Hamiltonian H := H o dII and the associated Lagrangian L. Following
the variational definition (2) from the compact case, one can define the Mané
critical value associated to this cover, as

¢(H, M) :=c(H) =inf{k € R : A7, (v) =0, Vabs. cont. loop v}

(observe that a-priori it is not clear whether all previous characterizations that
are valid in the compact case, do still hold for non-compact cover spaces).

It is not difficult to verify that ¢(H, M ) < ¢(H). Moreover, equality holds
if TT: M — M is a finite cover (see [9, Lemma 2.2]).

Two distinguished covers are the wuniversal cover 11, : M — M and
the abelian cover 11, : M — M (i.e., the cover of M whose group of deck

transformations is H;(M;Z)). We shall denote the respective critical values
by
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colH) :=c(H,M) and  cq(H):= c(H,DM). (1)

Clearly, ¢, (H) < co(H) < ¢o(H). Moreover, in [21] it was proved that
in the case of compact manifolds, ¢, (H) = ¢o(H). Therefore, we can conclude
that also in the case of the abelian cover, ¢,(H) is a symplectic invariant.

Remark 1. In [14] the authors proved that if the fundamental group of M is
amenable, then ¢, (H) = ¢,(H). Recall that a discrete group G is said to be
amenable, if there is a left (or right) invariant mean on £°>°(G), the space of all
bounded functions on G. For example, all finite groups or abelian groups are
amenable; similarly for finite extensions of solvable groups. On the other hand,
if a group contains a free subgroup of two generators then it is not amenable;
this is the case of the fundamental group of a compact surface of genus g > 2.
In [21], the authors provided an example of a Tonelli Hamiltonian H on a
compact surface of genus two, for which ¢, (H) < ¢o(H). See also Sect. 6.

1.2. Main results

Recall that a hypersurface ¥ in a symplectic manifold (V2",w) is of contact
type ifcu|E = d\ for a contact form \ on ¥, i.e., a 1-form such that AA (d\)"~*
is nowhere vanishing.

A related notion is the notion of virtual contact structure. A hypersurface
) is said to be of virtual contact type if T*w’§ = d\, for a contact form A on

the universal cover 7 : ¥ — > such that

sup [Az] < C < 400 and inf A(R) > e > 0,

e T€EX
where | - | is a metric on ¥ and R is a vector field generating Ker(w|X) (both
pulled back to ). If (2, w) is virtually contact and its fundamental group
m1(X) is amenable, then (X, w) is of contact type (this follows from a standard
argument using amenability as in [14,23]).

For energy levels Xy, := {H(x,p) = k} of Tonelli Hamiltonians we have

the following (assume M compact and, for simplicity, orientable):

(1) for k > co(H), the energy level ¥, is of contact type [10, Theorem B.1];

(2) for M different from the 2-torus and ¢, (H) < k < ¢o(H), the energy level
Yk is never of contact type [10, Theorem B.1];

(3) for k > ¢, (H) the energy level Xy, is virtually contact [5] (this was proved
for magnetic Lagrangians with potentials, but it is easy to see that it holds
for any Tonelli Hamiltonian);

(4) in [11, Section 5] the authors provide an example of a Tonelli Lagrangian
on TT? for which ¢,(L) = ¢,(L) and the corresponding energy level is of
contact type.

Observe, in particular, that if 3y is of contact (or virtual contact) type,

then k is a regular value of the energy function E(x,v) = g—ﬁ (z,v)v—L(x,v).In
particular, k > e := max,ep F(z,0) = —mingep L(x,0), which corresponds

by superlinearity to

e=min{ceR: 7: E () CTM — M is surjective} .
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Continuing this analysis, we prove the following result (see Sect. 2).

Theorem A. If dim M > 3 and H : T*M — R is Tonelli, then the energy
level ¥, gy = {E(x,v) = cu(H)} is never of virtual contact type, where

E(xz,v) = 25 (z,v) - v — L(x,v) denotes the energy function.

Observe that the hypothesis dim M > 3 is necessary because of the exam-
ple in item (4) above. However it makes sense to ask:

Question I. Is it possible to find examples of Tonelli Hamiltonians on surfaces
of higher genus, for which X, gy is of virtual contact type?

In Sects. 3, 4 and 5 we investigate the symplectic properties of the action-
minimizing objects associated to the lift of the Hamiltonian to the universal
cover. Our main result in this direction is a proof of the symplectic invariance
of ¢,(H), the finiteness of the Peierls barrier hyz; and the Aubry set A% (we
review the definition of these objects in Sect. 3).

Theorem B. Let M be a closed manifold and H : T*M — R a Tonelli
Hamiltonian. Assume W : T*M — T*M is a symplectic diffeomorphism such
that H' := H o W is still of Tonelli type. Then

(1) cu(H) = cu(H');

(2) The Peierls barrier hy is finite if and only if hg, is finite;

(3) The projected Aubry set Az is empty if and only if the projected Aubry
set Az, is empty;

(4) AL, = \T/_l(A%), where U is any lift of U to T*M.

The main difficulty in this setting is represented by the lack of compact-
ness, which might create quite peculiar aftermaths, like the Peierls barrier
being infinite or the Aubry set (or Peierls set) being empty. Examples of these
occurrences can be found in [8, Section 6], however these examples are unfor-
tunately not lifts of Lagrangians on closed manifolds. We remedy this here
by providing in Sect. 6 two examples. One has ¢, = cg, finite Peierls barrier
but empty Aubry set in the universal cover and the other has ¢, < ¢, and
also finite Peierls barrier and empty Aubry set. In the latter we find all the
minimizing ergodic invariant measures with zero homotopy thus illustrating
what we are up against.

Question II. Is it possible to find examples of Tonelli Hamiltonians on closed
manifolds for which hy; is infinite?

The proof of the first three items in Theorem B is not difficult (see Propo-
sition 2, Theorems 1 and 2). The proof of item (4) is more involved and for
this we need to adapt Bernard’s methods in [2] to this non-compact setting
(see Theorem 4).
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2. Virtual contact property

In this section we want to prove Theorem A. Let us start by recalling some
definitions and properties. Define the space of continuous functions with at
most linear growth

CHTM) =3 fe CYTM;R): sup M<oo
(z,w)ETM 1+ HU”

and consider the set

My = {,u Borel probability measures on TM s.t. / loll dp < oo}
™

endowed with the topology: lim,, p1,, = p if and only if lim,, [ fdu, = [ fdu
for any f € CJ(TM). Observe that 9, can be naturally embedded into the
dual space (Cg(TM ))* and its topology coincides with the weak*-topology on
(CE(TM ))* It is also possible to prove that this topology is metrizable.

For any v : [0,7] — M absolutely continuous curve, let us associate a
Borel probability measure j, uniformly distributed on =, i.e.,

|t =g [ ra@ama vrecima

Since fOT [I7(t)|| dt < oo, then p1, € M. We denote by €(M) the set of 11, gen-
erated by closed absolutely continuous loops v and consider its closure €(M)

in M. A measure in (M) is called a holonomic measure. It is easy to check
that this set is convex and that it contains all invariant probability measures
for any Tonelli Lagrangian L (it is essentially Birkhoff’s theorem). See for
instance [7,16].

Amongst holonomic measures, we want to look at the special ones gen-
erated by contractible loops. More specifically, let

Co(M) :={p, € €(M) : ~is a contractible abs. cont. loop}

and let us consider its closure Ho(M) := €o(M) C €(M) C M,. We call these
measures “holonomic measures with zero homotopy type”.

Remark 2. Recalling the definition of ¢, (H) and observing that for any given
u € Ho(M) there exists a sequence p, € €y(M) such that p, — p and
J Ldp, — [ Ldp, then:
co(H):=— inf A .
(H) et (1)
Dias Carneiro [4] proved that Mather’s minimizing measures for L have

support contained in the energy level ¢(H). Our first proposition establishes a
weaker result for the action-minizimizing measure with zero homotopy type.
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Proposition 1. If € Ho(M) is such that Ar(n) = —cy(H), then

/Exv dp = co(H),

where E(x,v) = %(m, v) - v — L(x,v) is the energy.

Proof. Let A € R and consider a new probability measure py defined by
[ fdns = [ @0 v recieran.

Clearly px € Ho(M). In fact, since p € Ho, then there exist p,, — p with
Yn : [0, T,,] — M contractible loops. Let us define 3 by

[ra, = [ ran@ 3 @nae= 2 [ e, anna se cper)
n Jo

’ﬂ 0

where z,,(t) = v, (At). Clearly z,, are contractible and moreover p,,, = u;\n —
[y since

Ty
= | e xuoya— [ e ode= [ s,

Now, set F(A) = [Lduy = | L(x, Av)dp and observe that F’'(1) = 0
since p is action-minimizing in Hy. Moreover,

0=F'(1 /3 x,v) - vdu

= /(E(J; v) + L(z,v)) du
z/E(x,v)du—cu(H).

This naturally raises:

Question III. s it true that action minimizing measures with zero homotopy
are supported on the energy level ¥ (g ? In other words: what is the energy
of their ergodic components?

An easy argument with the Tonelli theorem, to be supplied below during
the proof of Theorem A, shows that there always exist minimizing invariant
measures with zero homotopy which are supported on the energy level ¥, (p).
Proof of Theorem A Let us assume by contradiction that ., (g is of virtual
contact type. Then, using Legendre duality:

L(z,v) +cu(H)|, = L(z,v) + E(z,v)

ey (H)

ey (H)
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where Xp is the Euler-Lagrange vector field and © is the pull-back of the
canonical 1-form A\ of T*M via the Legendre transform.

Let icu(H) = Y., (m) be the universal cover. Since dim M > 3, this is
the same as lifting everything to M and consider the energy level ¢, (H) of
the lifted system (in fact, E~1(k) — M is a sphere fibration over a simply
connected manifold with simply connected ﬁbers)

We are assuming that there exists o on EC o+ (H) such that dO© = da, with
llaf|co < 0o and a(XE) > e. Moreover, since wl(Ecu(H)) = 0, then there exists
a smooth function f : ZCH(H) — R such that

5) =a—df on icu(H).

Extend f to a smooth function on TM. Then, @ + df is defined on all TM
and has the property that (© + df)(Xg) > ¢ on %, W (H)-

Lemma 1. There exists § > 0 such that ©(Xg)+df (Xg) > S on B~ (cu(H) -
8,cu(H) +96).

We shall prove this lemma after completing the proof of Theorem A.

Let us now consider a sequence 7, : [0,T,,] — M of closed contractible
Tonelli minimizers on M (i.e., each of them minimizes the action among con-
tractible loops with the same time length) such that

1
< ?AL+cu(H)(7n) — 0.

Each +, has energy k,. By a-priori compactness estimates [7, Lemma 3.2.1],
these k,, are bounded. In fact, by superlinearity of L we know that there exists
D > 0 such that L(z,v) > ||v|| — D for each (x,v) € TM. Therefore,

T
0 Apseaim ()2 7 [ (15l = D+ culi).
n Jo
Applying the mean value theorem, we conclude that there are tfj € [0,7),] such
that ||4,(tf)]] < K uniformly. Hence, using the fact that the energy is constant
along the orbits of the flow, we can conclude that the sequence k,, is bounded.

By passing to a subsequence, if necessary, we can assume that k,, — k and

1
lim —Ap(v) =—c,(H).
L - Ar(n) = —eu(H)

Let p € Ho be a weak*-limit of y., . Clearly supp p C E~*(k) and Ap(u) =
—c,(H). By Proposition 1 if follows that k = ¢, (H), so kn, — ¢, (H).

Remark 3. Observe that we have proved the existence of invariant minimizing
measures with zero homotopy contained in the energy level ¢, (H).

For n sufficiently large, T'),(t) := (7,(¢), ¥n(t)) € B~ (cu(H) — 6, cu(H) +
9). Thus,
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1 1
TAL+cu(H) (7n) = AL+k (V) + (cu(H) — kn)

: :7/ (Xg) + (cu(H) — kn).

Using Lemma 1, we obtain

1 €
ﬁAL+cu(H) (’Yn) > 5 + (Cu(H) - kn)
Taking the limit as n goes to 400, we obtain a contradiction:
. 1 , € €
0= nEI-ir-loo ﬁAL+c1L(H)(7n) > nl—l>l-|r-loo (5 + (Cu(H) — k’n)) = 5

Let us now prove Lemma 1.

Proof of Lemma 1 We shall choose § later. For the moment, let us consider a
neighborhood of X (f) so that the following map is well defined

T E N ey(H) = 0,c(H)+0) — Xoyny st w|E " (cu(H)) =1d.

Lift this to TM and denote it by 7. Let us extend f : icu(H) — R by
considering f o 7. We want to show that we can choose § > 0 such that:

O(Xp) + df (d7(Xp)) > g on E~Y(ey(H) — 6, co(H) + 9).
For this, just note that there exists § > 0 such that:

O(Xp) (@,v) = OX) (7 (w,v)| <

000y {7 (X ) (@, 0) = Af 0 (X) (w2, 0)] < 15

because |df|co < K, for some K > 0, from the definition of being virtually
contact. _
Thus for (z,v) € E~!(cy,(H) — 6,¢,(H) + &) we have:
(O(Xp) + df (di (X)) (w,0) = O(Xp)(z,v) — O(Xp)(F(z,v))
+df (0 (d7( X)) (2, 0)
= df5(2,0)(XE)(7(2,0))
+ O(Xg) + df (XEg)(m(x,v))
€ € 8 _ ¢

> =2,
S0 107107 2

3. Symplectic invariance of ¢, (H)
In this section we prove the first item in Theorem B.

Proposition 2. If U : T*M — T*M is a symplectomorphism such that H o
U=t s still of Tonelli type, then c,(H) = c,(H o 1),
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Proof. Let k < ¢, (H). It follows from the definition of ¢, (H) (see Sect. 1.1)
that there exists a closed absolutely continuous contractible curve o : [0,7] —
M such that Apix(0) < 0. A-priori, this curve might not be an orbit, but
applying Tonelli’s theorem [16,19] we can find a closed contractible minimizer
(and hence an orbit for the flow) ~ : [0,7] — M such that

Apk(y) < Apyr(o) <0,

Let T' := ('y, %(’y, 7)) denote the image of this orbit in T*M. Clearly, T"
is a flow line associated to the Hamiltonian vector field of H. Since ¥ is a
symplectomorphism, then ¥(I') will be a flow line for H o ¥ 1. If we denote
by v/ := «(¥(T)), where 7 : T*M — M is the canonical projection, then
(v',4) is an orbit of the Euler-Lagrange flow of L', where L’ is the Lagrangian
associated to H o W1, and

v(r) = (v, 550 ).

Claim. Ap 1 (v) = Apan(y).

In fact, using Fenchel-Legendre duality and the fact that the Hamiltonian
is constant along the flow lines, we obtain (recall that w = dA):

T
AL/—i—k(’Y,) = / [L/(’Y,, ’7,) + ]C] dt

0
= )\+/T[k—H’(\II(F)(t))] dt
w(T) 0

T
:/F\I/*)\—&-/O lk — H(T(1))] dt

—/F(\I/*)\>\)+/F>\+/OT[kH(F(t))]dt
:/F(W*A—A)+/T[L(y,7)+k]dt

0
- / (WA= \) + Api(y).

Observe now that ¥ is a symplectomorphism, i.e., ¥*w = w, therefore ¥*\ — \
is a closed 1-form. Hence, using that I' is contractible, we can conclude that
Jr(¥*X = X) = 0. This concludes the proof of the claim.

It follows now from the definition of ¢,, that ¢,(H o W=1) > ¢, (H). The
reversed inequality is proved in the same way, using that ¥ is invertible. [

4. Action-minimizing properties in the universal cover

In this section we would like to study the action-minimizing properties of the
energy level corresponding to the Mané critical value of the universal cover. We
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refer the reader to [7,13,25] for a more comprehensive introduction on Aubry—
Mather—-Mané—Fathi theory in the classical (compact) setting. The main dif-
ference (and difficulty) in this context is that the lift of the energy level to the
universal cover is non-compact anymore (see also [14]).

4.1. Peierls barrier

Let us denote by H the lift of the Hamiltonian to the universal cover, namely
H:=Ho dIl,. Similarly, L will represent the associated Lagrangian. As done
by Mather [20], we want to study the action-minimizing properties of this
system and define the so-called Peierls barrier associated to H.

Given T, 22 € M and T > 0, we define:

W) = inf [ L(0).5(0) @)

where the infimum is over all absolutely continuous curves « : [0,T] — M such
that v(0) = #; and v(T') = Z5. It follows from Tonelli theorem (it holds also
in the non-compact case, assuming that L is superlinear [7]) that this infimum
is actually a minimum. The Peierls barrier is defined as follows:

hip (T, 2) := gglfg[h (%1, %) + cu(H)T]. (3)

One can check that hyz(%1,72) > —oo for any 71,72 € M. Whilst in the
compact case this quantity is always finite [13,20], in the non-compact case it
may be infinite. However, it is easy to check that if this barrier is either finite
everywhere, or identically equal to +o0.

Lemma 2. If there exist 1,72 € M such that hz(Z1,%2) < +oo, then hg is
finite everywhere.

Proof. Let z1, 25 € M. Consider the shortest unit-speed geodesics connecting
Z1 to 1 and 23 to Z2, and denote them respectively by o; and oy. Moreover,
let

A:= sup L(z,0)= sup L(z,v) < +oo.
|8||=1,ze M llvll=1,zeM

Since hgz(Z1,72) < 400, then there exist v, : [0,7,] — M, with T, — +oo,
such that v,(0) = &1, ¥, (Ty) = &2 and

AE+CH(H)(’YH) — hz (1, 72) asn — +o00.

Let T), := T, + d(Z1,21) + d(Z2, Z2). We define new curves o, : [0,7,] — M
connecting z; to Z, by o, := 03 * 7, * 0. Then:
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hie (21, 22) + co(H)T0 < Ap ) (00)
= Af e, (0) T Af e,y () T Afie, (1) (97)
< Ai+cu(H)(7n) + [A+ e, (H)|(d(Z1,%21) + d(Z2, Z2)).
Therefore:
hz(Z1, 22) < hmmf(h; (31, %2) + cu(H)T,)
< liminf(Az, (H) (vn) + [A 4+ co (H)|(d(Z1, 21) + d(Z2, 22)))

n—oo

= h’ﬁ(l’l,xz) + [A + Cu(H)](d((il, 51) + d(i’g,gz)) < 00.
]

Remark 4. It is not difficult to construct an example of a Tonelli Lagrangian on
a non-compact manifold, whose Peierls barrier is identically +o0o. For example
(see [7] for more details) one could consider

L:TR? —R
1
(2,0) — 2l + U)

where | - || denotes the euclidean norm on. R? and U(x) is a smooth function
such that U(xz) > 0 for all z, U(x) = ”x” for [|z|| > 2 and U(x) = 2 for
0 < ||z|| < 1. However this Lagrangian is not a lift of a Lagrangian on a closed
surface (see also Question II in the Introduction).

Let us prove that the property of having a finite Peierls barrier is some-
how simplectically invariant. Namely7 if ¥ : T"M — T*M is a symplecto-
morphism such that H ":= H o ¥~ is still of Tonelli type, and we denote
by H' and L/ respectlvely the lifts of this Hamiltonian and the corresponding
Lagrangian to the universal cover, then the following is true.

Theorem 1. hy is finite if and only if hy, is finite.

Proof. 1t suffices to prove that hy being finite implies that hz, is also finite.
Using the invertibility of ¥, one can sur/uvlarly prove the other 1mplication.
Suppose that there exist &1, %2 € M such that hz(%1,72) < +o00. Then,
we can find v, : [0,T;,] = M, with T,, — 400, such that 7,,(0) = Z1, v,(Ty) =
To and
Ai+cu(H)(7") — hg (1, 72) as n — +oo. (4)
Up to applying Tonelli theorem, we can assume that each =, is a Tonelli
minimizer and hence an orbit of the flow. In particular, since they have
bounded actions, using [7, Lemma 3-2.1] one can deduce that their veloci-

ties are bounded, i.e., |4, (¢)|| < C for all n and for all ¢ € [0,T;,]. Let us now
consider the corresponding flow lines for the lifted Hamiltonian:

La(t)i= (000 G (0 50(0))
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Since VU is a symplectomorphism, then I, := U(T,) is still an orbit of H.
In particular, since 4, (0) and 4, (7,) all lie in a compact region, then the
endpoints I, (0) and I'},(7},) lie in a compact region of T*M. Therefore, up to
extracting a convergent subsequence, we can assume that the endpoints of the
projected curves v/, := 7l converge as n — +o0:

1(0) =2 and 7y (Th) — 2. (5)
Let us now consider the shortest unit-speed geodesics connecting Z1 to ~1.(0)
and 7, (T,,) to Z2, denoting them respectively o, ; and o, ;. Let T, =T, +
d(v,,(0), 21) + d(v,,(T%), 22) and define a new sequence of curves oy, : [0, T, —
M connecting Z; to 2z, by 0, := 0, %7, %0y, r. Then (using also Proposition 2):
h~ (21, Z2) + cu (H' )T < AL,+ (H,)(an)
= Ao, (1) Ond) T AL o, () ) F AL oy (1) (Ons)
< Aoy () + (A eu(HD)(A((0).21)
+d(7,(Tn), 22)),
where

A:=  sup L(Z,0)= sup L(z,v) < +4oo.
|3|=1,2e M llvll=1,zeM

Let A denote the lift of the Liouville form A to T* M. Observe that since
T is a symplectomorphism, then T*\ — X = dF for some F : T*M — R. We
want to show that

Ai'+cu(H/)(7:z) = Ai+cu(H) (1) + F(In(T3)) — F(I'(0)).

Using that the Hamiltonian is constant along the orbits and that I'y, (7},)
and T',(0) all lie in the same compact region, we obtain:

Tﬂ' ~
Aprsesiin @) = [ @) + ) de
0

~ T ~
:// >\+/O (cu(H") — H' (T}, (1)) dt

_ / iy / (eulH) — H(T, (1)) dt

- [ @5 n [ A /OT"<cu<H>—ﬁ<rn<t>>>dt

~ o~ ~ Tn -~
:/ (\IJ*A—AH/O (L(Yn, ) + cu(H)) dt

Iy
_ /F (B3 = 3) + Apy o ) ()
=A; . om(m) + F(Un(Th)) — F(I'n(0))
< A;
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Then, using (4), (5) and Proposition 2, we can conclude:
hi (21, %2) < hmlnf( (21,22) + cu(H')T )
= hm 1nf(AL,+c ( V) + [A+ cu(HN](d(7,,(0), Z1)

+d(%(Tn) 2)))
< liminf(Az ( n) + const)

= hﬁ(xl,xg) + const < 4o0.
U

4.2. Aubry set

In the study of the dynamics of the system and its action-minimizing prop-
erties, a very important role is played by the set in which the Peierls barrier
vanishes:

Ay ={&eM: hz(z,7) =0}
This set is usually called projected Aubry set (or Peierls set) of H (see [13,16,
20]).
It is important to point out that while in the compact case this set is

always non-empty, in the non-compact case Az might be empty, even if the
Peierls barrier is finite, as it is shown in Sect. 6

Remark 5. It is straightforward to check the following behaviour under cov-
erings p: M1 — Ms: ¢1 < cg, h' > h? and pA' C A2, where ¢;, h? and A? are
respectively the critical value, the Peierls barrier and the Aubry set in M;.

We want to show that being empty or not, is also a symplectic invariant
property of the system, in the same sense as we explained above.

Theorem 2. Let ¥ : T*M — T*M be a symplectomorphism such that H' :=
H oW1 is still of Tonelli type. Then, Az # 0 if and only if Az, # 0.

Proof. We shall prove that Az # 0 implies Az, # ). Using the invertibility
of ¥, one can similarly prove the other implication. Suppose that 7 € Ay,

i.e., there exists T € M such that h (7, Z) = 0. Then, we can find closed loops
ay ¢ [0,T,] — M, with T,, — 400, such that a,,(0) = Z and
AZ-‘,—cu(H)(a”) —0 asn — +o0o.

These curves «,, are not necessarily closed orbits. Therefore, for any given T;,,
we can apply Tonelli Theorem for closed contractible loops in M with period
T,, and obtain closed orlzivts that we can lift to M. We shall denote these new
orbits by v, : [0,T,,] — M. Observe that since they are Tonelli minimizers in
their respective class, then

0<Az,..n(m) <A . mlon) —0 asn — +o0. (6)

It is important to notice that it is not true anymore that -, (0) = Z, but we
can nevertheless assume that these “end-points” are all contained in a compact
region of M. In particular, since they have bounded actions, using [7, Lemma
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3-2.1] one can deduce that their velocities are bounded, i.e., ||, (t)| < C for
all n and for all ¢ € [0,7,,]. Let us now consider the corresponding flow lines
for the lifted Hamiltonian:

Fn(t) = <'7n(t)» (‘;f}/(lyn(t%?/n(t))) :

Since W is a symplectomorphism, then I, := W(T',) is still a closed orbit of
H'. In particular, since all 4,,(0) lie in a compact region, then all I/, (0) lie in a
compact region of T* M. Therefore, up to extracting a convergent subsequence,
we can assume that
v (0)—2  asn— 4oo, (7)
where ~), := 7I,. Let us now consider the shortest unit-speed geodesics
connecting Z to v,,(0) and 4,,(0) to Z, denoting them respectively o, ; and
on,f. Let Ty, := Ty, + 2d(~,,(0), 2) and define a new sequence of closed curves
on [0, Tn} — M, by 0y, 1= 0y * 7, * 0y 5. Then (using also Proposition 2):
W (2,2) + cu(H)T < Ago o gy (0)
= AE'+cu(H')(Unﬁi) + AE’Jrcu(H’) (V) + Aiurcu(H/) (On,r)
< Aoy () +2[A + cu(H)]d(7,(0), 2)
where
A= sup L(Z,0)= sup L(z,v) < +o0.
|o|=1,2e M llvll=1,2eM
__If as before A denotes the lift of the Liouville form A to T*M and F :
T*M — R is such that ¥*\ — X\ = dF, then we want to prove that:

A A

L'+cy (H) (P)’;z) = Al qc,(H) (Yn)-

Using in fact that the Hamiltonian is constant along the orbits, we obtain:
Tﬂ' ~
Aprvcsimn0) = [ ) + e
~ Tn ~
=/ A +/ (co(H") — H'(I,(1))) dt
. 0

_ / T4 / (ealH) — H(T, (1)) dt

-

~ o~ o~ o~ Tn’ ~
(\I/*)\—)\)—i-/F A+/O (ca(H) — H(To(t))) dt
- / (@3- 0 + / (L, i) + cul(H)) dt

T, 0

= /F dF + Ap . o ()

= Af e,y ()-
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Then, using (6), (7) and Proposition 2, we can conclude:

0 < hyp,(3,2) < liminf (K2 (3, 2) + e, (H')T,)

n—o0o H’

= lminf(Az, . g)(vn) + 2[A + cu(H")]d(7,,(0), 2))

n—oo

= liminf Az . (v) = 0.
Therefore, Z € A, O

This concludes the proof of the first three items in Theorem B.

The projected Aubry set is closely related to the existence and the prop-
erties of viscosity solutions and subsolutions of Hamilton—Jacobi equation, as
pointed out by Fathi [13]. Let us recall the notion of viscosity subsolution,
supersolution and solution.

Let U be an open set of M. We shall say that a continuous function
w: U — R is a viscosity subsolution (vesp. supersolution) of H(x,dyu) = k,
if for each C! function ¢ : U — R satisfying ¢ > u (resp. ¢ < u), and
each point zo € U satisfying ¢(x¢) = u(w), we have H(z,dy,¢) < k (resp.
f[(sc,dmoqb) > k). A function is a wiscosity solution if it is both a viscosity
subsolution and a viscosity supersolution. Observe, that since H (x,p) is convex
and superlinear in p, it is well-know (see for instance [1]), that a function
uw: U — R is a viscosity subsolution of H(z,d,u) = k if and only if it is
Lipschitz and H (z,dyu) < k almost everywhere in U.

Remark 6. It turns out that c¢,(H) is the infimum of the k’s for which
H (x,dyu) = k admits a subsolution and the unique energy value in which
viscosity solutions exist [6,13]. In particular, a subsolution corresponding to
k = ¢, (H) is often called critical subsolution.

The relation between subsolutions and the projected Aubry set is
explained by the following result.

Theorem 3. (Fathi-Siconolfi [12]) For a point xy € M, the following conditions
are equivalent:
i) the point xq is in Agz;
ii) every critical subsolution is differentiable at x¢;
iii) there does not exist a critical subsolution w which is strict at xo,
i.e., H(zg,dy,u) < cu(H).

In particular, it is easy to deduce from the above theorem that on the
projected Aubry set the differential of critical subsolutions is prescribed.

Corollary 1. All critical subsolutions have the same differential on the projected
Aubry set.
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Proof. Suppose by contradiction that there exist two critical subsolutions wu;
and uso, whose differentials do not coincide at some point xg € .Aﬁ, ie., dy ur #
d,uz. Using the convexity in the fibers of H, it is easy to check that % is

also a critical subsolutions. However, using the fact the strict convexity of H
in the fibers, we deduce that:

- + 1~ 1~
H (:vo,d% (u1 ! u2)> < 5H(xo,dzoul) + §H (xo,dyou1) < cu(H).

Therefore, “17;“2 is a critical subsolution which is strict at xo € Az. This
clearly contradicts item (iii) in Theorem 3. O

Hence, if we denote by Sz the set of critical subsolutions of H (z,dyu) =
cu(H), then we can consider the following intersection:

Ag = ﬂ {(z,dyu) : uis differentiable at x}.
uESyH
This set is what is usually called the Aubry set. It follows from the above
discussion that ﬂ(A*ﬁ) = Az, where 7 : T*M — M denotes the canonical
projection. Therefore, it is a graph over the projected Aubry set and hence it
is non-empty if and only if A} is non-empty. Moreover, if it is non-empty, it
is closed (since the Peierls barrier is continuous) and invariant.

It is possible to provide a better description of the Aubry set, just in
terms of the Peierls barrier. In fact, it was proved by Fathi [13] that if Az is
finite, then for every x € M, hiZ() := hyz(,-) is a global viscosity solution of

H(z,d,u) = ¢, (H). Therefore, the Aubry set can be equivalently defined as:
Ag = {(z,02h(z,2)): xeAgz}.

We shall prove that this set is symplectically invariant in Sect. 5 (item
(4) in Theorem B).

5. Barrier in phase space

In this section we prove that Afﬁ is simplectically invariant thus completing
the proof of Theorem B. In the compact case this has been proven by Patrick
Bernard in [2]. In the following, we adapt his approach to this setting and
prove the following result.

Theorem 4. If ¥ : T*M — T*M is a symplectomorphism such that H' :=
H oW is still of Tonelli type, then A%, = gl (A%) .

As before, M denotes the universal cover of M (compact connected
smooth manifold) and H : T*M — R is the lift of a Tonelli Hamiltonian
H : T*M — R, while ®/ is its Hamiltonian flow. As done in [2], let us define
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a Peierls barrier in the phase space. First of all, let us introduce the notion of
pre-orbit.

Definition 1. (Pre-orbit) Given Xy, X; € T*M, we say that a sequence of
curves Y = (Y,,), where Y, : [0,T,] — T*M, 18 a pre-orbit between Xy and X
i) for each n the curve Y, has a finite number N, of discontinuities T €
(0,T},), such that T < Ti*t for all 1 < i < N,,. Moreover, we shall denote

TY := 0 and T,ivn""l =1T,.

ii) For each n and for each s € [0, THL — T8, Y (T + s) = <I>H( (T,
We denote by Y, (TPt —) := @;{H - (Yo (TE)) and we ask that Y, (T,)
Y, (T2 1). ;

iii) T,, — 400 as n — +oo.

iv) Y,(0) — Xy and Y,(T,) — X1 as n — +00. Moreover, if we denote
A(Y,) == SN dist (Yo (TE—), Y (TE)), then A(Y,) — 0 as n — +oo
(dist (-,-) denotes the distance on T*M induced by the Riemannian metric
on M).

v) All curves Y, have equi-bounded energy, i.e., there exists K = K(Y) € R
such that H(Y,(s)) < K for all n and for all s € [0,T,,).

)

Remark 7. Observe that condition (v) in the above definition is different from
the one in [2]: it is needed because of the lack of compactness.

Let us now define what we mean by action of a pre-orbit. Let Y = (Y},)
be a pre-orbit. Then, the action of Y is given by:

AE(Y) := lim inf Aﬁ(Yn),

where
Tn ~ B ~
AL (V) = / Doy, oy (Va(£)) — F (Y ()] d.

Lemma 3. If there exists a pre-orbit between Xo and X1, then H(X,) = H(X1).

Proof. Let Y = (Y,,) be such a pre-orbit. Then, observing that H (Y, (T¢)) =
H (Y, (Ti*!-)), since the energy is constant along the orbits, we obtain:

A(X1)~ H(Xo) = lim (Y, (T,) ~ H(Y(0))

= lim ZH TlJrl ﬁ'(Yn(TrZL))

n—-+oo
N, ~ . — .
= lim Y HY(T,™) - HY.(T )
1=0
Ny _
~ lim H(Yo(T2)) — H(Yn(T-)),

=1
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where in the last equality we used that Y, (TN=+1) = Y, (T},) = Y, (TN~ +1-).
Since these orbits have bounded energy, then the Hamiltonian H will be Lip-
schitz in this region (the region itself is not compact, but the value of H here
depends only on the value of H on the projection of this region to T* M, which
is compact). Then, denoting this Lipschitz constant by C' we get:

~ ~ NT(, ~ ~

H(Xy) ~ H(Xo) = lim » H(Ya(T3)) = H(Yo(T,-))

n—-—+o00 4 n
i=1

n—-—+o00 4

NTI,
i=1

= lim CA(Y,)=0.

n—-+oo

O

Let us now define the equivalent of Peierls barrier (see [20]), but in the
phase space T*M. Given X0, X, € T*M let us denote by Vz(Xo, X1) the set
of pre-orbits between Xy and X;. Notice that this set is empty if Xy and X,
are not in the same energy level. Then:

B : T*M x T*M — RU {+00}
X0, X1) — inf A=(Y),
(Xo, X1) YEVs (X0, X1) a¥)

setting By (Xo, X1) = 400, whenever Vz(Xo, X1) = 0.

Proposition 3. For eacht > 0 and Xy, X; € T*]T/[/, the following equality holds:

By (X0, X1) = By (0F (X0). X0) + [ B, (X5 (@7 (X)) = F@F (X)) ds
and
By (Xo,®f (X1)) = By (Xo, X1) + / P ey (X (@2 (X1))) — H(BE (1)) ds,

where X5(-) denotes the Hamiltonian vector field associated to H and X the

lift of the Liouville form to T*M.

Proof. We only prove the first equality, since the second one can be proved
similarly. To each pre-orbit ¥ between Xy and X, we associate the pre-orbit

Z between ®H (Xj) and X; defined by

Zy : [0,T, —t] — T*M
s+ Yo(s+1).
We obtain:

AG(Y) = A5(2)+ [ By (X5 (@F (X0)) ~ H@F (X0))] s
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This implies that
_ b . L=
By (@' (Xo), X1) < By(Xo, X1) */ Mo () (X5 (@ (X0))) — H(@ (X0))] ds.
o et

In a similar way, we associate to each pre-orbit Z betweegl oH (Xo) and X, the
pre-orbit Y between Xy and X; defined by Y,,(s) := ® (Z,(0)) for s € [0, 1]
and by Y, (s) := Z,(s — t) for s € [t,T,, + t]. We obtain:

AG(Y) = A5(2)+ [ By (X (@7 (X0)) = F@F (X0))] s
This implies that

— t I
By (X0, X1) < By (®{ (Xo), X1) +/ Mo (o) (X (@8 (X0))) — H(@{ (X0))] ds
g o
and hence we conclude that equality holds. (|
Proposition 4. Let W : T*M — T*M be a symplectomorphim such that H oW
is still of Tonelly type and let U T*M — T*M be its lift to the universal

cover. W is exact and let us denote by S : "M —Ra 1 primative for T\ — A,
where X is the lift of the Liouwville form of T*M to T*M. Then,

By 4 (X0, X1) = Bﬁ(\I/(XO), U(X1)) + S(Xo) — S(X1).
Proof. First of all, observe that Y = (Y3,) is a pre-orbit of H o U between X
and Xy if and only if Z := ¥(Y) = (¥(Y})) is a pre-orbit of H between ¥(Xo)
and ¥(X7). As a consequence, it is enough to prove that

A5 (Y) = Az(2) + 5(Xo) — S(X1). (8)
In fact, using the same notation as in Definition 1:
Nooo o To*t . -
A =3 [ 7 Do) - AZao))a
n=0

TL+1

- Z/ B Ny (V1) — (0 D)V, (0)]

T
N, pitl
g )+ [ 7 sy (o)
7;\7"0 n
Agrag(Ya) + Y S((TE 1)) = S(Y(T2)
n=0
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It is now sufficient to observe that the last term in the sum goes to zero
as n goes to infinity. In fact, using conditions (iv) and (v) in Definition 1, we
can conclude that there exists C' > 0 such that:

Ny
> S(Yu(Ti—) = S(Ya(Th))| < CA(Y,) "=570,

and this, together with the fact that Y,,(7,,) — X1 and Y,,(0) — X, allows us
to conclude (8) and hence the proof of the proposition. O

Let us see how we can recover the original definition of Peierls barrier
(see (3)) from this barrier in the phase space. Recall the definitions of ¢, (H)
introduced in (1) and let us define

R*(&1, &) = liminf (hp(Z1, Zo) + kT).
T—+oc0
It follows from (3) that h = h® (), Then,

Proposition 5. For any q,q € M,
h*(q.q)= min_ By ,(P.P"). (9)
PeTiM
P eT,M
In addition, when k = c,(H), if the minimum is reached at (P,P’),

then P is a superdifferential of the function h(-,q’) at a point ¢ and —P’ is a
superdifferential of the function h(q,-) at a point ¢'.

Proof. Let us first prove that if ¢q,¢’ € M7 then By (P, P') > hk(q,q") for
all P € T;M and P’ € T;"I,]T/.f. If Bz, (P, P'") = 400, then there is nothing
to prove. Otherwise if Bﬁ_k(P7 P’) € R (resp. Bﬁ_k(P, P') = —0), for any
€ > 0 there exists a pre-orbit ¥ = (Y,)n, Yy : [0,T,] — T*M such that
Ag ( ) < By (P7 P’) + & (resp. Aﬁ‘_k(X) < —%)

Let us consider ¢, (s) := 7(Y,(s)), where 7 : T*M —> M denotes the
canonical projection, and let hr(q,q') := min,ccy.(q,¢) Az () be the finite
time potential as defined in (2), i.e., the minimal Lagrangian action of curves
in M that connect ¢ toNq’ in time T" > 0. These functions are equi-Lipschitz
on compact regions of M [7, Proposition 3-4.1]. Then, we have:

T1+1

Z/ ), in(s)) + k) ds

> Z hyger i (@n(T3), an(Ti =) + (TR = T0Y).
n=0
Let 0! be a unit-speed shortest geodesic connecting ¢, (7" —) and ¢, (T?) and
let 8% := dist (¢, (T:—), q,(T})). Adding and subtracting the action of these
geodesics, we obtain:
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N’VL
A (V) 2 ) (e i (au(T3) an (T ) + K(T = T)
n=0
6 .
s [T(E 4wt e as)
0
N .
2 ey 5w 56 (00 (0), gn () + k(T + Z 5)
n=1
No o pdp
£ [T Bt o s
n=1 0
Therefore,
Aﬁ,k(X)flégigcf)A L(Y) > >
> ht gt Gty s,
" ad) “;IEE;EZ/ 0 ds

Observe now that lim, o | SN fo‘sn(i + k) (o}t 64 ds| = 0. As usual,
this follows from property (iv) in Definition 1. This concludes the proof
of this inequality. Conversely, suppose that T, — +oo and h*(q,q¢') =
lim,— o (b7, (q,¢') + kT). Let g, : [0,T,] — M be a Tonelli minimizer
and therefore one can consider the associated orbit of the Hamiltonian flow of
H, Y, (s) := (¢n(s),pn(s)). Since the actions of these orbits are bounded, then

there exists a compact subset of T*M containing the images of these curves.
Up to extracting a subsequence, we can assume that:

Y,(0) — PeT:M and  Y,(I,) — P € T:M.

Hence, the sequence Y = (Y,,) is a pre-orbit between P and P’. Moreover,
T’n,
Ag (Y)= lim Ay (V)= lim (L(qn, Gn) + k) ds = h*(q.q')

H n—-+00 n—-—+oo 0

and therefore Bz , (P, P') < h¥(q,q') and this completes the proof of (9).
Suppose now that P € T;M and P’ € T;/M are two points such that
h#(q,q) = Bﬁ—cu(H)(R P’) and denote by ¢(s) the projection to M of the

orbit @;H(P). Using Proposition 3 and the properties of hz, we obtain:
B P.P) =05 . @T(P),P)

E—CU(H)( H—c,(H)

+ [ Cupery (Xp@F () = B@I )+ cut)) ar
(q(t)

4(0) + culH)) dt
(P, P").

> hla(s).a) + [ (I
0

> hig(e,4) = Bg_.,u
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Therefore, all the above inequalities are equalities and consequently our
curve is an action-minimizing curve:

bia(ana') = minChig(a(s). o)+ [ Ea(00) + () )

It follows from Fathi’s work [13] that —P is then a superdifferential of the
function hz(-,¢’) at . Similarly for the other property. O

Let us denote now m(H) = inf xe1+ar Bz (X, X). It is easy to check that
m(H) € {—oo} U0, +00].

Proposition 6. c¢,(H) = sup{k € R: m(H — k) > —oo} = inf{k € R :
m(H — k) > 0}.

The proof simply follows from the definition of ¢, (H) (see Sects. 1.1 and
(1)) and Proposition 5.

Proposition 2, i.e., the symplectic invariance of ¢, (H), can now be proved
in a different way using this new characterization of ¢, (H) and Proposition 4.

Let us prove now the following result.

Proposition 7. A%« ={Pe T*M : By_. (H)(Pa P) =0}

Remark 8. Observe that now Theorem 4 will follow from this proposition and
Proposition 4.

Proof. [2] Let P € T*M such that By, (H)(P, P) =0 and let us denote by

q = m(P). Hence, hz(q,q) < 0 and therefore h(q,q) = 0. This implies that
q € Az and consequently hz(q,-) is differentiable at ¢ and (¢, 92h35(q,q)) €
A% Now, recall from Proposition 5 that since Bﬁ—cu(H)(R P) = hy(q,9),
then P is a superdifferential of hz(q,-) at ¢ and hence P = 02h5(q, q).

[C] Let P € Afﬁ, then hz(q,q) = 0, where ¢ = m(P), and h(q,-) and
h(-,q) are both differentiable at g. Therefore, P = 02h7(q,q) = —01h#(q, q).

In particular we know from Proposition 5 that if X, X’ € T*M are such that
BH_C“’(H) = hg(q,q), then —X is a superdifferential of hz(q,-) at ¢ and X' is
superdifferential of h (-, ¢) at ¢. Hence, X = X’ = 02h3(q, q), which concludes
the proof. O

Question IV. Similar questions might be also asked for the Manié set associated
to H: is it true that it is symplectic invariant? The main problem in proving
this is represented by the fact that, differently from what happens in the compact
case, in our setting the Aubry set might be empty. However, if the Aubry set
1s non-empty, then the proof would follow essentially what already dome in
Bernard’s article [2, Section 2.10 and Corollary 3.7].
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6. Some examples

In this section we determine the Aubry set of the universal cover in some
examples. We also exhibit invariant measures with zero homotopy in cases
where ¢, < ¢,. Before we describe the examples it is convenient to state and
prove a simple lemma that will allow us to compute the Peierls barrier.

Let M be a closed manifold with a Tonelli Lagrangian L and fix T > 0.
By Tonelli’s theorem, there exists a closed contractible orbit 7 : [0,7] — M
which minimizes the action A over the fregv loop space of closed contractible
curves defined on [0, 7. As before let II,, : M — M be the universal cover.

Lemma 4. Let z € M be such that I, (z) € 7([0,T]). Then
h%(m,m) = AL(T)'

Proof. It v : [0,T] — M is an absolutely continuous loop based at z, then
obviously I, o v is a closed contractible curve in M and

Ar(y) = Ar(7).

Since 7 lifts to a closed loop based at =z, then the lemma follows
immediately. U

All the Lagrangians considered here have the form
1
L(z,0) = 5 1of2 + 0a(0)

for some Riemannian metric | - |, and a smooth 1-form 6. The correspond-
ing Hamiltonian is H(xz,p) = |p — 6,|2. These examples have already been
considered in [5] but their Aubry sets and Peierls barriers were not computed
there.

6.1. Example with ¢, = ¢, but Az =0

Let G be the 3-dimensional Heisenberg group of matrices

1 = =z
01 y],
0 0 1

where x, 7, z € R. If we identify G with R3, then the product is
(2,y,2) x (2,9, 2") = (z + 2",y + ¢/, 2 + 2" + 2y).

We let T" be the lattice of those matrices with z,y,z € Z. Then M =T\ G is
a closed 3-dimensional nilmanifold. We consider the Lagrangian

1
L:§($2+y2+(2—my)2)+73—xy'.

It is easy to check that L is invariant under the left action of G, hence it
descends to M. Various properties of this systems were proved in [5]. Here we
need:

(1) ¢y = ¢, =1/2 ([5, Lemma 6.8]);
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(2) there is a closed contractible orbit with energy k& > 0 if and only if £ < 1/2.
Moreover the (prime) closed contractible orbits with energy k have Ay -
action equal to 2m(1 — /1 — 2k) and period T' = 27/(v/1 — 2k), see [5,
Lemma 6.7] (with the notation of [5], (v) corresponds precisely to the
Ap4k-action, as it is easy to check).

We now show:
Lemma 5. For any x € R3, hg(z,r) = 27.

Proof. Since G acts transitively, the function x + h(x,z) is constant.

Let 7 be one of the prime closed orbits described in item (2) above.
Then

Apt1y2(mr) = Apyr(rr) + (1/2 = k)T = 27 (1 _ %)

Using item (2) above, we can list all closed contractible orbits with period T

e constant curves defined on [0, T;

® 7T}

e iterates n7p/, where n is a positive integer such n < T'/27 (the reason
for this latter condition comes from the fact that, as remarked before, only
energy levels with k& < 1/2 contain such orbits and their periods are deter-
mined by the energy itself).

The constant curves have Ay /s-action equal to T/2 and the iterates
have action Api1/2(n7r/,) = 270 (1 — ”T?) Hence for T large the 71 are the
Tonelli minimizers of the action on the free loop space; in fact, if T is large,

27m( — %) > 27 (1 — %) for 1 < n < T/27x. By Lemma 10 we conclude

that for all T large
Wl (z,2) +T/2=2r (1 - z)
H\™ T
and the lemma follows by letting 17" go to infinity. O

Besides showing that hz; < oo this also shows that Az = () as claimed.
On the other hand, on the abelian cover M, we have:

Lemma 6. Az = M.

Proof. Let Z C T’ be the center of I'. It consists of all elements of the form
(0,0,n) for n € Z. Then the abelian cover M = Z \ G. Note that

1
“(@ 4P+ (2 -2y + 1))

L+1/2=
+1/ 5

hence the curves ¢t — (z,y, z—t) are solutions to the Euler-Lagrange equations
and have energy 1/2. They project to closed curves in M with period 1 and
have zero Az, p-action. It follows that hz(p,p) = 0 for all p € M. O
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6.2. Example with ¢, < ¢, and Az =0

In [21] the authors provided an example of a Tonelli Lagrangian on a closed
orientable surface of genus two for which ¢, < ¢,. It is possible to construct
many other examples of this kind also in higher dimension, as it was shown in
[5]. Here we discuss a homogeneous example considered in [5, Section 6.3].

We identify PSL(2,R) with SH, the unit sphere bundle of the hyperbolic
plane H := R X (0,400) with the usual Poincaré metric of curvature —1,
given by: ds? = y—g(d:pz + dy?). We consider a cocompact lattice I' and we let
M :=T\PSL(2,R).

We consider coordinates (z,y,0) in SH, where (z,y) represents points
in H, while 6 parametrizes the circle fibres. Moreover, we endow SH with its
Sasaki metric:

1
ds* = E(dIZ + dy? + (ydo + dz)?).

The 1-form df + d?’” is left-invariant, hence the following Lagrangian is also
left-invariant
1 .9 ) 5 N\2 A x
L= Q—yQ(I +y° + (y0 + ) )+9+§

and therefore it descends to M.

Various properties of this systems were proved in [5]. Here we need:

(1) ¢, =1/4 and ¢, = 1/2 ([5, Lemma 6.11}));

(2) there is a closed contractible orbit with energy k& > 0 if and only if £ < 1/4.
Moreover the (prime) closed contractible orbits with energy k have Ay -
action equal to w(1 — /1 —4k) and period T = 27 /(v/1 — 4k), see [5,
Lemma 6.14].

Observe that PSL(2,R) = SH is not simply connected; this will cause
no problem though.

We now show:

Lemma 7. For any x € SH, h(z,z) = 7.

Proof. Since ]SA\S’T/(Z,R) acts transitively, the function z +— hz(z, ) is con-
stant.

Let 7 be one of the prime closed orbits described in item (2) above.
Then

v1—4k 2
AL+1/4(7—T) = AL+}€(TT) —+ (1/4 — k)T =TT — % =TT — %

Using item (2) above we can list all closed contractible orbits with period T

e constant curves defined on [0, T7;

® 7T

e iterates n7p/, where n is a positive integer such n < T'/27 (the reason
for this latter condition comes from the fact that, as remarked before, only
energy levels with k& < 1/4 contain such orbits and their periods are deter-
mined by the energy itself).
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The constant curves have Ay ;/4-action equal to 7'/4 and the iterates
have action Apyq/4(n7p/,) = nn(l — %7). But, for T large, nw(1 — ZF) >
7(1—7%) for 1 <n <T/27. Hence for T large the 77 are the Tonelli minimizers
of the action on the free loop space and by Lemma 10 we conclude that for all
T large

T B ™
hg(z,2) +T/4=n(1 - T)
and the lemma follows by letting T" go to oo. O

As in the previous example, besides showing that hz < oo this also shows
that Az = 0 as claimed.

Minimizing measures with zero homotopy We now describe, in this specific
example, all ergodic minimizing invariant measures with zero homotopy. Let
1 be such a measure. Since ¢, = 1/4 and p is ergodic, its support must be
contained in the energy level E = 1/4 (cf. Proposition 1). Recall that the
corresponding Hamiltonian vector field is given by (see [5, Section 6.3]):

T = y(ypm 7p9)7 Da = Dy;
Xu =3 9=19py, Py = (=ypa + o) (pe + 1/y) — ypj,
0=2po —ype;  Po =0.

Then, the function f = 6 + 2 /y is clearly a first integral of the system
hence it must be a constant a on the support of p. Using that p is minimizing
and the explicit form of L = ' + f we deduce

Ap(p)=-1/4=1/4+a

and thus a = —1/2. To describe the flow for k = 1/4 and a = —1/2 it is easier
to pass to the Hamiltonian setting and introduce left-invariant coordinates
(,9,0,pa,pp,py) in T*PSL(2,R) as in [5, Section 6.3]. If we let

Pa = (Ypz — po) cos 6 + yp,, sin b,

pp = —(ype — po) sin b + yp, cos b,

P~ = Do
then

1
H = 5(pa® +p5° + (py = 1)%).

In terms of these left-invariant coordinates, the Hamiltonian vector field
becomes (see [5, Section 6.3]):

& =y(pacost —pgsinb),  po = 2pspy +pg,
Xpg =1 Y=y(pasind +pgcost),  ps=—2papy — Pa,

0 = py —pacost +pgsinf, p,=0.

Using the above expressions, a simple calculation now shows that —a =
py = 1/2 and that p, and pg must be constant if k£ = 1/4 and p, = 1/2.
Hence the orbits of H for & = 1/4 and p, = 1/2 are orbits of the right
action of 1-parameter subgroups of PSL(2,R) determined by (pa,pg, 1/2) such
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that po2 + p52 = 1/4. Tt is straightforward to check that these 1-parameter
subgroups are all parabolic (i.e., horocycle flows). These flows are known to
be uniquely ergodic (as proved by H. Furstenberg in [15]), and the unique
invariant probability measure is the normalised Lebesgue measure j,,, 5, on
'\ PSL(2,R). It is easy to check that these measures have zero homotopy:
they are weak limits of the probability measures supported on the closed orbits
Tr as k — 1/4 (or equivalently as 7" — o00). Hence our measure p = i, p, for
some (pq, pg). Observe that we get a whole circle worth of minimizing measures
with zero homotopy and the union of their supports is not a graph (the support
of each ergodic component is a graph though). This, quite surprisingly, is in
contrast with Mather’s celebrated graph theorem [19].
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