
HAMILTONIAN DYNAMICAL SYSTEMS

Cambridge, Lent 2012

Example sheet I

Exercise 1. (i) Use Picard’s method to find an explicit solution of the following
Cauchy problem: {

ẋ = Ax
x(t0) = x0

where x0 ∈ Rn, t0 ∈ R and A is a real n× n matrix.

(ii) Let I be an interval in R and A(t) be a continuous family of n× n matrices
defined on I . Prove that the linear system{

ẋ = A(t)x
x(t0) = x0

has a unique solution u : I −→ Rn.

Exercise 2. Consider the following Cauchy problem:{
ẋ = f(t, x)
x(t0) = x0

(1)

where f ∈ C1(I × W ), I denotes an interval in R and W is an open set in Rn.
Let us denote by ϕ(t, x0) the unique solution corresponding to the initial datum
x(t0) = x0 and by ψ(t, ξ;x0) the unique solution of{

v̇ = Df(t, ϕ(t, x0))v
v(t0) = ξ

(see Exercise 1 (i)).

(i) If I0 ⊂ I is compact, then

lim
ξ→0

∣∣∣ϕ(t, x0 + ξ)− ϕ(t, x0)− ψ(t, ξ;x0)
∣∣∣

|ξ|
= 0

uniformly in t ∈ I0.

(ii) Prove that the solution ϕ(t, x0) of the Cauchy problem (1) is C1 on I ×W .
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(iii) Deduce that if f ∈ Ck(I ×W ) with k ≥ 2, then ϕ is actually Ck.

Exercise 3. Consider the following system on R2:

ẋ = Ax+ εx|x|2 where ε ∈ R and A =

(
0 1
−1 0

)
.

(i) Describe the dynamics when ε = 0. Is the fixed point x = 0 stable ?

(ii) Discuss the stability of x = 0 when ε 6= 0.

Exercise 4. Let x0 ∈ Rn be an equilibrium point of the system{
ẋ = f(x)
x(t0) = x0

where f ∈ C1(W ) andW is an open set in Rn. Suppose that there exists a function
λ : Rn × R, which is C1 in a neighborhood B(x0) of x0 and such that:

1. λ(x0) = 0 and λ(x) > 0 for all x ∈ B(x0) \ {x0};

2. d
dt
λ(x(t)) ≤ 0 along every solution.

λ is called a Lyapunov function. Prove that under the above conditions, x0 is a sta-
ble fixed point.

Let us now assume that

3. d
dt
λ(x(t)) < 0 along every solution different from x(t) ≡ x0.

Prove that x0 is asymptotically stable.

Exercise 5. The Volterra–Lotka equations, also known as the predator–prey equa-
tions, are a pair of first-order, non-linear, differential equations frequently used to
describe the dynamics of biological systems in which two species interact, one a
predator and one its prey. Let x denote the number of preys and y the number of
predators (we assume that they are non-negative real numbers). We assume that
they evolve in time according to the following pair of equations:{

ẋ = (A−By)x
ẏ = (Cx−D)y,

where A,B,C,D are positive real constants.
This model model makes a number of assumptions about the environment and
evolution of the predator and prey populations:
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- The prey population finds ample food at all times. They reproduce expo-
nentially unless subject to predation; this exponential growth is represented
in the equation above by the termAx. The rate of predation upon the prey is
assumed to be proportional to the rate at which the predators and the prey
meet; this is represented above by Bxy. If either x or y is zero then there can
be no predation.

- The food supply of the predator population depends entirely on the prey
populations. In this equation, Cxy represents the growth of the predator
population. Note the similarity to the predation rate; however, a different
constant is used as the rate at which the predator population grows is not
necessarily equal to the rate at which it consumes the prey. Dy represents
the loss rate of the predators due to either natural death or emigration; it
leads to an exponential decay in the absence of prey. Hence the equation
expresses the change in the predator population as growth fueled by the
food supply, minus natural death.

- During the process, the environment does not change in favour of one species
and the genetic adaptation is sufficiently slow.

Questions:

(i) Show that P1 = (0, 0) is an unstable equilibrium point (it corresponds to
estinction). Find the solution corresponding to initial data (x0, 0) or (0, y0).

(ii) Find another fixed point P2 of the system. Show that it is stable. (Hint: find
a Lyapunov function).

(iii)* Show that each solution with initial data P = (x0, y0) 6= P2 and such that
x0, y0 6= 0 corresponds to a periodic orbit. Compute the average number of
preys and predators over its period. What can you conclude?
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