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An elementary introduction to celestial mechanics
1. Lagrangian and Hamiltonian equations.

In this note we review, starting from elementary notions in classical mechanics, several
problems in celestial mechanics, showing how they may be solved at first order in pertur-
bation theory, obtaining quantitative results already in reasonably good agreement with
the observed data. In this and in the following sections 2-7 we summarize very briefly a
few prerequisites.

We suppose the reader familiar with the notion of ideal constraint, and with the descrip-
tion of the mechanical problems by means of generalized coordinates, using the classical
Lagrange equations

oL d oL
where

It is useful to allow the t—dependence because in several problems such dependence
appears explicitly (and periodic in time). The equivalent Hamilton equations are

OH OH

- o 1.3
=5, P 9 (1.3)

where, by definition

oL
_ = 1.4
P= 54 (1.4)
and

H(p,q) =T(p,q) + V(q,?) (1.5)

The notion of canonical transformation q,p +— Q, P is also needed. A canonical trans-
formation can be characterized by the property

p-dq+ Q. -dP =dF (1.6)
which is implied by the existence of a “generating function” F(q,P,t) such that

OF(q,P,t)

H'(Q,P,t) = H(q,p) + 50

(1.7)

which is a sufficient condition for the canonicity of the map.
2. Central motion.
One of the most well known integrable systems is the two body problem. The system
consists of two point masses with masses m; and me, respectively, interacting through a
conservative force with potential energy depending only on their distance

V(Xl,XQ) = V(|X1 - X2|) (21)

and we shall assume that V(p) is defined for p > 0 and that it is such that

lim p?V(p) =0 (2.2)

p—0
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inf V(p)=-V. > —oc0 Ve >0 (2.3)
p=e
The forces associated with the potential (2.1) satisfy the third law of dynamics: hence
the center of mass undergoes a uniform rectilinear motion, and it may be supposed at
rest in the origin of a suitable inertial frame (O;iy, ia,1i3). To determine the position of
the two points it will be enough to give the vector p(t) = x;(t) — x2(t) because it will
be

mo —mi

xi(t) = —2p(t),  xalt) = ——p (1) (2.4)

mi+mo — mi + mo —

Moreover, as a consequence of the third law of dynamics, the angular momentum K will
be conserved, and it may be assumed to be parallel to the unit vector i3

K = Aij (2.5)
Using (2.4), (2.5) and the definition of p (t) we obtain

. . . mimsa .
K= Ais=mixi AX3 + MoXg AXg = —— p A 2.6

3 1X1 1 + maXa 2 Lt s P NP (2.6)
Hence p and p have to lie in the plane (i1,i2), and the motion may be parameterized

by the polar coordinates (p,#) in such plane. The resulting Lagrangian is

Lo 1 mima ., 989
L(p,9p,0) = =-——— 9) -V 2.7
(5,0, p,0) = 5= (P74 p70%) = Vip) (2.7)
which is the Lagrangian for a single point mass P of mass m = nzf:;? moving on

the plane and attracted by a force directed to the origin O and with potential energy
depending only on |P — O|. The motion of such a system is called central motion.

The Lagrangian (2.7) does not depend explicitly on time nor on the coordinate ©¥. The
conserved quantities so obtained are obviously the energy

E = gm(i + 29) + V(o) (2.8)
and the angular momentum along the i3 axis
A= p*) (2.9)
We shall suppose A # 0, and this implies that
p(t) >po VtER (2.10)
To check (2.10) we put (2.9) in (2.8) obtaining
E= %m(p2+‘2—§)+V(p) (2.11)
Given E the assumption (2.2) implies the existence of py such that for p < pg

E—%m(p'Q—l—A—)—V(p) <0 (2.12)

from which (2.10) follows.
The energy conservation relation (2.11) shows that the motion of p is a one dimensional
motion with potential energy

mA?

Va(p) = 27 +V(p) (2.13)
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which, therefore, can be integrated by the quadrature

p /
t—to :/ dp — (2.14)
w\JEE V() - 2
Combining (2.14) with (2.9) we find
A Ap~2d , Ap'2dp/
o = Sdt = ™ —>q9—q90:/ Lt ()
7 JRE-V) -4 o \JEE-V() - 4

The integrals (2.14) and (2.15) give the equations of motions. In particular one can show
that the motion can be represented, with a suitable transformation of variables, by two
point masses rotating on two unit circles at constant speeds, depending on E and A: this
type of motions is called quasiperiodic with two periods. See Section 9 below.

3. Kepler’s laws

For the purpose of our applications to celestial mechanics we are particularly interested
in the motion described by the integrals (2.14), (2.15) when the potential energy is
gravitational, i.e.
g

V()= -m? (3.1)
where g is a constant essentially equal to the product of the gravitational constant k
times the mass of a celestial body (e.g. the Sun or the Earth or the Moon).
This choice gives for the effective potential V4(p) a shape shown in Fig 3.1

+ Va(p)

Fig. 3.1: The effective gravitational potential. The minimum of V4 is —mg/242.

and we shall study in particular the case E < 0 so that it is possible to find p_ and p4
such that p_ < p(t) < p4. This means that we are imposing 0 > E > —mg/2A%.

Under the above conditions the problem is known as Kepler’s problem, and it is governed
by Kepler’s laws of motions

(a) The trajectories of the motion are ellipses with focus in O.

(b) The motion on the ellipses has constant areal velocity around the focus O.

(¢) The ratio between the square of the revolution period T and the cube of the length of
the ellipse’s magjor axis is a constant depending solely on g.

Moreover the focal distances p_ and p; are such that
p+ + p— =mg/(—E) (32)
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prP-= or (3.3)
and the period of revolution T is
T = ——(ps +p-)¥? (34)
V29
To check Kepler’s laws we write (2.11) as
s -L=L (35)

The value of p% andi are therefore the solutions of the following polynomial equation
1

in -
E A? A? /1 1\ /1 1
- S+d- (=2 -—)=0 (3.6)
m. 2% p 2 \p_ p/\p py
This gives immediately (3.2) and (3.3), since
1 1 2 11 —2F
_+_:_g S —— (3.7)

Starting from (3.6) and setting ¥(p_) = 7 we can study the motion between p_ and p
by writing (2.15) as

/

)(F-2)

This is an elementary integral: performing the change of variable y = 1/p one finds

1_ %[(i + i) + (i - i) cos(V) — 71')} (3.9)

P P+ P- P— P+

(3.8)

P d
19—71':/ p
p— 2 1 _ 1

o \/(p g

where the origin of the angle 9 is chosen so that ¥ = 0 corresponds to the point furthest
away from the origin, p = p4.

The motion between py and p_ can be studied likewise, and it still verifies (3.9). From
elementary geometry it is well known that (3.9) is the polar equation of an ellipse with
focus at the origin, focal distances p4 and p_, major axis along the x axis, semiaxes a, b
given by a = % and b= ,/pyp_, and eccentricity e = Zi%’;:.

This proves the Kepler’s law (a). To prove (b) one simply remarks that the areal velocity,
i.e. the area swept by the radius p per unit time, is % P20 = g, and it is therefore constant
for any central motion.

The Kepler’s law ¢) is a consequence of (3.4), and to prove the latter one can compute
explicitly the period using (2.14) or, more simply, dividing the area of the ellipse by the
areal velocity. In this way one obtains

P+ + p- 32 _ 2ma®/?

T:WTW%:\/LQ—Q(PJHFPJ i (3.10)

where we have used (3.2) and (3.3). By using the same equalities and the above expression
of the eccentricity e we obtain also

A= /ga(l —e?) (3.11)
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4. Action-angle variables for the two body problem

The action—angle variables are canonical coordinates which are particularly adapted to
study problems which are close to integrable ones: in our case we shall employ them
to study various precession problems in systems that are close to either the two body
problem or to the rigid body with a fixed point.
We introduce here the action-angle variables for the two body problem. The Hamiltonian
of the system (see (1.4), (2.8)) is
2 2
pp pﬁ g

H@m%ﬂﬂ%“;+z;*; (4.1)
where the overall factor 1/m in the original Lagrangian has been set equal to 1.
To introduce the action-angle variables, we write first the following expressions for the

action variables ) )
L=— d G=— dd 4.2
2 }{pp P 21 7{])19 ( )

where the integrals are computed on the solutions, in the sense that

(¥

g

7 py = const (4.3)

Performing explicitly the integrals we find

1 2
L=— ¢\ 2B % +24p=

= 4.4
2 G=py (4.4)

g
vV—2F
The corresponding conjugate “angle variables” can be found by using the generating

function S
S(pvﬁvLaG) :Sﬂ(paL)+Sﬁ(19vG) (4.5)

where

8= [nu(L.Gp Sy = [pa(L.Clas (4.6)

and

— g2

The angle variable are obtained by differentiation of S. It is convenient to define the
integrals in (4.6) in such a way that the integration constant does not depend on L, G.
Integrating locally (4.6) (e.g. for motions with increasing p) we get

s 098, 2 2
- aL/ %‘é——f—z%ﬁdr:

oL~ oL
(4.8)
tft
Lg/ﬂ \/ 2 _G_2 _g )
085 0 [ 2g ,
, o (4.9)
:/ = dr+9=9_
e gE 28 -

17/ottobre/2014; 12:39 5



4.11

4.13

5.1

5.2

5.3

5.4

where we have used (2.14)-(2.15) and ¢_ is the instant in which the system has p = p_
and ¥_ is the angle between the major semiaxis of the Keplerian ellipse and a fixed
“nodal” axis from which the angle ¥ is computed on the plane of the motion.

The set of canonical variables (L, G, A,v) have the following properties:

9
—2F

L =

— J/ga (4.10)

where a is the major semiaxis of the orbit and, in the last equality, we have used (3.2).
From (4.10) and (4.8) we obtain

NG ¢

as it has to be since (L, A) are conjugates action-angle variables. The angle A is usually
called average anomaly. Moreover the conjugates action-angle variables (G,~) are such
that

G=A=L(1-e»)? (4.12)

where we have used (3.11), and -y, which is constant over the solution of motion, is the

angle between the major axis of the ellipse and a nodal axis.

The canonical variables (L, G, \,7) are called Delaunay variables. In terms of such vari-

ables the Hamiltonian of the two bodies problem becomes simply
g2

5. Spherical trigonometry

We collect here a few classical spherical trigonometry results needed in the following
sections. Calling A, B,C the three sides and «, 3,7 the three angles of the spherical

triangle in Fig. 5.1:

B
Fig. 5.1: Spherical triangle with the sides formed by the arcs A, B, C opposite to the angles «, 8, ~.

the following are the key relations of spherical trigonometry:

cos C' = cos Acos B + sin Asin B cosy (5.1)

cosy = —cosacos S + sinasin fcosC (5.2)
sina  sinf  siny

sinA  sinB  sinC (5:3)

sin C cos 3 = cos Bsin A — sin B cos A cosy (5.4)
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cos Acosy = sin Acot B — sin~y cot 3 (5.5)
dA = cos fdC + cosydB + sin B sin yda (5.6)

To check the spherical identities (5.1)-(5.6) simply draw the spherical triangle in Fig. 5.1
by locating the vertex 2 with the angle v on the z axis, the vertex 1 with the 8 angle
on the xz plane: so that the three vertices are expressed in Cartesian coordinates as
r; = (sin A,0,cos A), ro = (0,0,1) and r3 = (sin B cos~y, sin B sin~y, cos B). Then

(1) to check (5.1) observe that ry - r3 = cos C;

(ii) to check (5.2) apply (5.1) to the spherical triangle formed on the sphere by the
perpendicular to the planes containing the arcs A, B, C;

(iii) to check (5.3) note that ry - ro Ars = sin Asin Bsin+y has to be symmetric in the
interchange of the role of (A4, «), (B, ), (C,7);

(iv) to check (5.4) remark that r; Arz- j = —sinC cos f3;
(v) the identity (5.5) is a consequence of (5.1) and (5.4);

(vi) finally (5.6) is obtained by differentiating the expression of cos A obtained from (5.1)
with the substitution (A, «) — (C,~) and then using (5.3) and (5.5)

6. Kinematic description of the rigid body and action angle coordinates.

A rigid body is a system of n material points Py, ..., P,, with masses my, ..., m,, such that
there exists a reference frame (O;1iy,ia,13) with origin O and coordinate unit vectors
i1,19,13 in which the coordinates of Pi, ..., P, are constant. This implies that internal
constraints are present in the system and we assume that the constraints are ideal.

The motion of a rigid system is therefore identified with that of the frame (O;1iy,is,i3),
called comoving frame, with respect to a frame (£2;1,j, k), called fized frame.

The comoving frame can be chosen conveniently. In what follows we shall choose (O; iy,
iz, i3) in such a way that the coordinates (z;,v;,2i), ¢ = 1,...,n of the vectors OP;
representing the points verify the relations

Zmzlﬂzyz = Zmzlﬂzzz = Zmzyzzz =0 (6.1)

This is always possible, since the matrix Ing = Y., m;[(OP;)?*6ap — (OP;)a(OP;)g],
whose non diagonal elements are exactly the sums in (6.1), is a symmetric positive
definite matrix, and therefore can be diagonalized by a suitable rotation of the axes of
the comoving frame.

In order to describe the rigid motion we start from the fundamental relation

vp=vo+wAOP (6.2)

where w is the angular velocity of the frame (O; iy, is,13) with respect to (2;1, ], k).
By means of (6.2) we can derive the following results:
(i) Calling Ko the angular momentum of the rigid body with respect to O, and setting
L =Y,mi(y? +22), I = Y, mi(a? + 22), Is = 3, m;(2? + y?), we have the following
equality

Ko = Liwiii + lhwsis + I3wsis (63)

17/ottobre/2014; 12:39 7



6.4

6.5

6.6

6.7

6.8

(6.3) can be proved simply inserting (6.2) in the definition of Ko

Ko :ZOPi/\miqu, sziOPi/\(w/\OPi) (6.4)

i=1 i=1

then, by the well known relation a A (b A ¢) = (a-¢)b — (a - b)c we obtain

KO = zn:mi[(OPi)%} — (OPIL w)OPZ] (65)

i=1

and writing (6.5) in components and exploiting (6.1) we obtain (6.3). The quantities
Iy, I, Is are called principal inertia moments of the rigid body.

(7) Calling T the kinetic energy, G thecenter of mass and m = ), m; the total mass of
the rigid body it is

1 1
T = §(Ilwf + Lws + I3w3) + imvé + muo - (w A OG) (6.6)

(6.6) can be proved again by (6.2)

1 n
= §Zmi(vo +wAOP;) (vo+wAOP;) =
1 =1 (6.7)
:ngQOervo (wAOG) + Zmz (OP; A (w A OPy)))

where in the last term we used a- (bAc) = ¢-(aAb). Such term can be therefore rewritten
as

—Zml - (OP; /\(w/\OP))):%w-KOETO (6.8)

and (6.6) follows from (6.3).
Remark: (6.6) shows that if O = G the kinetic energy can be decomposed in the kinetic
energy of G plus the kinetic energy of the motion around G (Koenig’s theorem).

We want to define suitable coordinates in order to describe the position of (0511, 19, 13)

with respect to (O;1,j,k). A natural choice (Euler’s angles) is represented in Fig. 6.1:

4 i

i3

is

—. Vv

Fig. 6.1: The Euler angles. 1l i
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Let n be the unit vector in the direction of the intersection between the planes iy, i>
and i,j. The Euler’s angles are the angle ¢ between i and n, the angle i) between i; and

n and the angle_ﬁ between k and i3. The angular velocity w can be written in terms of
Euler’s angles (¢, ¢, 1) by decomposing it in the directions k, iz, n:

- w =90+ gk + Pis (6.9)
The vectors k, i3, 0 can be expressed in the frame (O; iy, ia,13) in the following way
0 cos z/;_ ~ sin 1_§ sin 1/2
6.10 is=1(0 n=| —siny k = | sindcosy (6.10)
1 0 cos ¥
and therefore we can obtain the following expression for w in terms of (9, @, 1)
sin ¥ sin ) @ + 005@1:5
6.1 w= | sindcost) § +sin (6.11)
Y+ cos @
From (6.8), we obtain the expression of kinetic energy To in terms of Euler’s angles
1 - - . - = - — . . < — .
6.19 To = =[I1(sin ¥ sin ) p+cosh 9)2+ Ix(sin ¥ cos ) ¢+sinep 9)2 + I3(p+cosV ¢)?] (6.12)
By using (9, @, 1) as Lagrangian coordinates we obtain for the conjugate variables (1.4),
by (6.8) and (6.9)
6.13

py =Ko i3 (6.13)

Fig. 6.2: The Deprit angles.
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Another set of natural coordinates (Deprit’s angles) is obtained as follows, see Fig. 6.2.
Consider a frame (O;1,j,k) such that k is parallel to Ko and i is on the intersection
between the plane orthogonal to k and the plane i, j; j is then uniquely determined. Let

(9, ¢, 1) be the Euler’s angles of (O; 11, i, i3) with respect to (O;1i,j, k), and (4,7, 0) the
Euler’s angles of (O;1, j, k) with respect to (O;1i,]j, k)

Note that the angles (J,@,%), (J,p,1) and (8,7,0) are related by a spherical trian-
gle (Deprit’s spherical triangle). Denoting as (A, «), (B, ), (C,~v) the pairs of opposite
angles, the Deprit’s triangle is (¢, 7 — ), (¢ — 1, 6), (@ — 7, 9) (see Fig. 6.2).

Moreover let us define the quantities A = |[Ko|, K = Ko -k = pg, L = Ko - i3 = Py
Consider now the transformation

(pﬁ,p@p@,ﬁ,@’@ — (AaKvLacpa’}/aw) (614)

Such transformation is well defined: the knowledge of (pg,ps, Dy, J,@,%) gives imme-
diately, by (6.13), the components of Ko and therefore the Deprit’s variables; on the
other side, from the knowledge of (A, K, L, p,v,) it is immediate to find ¥, given by

—~

cost = %, and ¢, given by cosd = %; by definition
py =1L pe =K (6.15)
and it is easy to check that -
p5 = Asindsin(¢ — ) (6.16)

finally the Euler’s angles (4, ¢, 1), and therefore pyg, are obtained by solving the Deprit’s
spherical triangle by means of (5.1)-(5.5).

A remarkable result is the fact that the transformation (6.14) is canonical. This can be
proved by applying (5.6) to the Deprit’s triangle, obtaining

dp = cosdd(@ — ) + cos¥d(¢p — ) — sind sin(yh) — 1)dV (6.17)
which can be studied by considering the quantity Kdy+ Ady + Ldy. By (6.17) we have
Kdy+Adp+ Ldy) = pgdy+pyd+Acosdd(p—)+Acos 9d(¢p — 1)) — Asintd sin(¢ — 1)) dd
Substituting (6.15) and (6.16) in (6.18) we obtain (019

Kdy + Adp + Ldi) = ppdp + pydi + pgdd (6.19)
which shows the canonicity of (6.14) by (1.6) with F' = .ps¢ +pd;zZ + pg?.

It is easy to write now the expression of the kinetic energy T in terms of Deprit’s
variables: by (6.3) and (6.8) we have

1
To = 5Ko - I'Ko (6.20)

By definition of Deprit’s variables the components of Ko in the frame (O;1iy,12,13) are

Ko = (VA2 — L?siny,/ A2 — L2 cos ), L) (6.21)
and this gives
17L? 9 5 sin?1)  cos?
To =57 + @ - (32 + 2] (6.22)
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7. First order perturbation theory. The averaging method.

In general solving dynamical problems is very difficult and one has to develop approx-
imation methods. The simplest method is the averaging method: our purpose here is
precisely to show how it can be used in order to obtain a first description of the main
phenomena of the Solar system that cannot be reduced to the Kepler’s laws.

It is convenient to study general Hamiltonians of the form

H(A, @) = Hy(A) + nH; (A, a) (7.1)

where A € V C R!, a € T!, are canonically conjugated action (A = (Ay,...,A,)) and
angle ((ay,...,a,f)) coordinates, Hy is analytic in V and H; is analytic in V x T' and
such that for some N >0

Hi(A,a)= > Hi(A),e"* (7.2)

vezl
[v|<N

Our main goal is to determine a canonical transformation (A, ) <— (A’, o) in a suitable
neighborhood of the initial condition Ay such that the Hamiltonian (7.1) takes the form

HO(A o) = HD(A) + n? HP (A, o) (7.3)

Such a canonical transformation can be constructed if suitable conditions are met: a
typical condition on Ay is

(W(Ag)-v)#0 YweZ, 0<|y <N (7.4)
where OH
_ 0

For a generic choice of Ag the condition (7.4) is verified. Since n < 1, we look for a
generating function “near the identity”, i.e. of the form

FA',a)=A"-a+nP(A’«a) (7.6)
and we want to impose that the Hamiltonian in the new variables defined by the relations

0P 0P
A=A"+ n%(A’, ) o =a+ nm(A’, @) (7.7)

is a—independent up to first order in 7. Hence we have to impose that
0P 0P
HO(A/ +n%(Alva)) +77HI(A/ +n%(Alva)va) (78)

is a—independent up to first order in 1. By expanding in powers of 1 and by collecting
the terms up to first order we find the following equation for ®, G

oHy, , 02, , , ,
St (A)- 5= (A a) + Hy(A',0) = G(A)) (7.9)

This can be written in terms of Fourier components of ® as
i(w(A") - v)®(A), = H;(A), (7.10)
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This is a first order algebraic equation which can be solved if A’ is chosen in a sufficiently
small neighborhood of Ay in such a way that

(WA v)#0 YveZ!, 0<[<N (7.11)

In such domain the equation for ®(A’, ), G(A’) can be solved:

oA a)= Y % G(A") = Hi(A)o (7.12)
oditen

The required canonical transformation will be defined on the set of the A’ such that the
second of the (7.7) may be inverted and it yields

a=ao +A(A")d) (7.13)

It is worth to remark that by substituting (7.12) in(7.8) and by expanding up to first
order in 7, the resulting Hamiltonian has the following simple form:

H'(A') = Ho(A") + Hr(A")o (7.14)

This result, known also as averaging theorem, shows that the first order of the formal
perturbation theory, for a perturbation H;(A, «) which is a trigonometric polynomial in
the angle variables, corresponds to computing the average of Hy(A, «) over the angles o
and the change of coordinates generated by .

Neglecting the higher order corrections allows us to find approximate solutions of the
equations of motion and this is a method that will be used in the following sections.

One should however keep in mind that a rigorous justification of the averaging approxi-
mation is usually very difficult if at all possible. It is nevertheless quite easy to establish
bounds on the time within which the averaging approximation can be regarded as valid up
to prefixed errors: such times can be pushed, possibly after improving the approximation
to higher order (second order averaging, or higher, method), to an extent of becoming of
interest even for accurate astronomical predictions (from thousands to millions of years
depending on the problem considered).

8. Earth precession Hamiltonian

Imagine that the Earth £ is an ideally rigid homogeneous solid of rotation with equatorial
radius R. Assume that the center T revolves on a purely Keplerian orbit ¢ — r ,(¢) and
fix the frame (O; 1, j, k) to be with center O = T and with k axis orthogonal to the plane
of the Earth orbit, while the i axis is at the equinox line at a prefixed time (epoch). The

motion of the Earth is described in the coordinates (¥, @, ) by the Lagrangian:

1. e 1. 2 .9 o= kMsMrp dx
== 9 24210 29 /7— 1
L 2J(gacos + ) +2 (9 + ¢ sin®9) + L Trrt 2| (8.1)
with p p
J:g:/(ﬁm%)—@, 1:11:12:/(z§+z§)£ (8.2)
P €] P €]

being the Earth inertia moments, M, Mg being the masses of the Earth and of the Sun,
k being the gravitational constant and |E| being the Earth volume: in the case of an
ellipsoid with polar radius (1 — )R it is J = (2/5)R*Mp, I = J(1 —n+n*/2).

The Lagrangian (8.1) is obtained by writing the kinetic energy of a rigid body given in
(6.12), exploiting the fact that I; = I, and then adding the integral representing, in the
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8.3

8.4

8.5

8.6

8.7

8.8

8.9

chosen comoving frame, the potential of the gravitational attraction for an ideal solid
body.

In order to obtain an explicitly computable integral we write the integrand in (8.1) in
terms of Taylor expansion in the quantity |z | /| | and we obtain

dx / B
elre+zl  lrql \/ ety o o
1 +2|m2 e (8.3)
2 2
. 3 . 3
/dm z TQTi_I:E|2+_(2 zi) +O(Izl))
|7“T| |7"T| 2|zl 2 ol |7l
By symmetry considerations it is possible to show that the error is actually of order
4
O(lzl/zr])
The gravitational potential may be rewritten, in this approximation, as
k’MsMT k‘MsMT/ 9 dI
-V = B(ur, - 2)* —|z|*) 4 (8.4)
N 2[rpf? T €

where u . is the unit vector parallel to r . Using the symmetry between the coordinates
x1 and xo and denoting by « the angle between r - and the axis i3 we obtain

kMgMr k’MsMT/ 2 9 2 2 2 dz _
V= + | (3(a3cos® a4+ 2¥(1 — cos® ) — 207 — %) =
R AN 1 Lo
kMsMT kMS
- |77 +2|7"T|3(I*J)(3C05204*1): (8.5)

:kMSMT k:MS( a
|77l

where a is the major semiaxis of the Earth orbit, and the mechanical ellipticity n; is
defined by

PBmJ(3cos®’a —1)

|77l 243

m=J-1)/J (8.6)

Supposing the Earth be an ellipsoid with polar radius (1 — n)R it is n; = n — n?/2.
It is now easy to see that cosa can be written in terms of Euler’s angles as

cosa = sin ¥ sin(@ — A7) (8.7)

where A7 is the angle between r ;- and the axis i. This allows us to write the Lagrangian
of our problem as

1. _ e 1 -2 _ MM
£:§J(<ﬁcos19+w)2+§l(19 +<,52sin219)+k|7537|T—
M a =T (8.8)
— 2@35 Sy )>mJ (3(sindsin(@ — Ar))* — 1)

The corrresponding motions are difficult to study, even approximately, because the La-
grangian does not pertain to a one-dimensional case.

The problem is better studied by using Deprit’s variables. Due to the canonicity of the
transformation (6.14) the Hamiltonian of the system becomes

H= PBmJ(3cos®’ a —1) (8.9)

1rL? (A% - LQ)} _ kMgMr kMS( a
2l 1

In (8.9) the quantity cos® o has to be written in terms of Deprit’s variables. This can be
done as follows

|77 2a® |1l

cos a = sin ¥ sin(@— A7) = sin I sin(@—) cos(Ar —7)+sin o cos(g—~) sin(Ar—v) (8.10)
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8.12

8.14

9.1

9.2

9.3

by (5.3) and (5.4) applied to the Deprit’s spherical triangle we obtain

cosa = sin(Ar — y)(cos ¢ cos § sin ) 4 sind cos ) — cos(Ar — ) sin¥sinp =

. KVA2-12 [L+A2-K? . A2 —[2
=sin(Ar —7) (cos v T + 71 i ) —cos(Ar — ) sinp————
(8.11)
The simple solar precession Hamiltonian is now given by (8.9) posing |r | = a and
Ar = Ao + wrt, wi = Mgg,s Wy, b= %’ i.e. assuming a circular Keplerian orbit for
the Earth, and setting p = 1, obtaining
2 2 2
H= ;1_J + ngAijL + gw%Jm cos® (8.12)

with e = (J—=1I)/I =~ n(1 + n/2) (n is defined in (8.6)) and cos« written in terms
of (8.11). Although the Hamiltonian (8.12) is not integrable it is suitable to be easily
studied ny the averaging method. In fact n <« 1, and therefore (8.12), up to the first
order in 7, has the form

H= Ho(A) —|—77H](A,04) (813)
where (A, a) is a set of action-angle variables, Hy(A) is an integrable Hamiltonian, giving
rise trivially to quasi-periodic motions, and 7 is a small constant. In our case

A? m

. 3 M2 A2 —
57 Hi(A,a) = ;ngJCOS

Hy(A) = ;T (8.14)

and in section 9 the above Hamiltonian systems will be studied in a first approximation
(via the averaging method of section 7).

9. Equinox precession.
To apply the averaging method described in section 7 we have to compute the aver-

age value (cos? o). From (8.11), exploiting the fact that for a generic angle variable 3
conjugated to an action variable we have (cos? 8) = (sin® 3) = 1/2, we obtain

9 1K2A2-12 112A2-K2? 1A2-1°2
(cos” a) = 142 2 + S A + 1A (9.1)
and therefore
A2 A2 —-12 3 A2 — [2 3 W2 L2 A% — K2
H’(A7K,L) §+77272J +8wTJ771(1+ A2) 12 J771A2 12
(9.2)

The system described by the Hamiltonian (9.2) is now integrable, and the equation of
motions are
A=Ay K=Ky L=1L

_oH aH' . O (9:3)

04 - 0K
The explicit expression of the frequencies gb,w,"y, however, are still quite involved. In
the application of (9.2) to the motion of the Earth axis one can simplify them by using
the fact that the angle ¢ is extremely small, namely ¥ <« n. It is therefore easy to see

that by neglecting in (9.2) the term w%Jm (1 + 5 ) A2X2L2’ and by setting fl—z =1 one
introduces in the equations of motion an error negligible up to the first order in 7.
With this assumption the Hamiltonian becomes

17/ottobre/2014; 12:39 14



9.4

9.5

9.6

9.7

9.8

9.9

9.10

9.11

A A 3, AK

/ = -_— _—
H'(A,K,L) = 57 + 12 57 + 4wTJ771 yE (9.4)
and one obtains simply
. A . L Acosv : 3, JK
‘P—j(1+772) ?ﬂ——jnz—— 7 12 V=Yg (9.5)

The motion of the Earth axis may be described, in this approximation, as follows. Defin-
ing as wp the angular velocity along the iz axis, we have wp = ¢ cos ¥ + . Neglecting
the terms in O(9?) we have wp = A/J. Within the same approximation

. - . 3w def g
o= (14+mn)wp 1 = —1pwp y=-5—mcosd = —uw, (9.6)
2wp
This is the contribution due to the Sun to the motion of Earth axis. The Moon gives a
contribution which can be computed along the same lines: supposing the Moon, as done
previously with the Sun, on a circular Keplerian orbit, the potential due to the Moon

can be written as
kM;y,

2a3
where M7y, is the Moon mass, ay, is the radius of its orbit and «y, is the angle between the
axis i3 and the vector connecting the centers of the Earth and the Moon. Assuming the
Moon on the ecliptic and writing cos? oz, in terms of de Prit’s variables and averaging
the Moon potential on the fast angles as before one obtains

mJ(3cos? af, — 1) (9.7)

. 3kMyp, JK a o My,
L 2 s 3
Y 10 =— 9.8
’y wp 771 2(1% A2 + (771@ ) wp (aL ) MS ( )
so that the total luni-solar (simple) precession is:
— .S L _ S a 3 Mg
wp —wp +wp —)\p (1+(E) —S) (99)

Since i3 and k are almost coinciding, we can study the motion of the Earth axis with
respect to the fixed frame up to the first order in ¢. In this approximation we have

¥ = 0§+ sin? cos ¢ (9.10)
_ . ,Sing
A 9 11
L T .
Y — 1 = @ +sindsinpcot§ (9.12)

Therefore neglecting the terms in ¥ in (9.11) we have v ~ ¢, and w), represents ¢ and
the total (average) precession of the equinox.

The total rate of lunisolar precession in the above approximation gives T}, ~ 2.51 104
years, or a yearly precession of the equinoxes of ~ 51.6"” per year. Note that only 1/3 of
the lunisolar precession is due to the Sun.

The observed value of the lunisolar precession is 50.38" per year. It is easy to show that
the discrepancy does not come from other contributions: e.g. considering the attraction
of planet Jupiter, which can be estimated simply by assuming that it gravitates around
the Earth on a circular orbit, one sees that its contribution to the precession would give
a much smaller to the precession: with obvious notations it would be a fraction of the
order of (a/ay)>*M;/Msg, i.e. O(1075) of the solar precession.

Therefore it less crude approximations are needed to obtain a better agreement with the
observed data. We can consider the corrections due to the fact that the orbits of the
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10.1

10.2

10.3

10.4

10.5

10.6

10.7

10.8

Earth around the Sun and of the Moon around the Earth are not circular, and to the
fact that the orbit plane of the Moon does not coincide with the ecliptic.

The resulting corrections, however, are still too small, and the discrepancy between the
observed and the computed precession remains of the order of some percent.

Note that by (9.10)-(9.11) one expects that ¢ and ¥ oscillate around their average value
with an amplitude of the order of 1 and a frequency of the order of wp and wy. The
results obtained by (9.10)-(9.11), however, are not quantitatively reliable, because we
obtained them by averaging on angles with period of the same magnitude of the effects
we want to study. Therefore in next section we will study the Hamiltonian (8.9) averaging
it only on the faster angle ¢, and taking in account the terms proportional to . This is
the so-called nutation theory.

10. Nutation.

The Hamiltonian of the classical theory of nutation averages the Hamiltonian (8.12) over
the fast angles ¢, but neither over the relatively slower angles A nor over the very slow
~. The Hamiltonian thus obtained should reliably describe motions over a time scale
> 27 /wp = 1day and it is:
AQ AQ 72 3 0 K2 o

H = ﬂ +7]QT+57]1LUTJ(1* F) sin ()\Tf’y) (101)
Note that, since the quantities A and L are constant, we can simply study the one
dimensional Hamiltonian

Hp = S K gin? A

D= §n1wTJ(1 — F) sin®(Ar — ) (10.2)
in which the quantity A plays the role of a constant parameter.

The new Hamiltonian Hp depends on time through the angle Ap = A\g 4+ wrt. Never-
theless Hp is integrable by quadratures, because there is a conserved quantity: since

OHp 3, K2\ .
= o = _5771WTJ(1 - E>2SIH(AT — ) cos(Ar — ) (10.3)
and dHp OH K?
p_OHp 3 RN B B
o e = inwTJ<1 yE )251n()\T ) cos(Ar — y)wr (10.4)
one has d
& (Hp —wrK) =0 (10.5)

Setting v —wpt = 4 and calling Ky, 79, tg the values of K,7,t when v — wpt = 0 one has,
from the conservation of Hp — wr K, that

H
K—-Ky=—-2 (10.6)
wr
Moreover one obtains from the Hamilton equation for ~
. OHp
- 0K

and therefore one can write the following quadrature:

= fgl]mw%@K/AQ) sin?(Ap — ) (10.7)

ol d /

/ i —t—to
Jo —WT — %me%@K/AQ)sinQ ’ﬁ/’

3 K?

Enng%(l — E) sin2’y —wrK = —wr Ky

(10.8)
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10.9

10.10

To solve (10.3) and (10.7) to first order in 1 one remarks that from (10.6) the fluctuation
of K around its mean value are of order 7, and from the first of (10.8) it is clear that
v = wrt + o(e). Then, neglecting the variations of K and 7 of higher order in 7, one
finds that the motion is:

_ 3 2Ky, . 1
i = —wpt — —wiJm —20 (sin®(wrt + Ao —Y0) — =)

) 2 K124 2 (10.9)
K =~ SwpJm(l - —5)(sin2(wrt + Ao )

Recalling that cosé = K/A, A/J = wp and setting Sy = 2(Ag — Y0), § = dp + ¢’ and
v + wpt = 7' we rewrite (10.9) as

5 :§H(Z_T) sin dg sin(2wrt 4+ Bo)

g w;" (10.10)
/ —_——_— —_
5 747)(MD) cos dg cos(2wrt + Bo)

where to obtain the first line of (10.10) we used the fact that, up to the first order in
0 — 50;

. KfK)fAi( § —cosdy) = —Asind i(afa)

= dt( o) =A- cos cosdy) = sin 0 0

The motion in (10.10) express the deviations from the mean precession motion and it
shows that the Earth axis moves on a small ellipse with a period equal, in this approxi-
mation, to 27 /wp. This is the solar nutation motion.
To compute the nutation motion due to the Moon it is easy to see that the main con-
tribution does not come from the revolution of the Moon around the Earth, but to the
precession motion of the plane of the revolution of the Moon with respect to the ecliptic on
a cone of angle equal to the Moon inclination iy, ~ 5° and with period T},;, = 27/wpr, ~ 19
years. The nutation motion due to the Moon turns out to describe an ellipse about 10
times larger than the one found above for the Sun contribution and with a period of the
order of 27/2wpr..

One can check that the precession of the Moon plane is (mainly) due to the gravitational
force of the Sun, as the following argument shows. One can imagine, for the purpose of
studying phenomena that take place over a time scale large with respect to the Moon
period of revolution (T, =~ 27 days) that the Moon is uniformly spread on its orbit on
an ring of radius az, whose plane is inclined by i1 over the ecliptic and which is rotating
around its center T at velocity wr equal to the mean angular velocity of the Moon
wy, = 27 /Ty, with T, ~ 27 days. The ring is at a distance a from the Sun and gravitates
around it with angular velocity wr, (neglecting the eccentricities of Earth and Moon),
hence it has a precession that can be calculated from that of the Earth simply by using
(see (8.6)) the value 1, appropriate for an ring, i.e. 1/2 because the inertia moments of
a ring are J = Mpa? and I = J/2. Hence the precession velocity, from the last of (9.6),
is wpr = —(3/4)w%w£1 cosir, which gives the approximate period Tp;, = 27/wpr, ~ 19
years mentioned above.

This computation is remarkable because it simply uses the geometry of the ring, without
any free parameter 1: hence it can be regarded as a test of the gravitation law.

11. Planar restricted three body problem
The motion of the planets around the Sun is approximatively described by Kepler’s laws.
If one wants to study the orbits of the planets with more accuracy, one has to take into

account the influence of the other planets on the motion, and the fact that, most of
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11.1

11.2

12.1

all for the inner planets, the potential has not exactly the form (3.1) due to relativistic
corrections.

We split an example problem in two parts: we first shall study the effect of Jupiter on
the orbit of an inner planet, say of Mercury and later we take into account the further
corrections due to general relativity effects.

We shall adopt the following simplifying assumptions

(i) The Sun is at rest in the center of the frame of reference.
(i1) Mercury does not influence the motion of Jupiter.

(#ii) The system is supposed to be on a fixed plane.

(iv) Jupiter is supposed to be on a circular Keplerian orbit.

Then the Hamiltonian of the system will be
2

e
HE(LvGaTGaAaﬁya)\G) = 729? +wagla — |_, g

PG — pl

where the term wgTs gives the equation of motion A¢ = wg for the Jupiter anomaly,
according to assumption (i), Tg represents the excess of energy due to assumption
(i), and pe and p represent respectively the (vectorial) position of Jupiter and Mercury
respectively; |pa| = pa is supposed to be constant. The small parameter ¢ is given by
€= 5=

Den(%isng by ¥ the angle between p and the major semiaxis of the orbit of Mercury (¢
is also called true anomaly), the angle between pg and §'is given by ¢ + v — Ag. Hence
(11.1) can be rewritten as

(11.1)

2

He(LaGaTGa)‘aﬁya)‘G):729?+MGTG7 “ /2
P+ p* = 2ppg cos(V +y — /\c))
2
g 9¢
= ppz teele s ) oz v
oG (1 + (p_c) - 2<p_c) cos(V + v — Ag))

(11.2)
We expand (11.2) in powers of p/pa: neglecting the constant terms and the terms in

(p/pc)3 we obtain

’ 23cos’(W+y—Ag) — 1
HE(Lﬂ GaTGaAa’ya)\G) = - g—2 +WGTG — £<£) cos ( i G) _
2L PG \PG 2 (11.3)
79_£COS2(19+’)/7)\G)
PG PG

where H. is implicitly function of A through p and 9.
The above analysis allows us to compute the precession of the perihelion of Mercury via
the results of section 7.

12. The precession of the perihelion of Mercury due to Jupiter

The Hamiltonian (11.3), following the results of section 7, has to be averaged on A, v and
Ag. However the dependence on X is quite implicit. To average (11.3) it is convenient to
introduce an auxiliary coordinate, the so called eccentric anomaly. The construction of
eccentric anomaly is presented in Fig. 12.1.

The following relations hold

p=a(l —ecosf), A=¢—esing (12.1)
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12.4

12.6

Fig. 12.1: The eccentric anomaly ¢ and the true anomaly 9 of P.

The first has a simple geometrical proof: from Fig. 12.1 if we call, respectively, x and y
the components of p along the major semiaxis a and the minor semiaxis b of the orbit,
it is 22 = (acosé — ae)? and y? = b?sin? &€ = a?(1 — e?)sin? &; so that p? = 22 +y% =

a?(1 — ecos€)?. The second follows from (2.14), which in our case takes the form

which implies

o

e

From a = (py +p_)/2 and b? = pyp_ = a®(1 — €?) one obtains

y T 0 1

= — d—
2 pa

2Z— (7 —a)

2

s 1 _ (4 f sl
)\—/dpa P — /(1 ecosé)dé =& —esiné

where in the second equality we have used (12.1)

In order to compute the average of (11.3) with respect to A,y and Ag we write

cos(¥ + v — Ag) = cos(¥ + ) cos(Ag) + sin(d + ) sin(Ag)
(cos(¥ + v — Ag))? = cos?(V + ) cos*(Ag) + sin? (¥ + ) sin?(A\g)+
+ 2 cos( + ) cos(Ag) sin(¢ + ) sin(Ag)

and we compute

the averages

(12.2)

(12.3)

(12.4)

(12.5)

2m 27 o
ﬁ/o d)\A dAGA dyp(N)(cos(¥ + ) cos(Ag) + sin(d +v) sin(Ag)) = 0 (12.6)

and

1 27 27 27
— d)\/ dA dyp?(\)-
(QW)B/O 0 ¢ 0 ")

. (cosQ(ﬂ + ) cos?(Ag) + sin® (¥ 4 ) sin®(A\g )+

1 2

:%0
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+ 2 cos(¥ + ) cos(Ag) sin(d + ) sin()\g)) =

1
dAp?(\)(cos® (9 + ) 3 + sin?(9 + v)

19

2

1 11 [
= - dAp*(\
=53/ DO

(12.7)



12.8

12.9

12.10

12.11

12.12

Since the average of 1(3cos?(¥ +v — Ag) — 1) over A is & we obtain, if (H.) is the
average of He,

2

g ge 1 1 [*" a\? 5
Hy=-2vweTo-L— 2 [ () a- 12.8
(He) 2L2 twele pG 2m 4/0 PG (1 ~ecost) ( )

Hence we have to compute the integral

i/27rd)\(1ecos§)2i/%df(lecos{):gl%e2 (12.9)
27 Jo 2n ), N 2 '

b b 2
Note that, by (4.12), one has that 1 — %eQ = %(%) — % Neglecting constant terms it is

(o) =~ +waTo - L1 ()35 (1210)

And the precession of the Mercury’s orbit is

O g2 310 i
= 7ch4(pG) T_e (12.11)

The relations L = \/ga (see (4.10)) and (3.10) imply, finally,

3¢ T
j= Mo T= & (12.12)
1 T2

The latter gives the perihelion precession of Mercury due to Jupiter. Similar formulae
can be obtained for the contributions to the precession dues to the other planets. The
result does not match the observed data by an amount of 43" per century. The latter
can be explained by general relativity as discussed in sections 13,14.

13. The relativistic effects on the Sun attraction.

While the forces due to the other planets make the motion of any of the planets no longer
integrable the relativistic corrections change only the form of the central potential.
More precisely, the solution of the Einstein’s equation with central symmetry (Schwartz-
child, 1916) implies, for a planet moving around the Sun, an equation of motion equivalent
to a central motion with a classical potential, depending on initial condition through the
quantity A, given by ,
kmM  kmMA

VR(p) - P) 02p3 (131)
with m= planet’s mass, M= Sun’s mass, c= speed of light. See appendix 1 for a sketchy
derivation of (13.1) from the Schwartzchild solution of Einstein equation.
The quantity kM /c? = rg has the dimension of a length, and it is usually called gravi-
tational radius of the Sun. The value of such constant is rg ~ 1480m Due to the small
perturbations in (13.1) the trajectories of the planet are no longer closed, and after each
revolution the perihelion moves slightly. This movement, called relativistic precession
of the perihelion, can be described in terms of the small angle 9 spanned by the per-
ihelion in a revolution. To compute it we can use the Lagrangian formalism, recalling
that the potential is still central and therefore the system is integrable, or we can use
the averaging method of section 7. To show the simplicity of the Hamiltonian formalism
we will present both approaches, starting from the averaging method. The Lagrangian
computations for the same relativistic precession are presented in the appendix Al to
section 14.
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13.2

13.4

13.6

13.9

The basic axiom of general relativity is that motion is simply a constant speed flow on
the geodesics of a pseudo-euclidean metric of a four-dimensional space. This means that
the trajectory in general relativity is determined by the variational principle

5/ﬁs:o (13.2)

where the line element ds is defined by the space metric g*” as

ds = [ g Lo dae g\ (13.3)

and A is a generic parametrization of the trajectory.
We are concerned with the particular case of a point mass, moving with a speed smal light,
and therefore moving along geodesics with positive length element. Hence the quantity

\/ g“l’df—; df; is strictly positive, for any regular parametrization of the trajectory.

Note that, if we choose as parametrization of the motion exactly the arc length of the
searched trajectory (geodesic), we have from (13.3), ds = \/g/‘”%% ds and therefore

on the geodesics

It is also useful to define the proper time T simply writing ds = cdr. The name comes
from the fact that 7 is the time measured by an observer posed in the reference frame of
the moving object. Denoting by u,, the quadrivelocity u, = d;—T“, the variational principle
(13.2) can be rewritten as

5/L dr =0 (13.5)
where
L= \fgm e e = Vo, (13.6)

and, on the geodesics,
" uu, = c? (13.7)

The gravitational field of the Sun corresponds to the Schwartzchild metric which, in
spherical space coordinates, is
2rg

") G - (dr)” 02 ((@9)? + sin? 0(d)?) (13.8)

1 — 2rs
T

(ds)? = (1

where ry = kM,/ c? is the gravitational radius of the Sun, and has the value r, ~ 1480m.
The metric (13.8) has the following features:

(a) g is stationary, i.e. it is time independent.

(b) g"¥ is rotation invariant.

(¢) g is invariant under the symmetry ¢ — 7 — ¢J. This implies that a point initially
in the plane ¥ = 7/2 remains indefinitely on such plane. From b), we can always choose,
without loss of generality, the initial value ¢ = 7 /2.

(d) g" is independent on ¢.

Properties (a) and (d) imply that ¢ and 9 are cyclic coordinates for the Lagrangian (13.6).
The corresponding conserved quantities are

2rs | dt
oL (1 - Tg> dr oL r2d0 130
6% B v 42y dl‘u’ 63_19 B v 42y dxy ( ' )
T g dr drt T g dr dr
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13.12

13.13

13.14

13.15

14.1

From (13.7) we deduce

2rg\ dt dvy
(1 - : )E = const, 7"2% =const = A (13.10)

On the other hand (13.7) can be explicitly written as

2
dr
= (-2 - L) a2

g upu, = =

From (c) we deduce

62:(1_%>(dt>2_@_r2(d£)2 (13.12)

r J\dr 1— 2 dr

Substituting (13.10) in (13.12) we finally obtain

const = 2F = (Z—:f + (1 — 2:5)7"2 (%)2 — 2:5 c (13.13)
and therefore
E= %(rQ +r297(1- 2%)) -4 (13.14)

The relativistic one-dimensional potential (13.1) is obtained by substituting (13.10) in
(13.14). We also remark that defining the Hamiltonian

H:l(p2+f’_5>)_ﬁ_A2E (13.15)
2\7" 0 2 r r3 '

parameterized by the constant A, we have that for A = py (but only for this value of A)
the solutions of the equations of motion have (13.10) and (13.14) as conserved quantities.

14. Relativistic precession of the perihelion of Mercury. Averaging method.

The precession of the perihelion of Mercury due to the relativistic corrections can be
found by applying the general method of section 7 to the Hamiltonian

kM,
g=kM;, rs = (14.1)

2 2 2
P, P g 154
H(pﬂapﬁvpvﬁ): ¢ D)

P
2 202 p  p? c

where r, is the gravitational radius of the sum (rs ~ 1480m) and A is a fixed parameter.
As discussed in section 13, the Hamiltonian system in (14.1) has two conserved quanti-
ties (i.e. H and py), and if the parameter A is fixed to be numerically equal to py,the
Hamiltonian flow generated by (14.1) on initial data with py = A coincides with the
geodesic flow under the Schwartzchild metric and the same initial data.

Note that A has to be considered as an independent parameter: i.e. the solutions of the
Hamilton equations for (14.1) are interesting form our purposes only if the initial data
are such that py = A. Replacing py with A in (14.1) would be wrong.

The Hamiltonian (14.1) is actually integrable, due to the presence of two constants of
motion. However, since the quantity rs/p ~ 1077 is extremely small, it can be considered
a small perturbation of the Keplerian Hamiltonian (4.1) and therefore it willbe conve-
niently written in terms of Delaunay variables. This approach has the advantage, with
respect to the direct computation presented in section 4, to give a precession computable
in terms of the average method.
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14.2

14.3

14.4

14.5

14.6

14.7

14.8

14.9

Al.l

Following the previous analysis, we write

2 ,AQ
H(L,G A7) = -2 - &

2 (14.2)

where p has to be expressed in terms of the canonical variables. To do this we use the
relations (12.1), i.e.
p=a(l—ecosf) A=¢—esiné
We have ) 12
g Ts
H(LLGA\y)=—"5 — ————— 14.3
and averaging on A we have

<H>:_9_2_ﬂi/2”$:_i_ﬁi/g”L (14.4)
o (1 —ecos€)? 202 a3 2rm '

The integral can be explicitly computed

2 2
g rsA
H=—"" - ——F———=7 14.5
(H) 202 a3(1 —e2)3/2 (14.5)
and, using 1 — e? = G?/L?, we obtain
2 273
g reA* L
H=——"—5—-——"—7— 14.6
(H) 2L2 a’ G3 (14.6)
Hence the Hamilton’s equation for v is
. reA% L3

Now we can use the fact that numerically the constant A is fixed in such a way that
A = G, and again 1 — e? = G?/L?, obtaining

Ts L

i (14.8)

¥=3

The §¢, which is the movement of the perihelion in a single revolution, is given by

67T7’5

0 =T = ———
7 a(l —e?)

(14.9)

In appendix the same expression is found in (A1.7).

The result gives a Mercury perihelion precession of 43" per century, which is in excellent
agreement with observations. This has been one of the most striking confirmations of
the validity of the general relativity theory.

Appendix Al: Lagrangian calculation of the precession of Mercury.

Here we come back to (2.15), and we write the angle A¢ done in a revolution as

P+ %dp P+ %dp
M:Q/ £ 2:2/ L (A1.1)
o JEE-Va() -4 oo \fo(E 4+ B - 40— 2
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In order to avoid fictitious divergencies it is convenient to rewrite (Al.1) as

Ag— 2 /p+ p% (1- 2TS Ydp + 2/P+ %%Tsdp _
NCESSRS T PR F0
A TS
0 /‘)+ > = =2dp
m p p p ”
04 pf¢%£+%ﬁf%af%%
Al.2 (A1.2)
Denote now with p2, pi the solutions of the unperturbed equation
E kM A?
2(_ _) —_ =0 Al.3
Al.3 m + P 2 ( )

It is easy to see that [p_ — p°| = 0(73) and |p; — pY | = 0(%5). Therefore up to the first

order in %S we can write

P+ P+ A%—Sdp
72_/ dp\/ £ K ;‘—5(172’”73)+2/ L =
E | kM 2
p— \/Q(E + 55 - r(1—=2)
o [P > Pl 425 qp
=-2— dp\/2(ﬁ+w)ff‘—2(172r—s)+2/ P WEW)
Al4
0A Jp mer e P f2AL B — A1 — s
Now we expand both integrals in (Al.4) up to first order in =5 obtaining
L g o 4 i
A9 =2 -2 1
o AR L) 4 04U B k) 4
ALS5 0 (A1.5)
: P AT_Sd
+ > S5dp
+4/ P P
E |, kM A2
o \/Q(E +5) o=

Since we are interested in the result of the integrals in (A1.4) up to the first order in

%S we compute them on the Keplerian trajectory. We obtain from zero-th order the

unperturbed result 27, while for the first order, exploiting (2.15), we have

60 =—2— | ZEa+4 LG e (A1.6)

0 ATS rs 0 WkMTS 47TkM7"S
a0 ()
AL.6 A P /0 +
where in last equality we used (3.7) and (3.9) and the fact that the term proportional to
cost vanishes. We obtain finally, exploiting again (3.7)

(AL.7)

1,1 1 67rg
T
AL7 67TT‘52 o + a1—e2)

p—
where a and e are the major semiaxis and the eccentricity of the orbit.
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