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This course is an introduction to the theory of Hamiltonian systems of differential equations.
These systems arise and play a fundamental role in many different contexts, ranging from
pure mathematics (dynamical systems, geometry, symplectic topology, etc...) to more applied
subjects (physics, astronomy, chemistry, etc...).

What is a Hamiltonian system? Roughly speaking, it is a system of first order ordinary differen-
tial equations, which are expressed in a simple and symmetric form in terms of a function, called
the Hamiltonian. This way of reformulating Newton’s equations can be traced back at least
to Sir William Rowan Hamilton (“On the application to dynamics of a general mathematical
method previously applied to optics”, 1834), although equations of similar form had already
been considered by Lagrange and Poisson several years before. However, Hamiltonian dynamics
is much more than just a “reformulation”; it led, for example, to Poincaré’s geometrical insight
that gave rise to what nowadays is called symplectic geometry and to many other very active
fields of research.

In studying the dynamics of a system, the main (utopian) aim would be to characterize com-
pletely the totality of motions and their qualitative properties. Given an initial state, what will
the future “evolution” of the system be? What was its past “development”?

The deterministic nature of these systems clashes with the difficulty in trying to answer these
questions. In fact, except for few special, but interesting, cases for which everything is clearly
understood (the so-called integrable case), in general the nature of these systems seems to be
very complex and varied, with a subtle - and not easy to understand - balance between “regular”
motions and “chaotic” ones.

The main goal of this course is to describe different approaches and techniques that have been
developed in order to answer the above questions. In particular, we shall cover (some of) the
following topics:

• Symplectic geometry and Hamiltonian vector fields;

• Classical theory: canonical formalism and generating functions;

• Symmetries and Integrability;

• Perturbation theory and KAM theory;

• Stability vs. Instability: Nekhoroshev theory and Arnold’s diffusion.

• The principle of least action: Aubry-Mather theory;

• Hamilton-Jacobi equation and weak KAM theory;

• Twist maps and billiards;

• Applications to celestial mechanics.

Prerequisite Mathematics

There are no formal prerequisites, although the Symplectic geometry course offered in the
Michaelmas term could be very useful.
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