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Exercise 1 [Central forces and Two-body problem].

Consider a physical system consisting of two massesm1 andm2 which interact
via a central force. More precisely, if we denote by X1, X2 ∈ Rn their respective
positions, then the force acting on mi is given by

Fi = (−1)iV ′(‖X1 −X2‖)
X1 −X2

‖X1 −X2‖
i = 1, 2

where V ∈ C2(R \ {0}). Observe that the force only depends on the distance
between the two masses and it is directed along the line joining them.

i) Show that this is a Hamiltonian system with 2n degrees of freedom and find
the corresponding Hamiltonian H(X1, X2, Y1, Y2) (choose Yi = miẊi).

ii) Prove that the total momentum Y1 + Y2 is an integral of motion for H and
justify why this is true.

iii) Find a canonical transformation

(q, ξ, p, η) = u(X1, X2, Y1, Y2)

such that: {
q = X1 −X2

ξ = m1X1+m2X2

m1+m2
.

Describe the physical meaning of this coordinate change. Write down the
Hamiltonian in these new variables and show that one can reduce the prob-
lem to a Hamiltonian system with n degrees of freedom, for some Hamilto-
nian K(q, p).

From now on, let us assume that n = 3. Given an initial datum (q0, p0), let us
consider its orbit (q(t), p(t)) = ϕtK(q0, p0).

iv) Prove that the angular momentum L = q ∧ p is an integral of motion for K
(justify why this is true) and deduce that all orbits are planar, i.e. for each
initial data (q0, p0) the corresponding orbit (q(t), p(t)) lies in a plane.
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v) Up to choosing a new basis {e1, e2, e3}, we can assume that the orbit q(t)
lies in the plane {q3 = 0}. Prove that this is a solution to the 2-dimensional
Hamiltonian system with Hamiltonian K̂(q1, q2, p1, p2) = K(q1, q2, 0, p1, p2, 0).

vi) Introduce polar coordinates {
q1 = ρ cos θ
q2 = ρ sin θ.

Extend this to a canonical transformation (ρ, θ, ηρ, ηθ) = v(q1, q2, p1, p2). Write
down the Hamiltonian in these new coordinates, K̂(ρ, θ, ηρ, ηθ) and write
down the corresponding Hamilton’s equations. Deduce that ηθ is an inte-
gral of motion. Is it a new one?

vii) Write L in polar coordinates and deduce that θ̇ = c
ρ2

for some constant
c. Prove that the problem reduces to a 1-dimensional Hamiltonian system
with Hamiltonian

h(ρ) =
1

µ
η2
ρ + Veff(ρ),

where µ = m1+m2

m1m2
is called the reduced mass, while Veff represents the so-

called effective potential. Discuss how to recover the solutions to the original
system, from the solutions to this one.

viii) Find an expression for ρ̇ in terms of the energyE := h(ρ(t), ηρ(t)). For which
values of the energy do solutions exist?

ix) Let ρ0 be a critical point of Veff . Describe the corresponding solution to the
original system and, if periodic, find its period.

Let us now consider the gravitational potential V (λ) = − k
λ

for some constant
k > 0. This corresponds to the so-called Kepler’s problem or two-body problem
(where k = Gm1m2 and G is the gravitational constant).

x) Find the associated Veff(ρ), plot its graph (approximately) and find its critical
points.

xi) Describe, qualitatively, the solutions to the two-body problem as the energy
E varies.

xii) Find an expression for dρ
dθ

and integrate it to obtain an integral expression
for θ(ρ).

xiii∗) Find an expression ρ(θ). In particular, prove that it has the form:
α

ρ
= 1 + ε cos θ,

for some constants α, ε ≥ 0, depending on L, k,m1,m2 and E.
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xiv) Deduce that trajectories correspond to conical sections and describe them
as E changes. For which energy values are these ellipses? In this latter case,
find the lengths of their major and minor axes.
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