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We obtain the weight distributions of the Melas and Zetterberg codes and the
double error correcting quadratic Goppa codes in terms of the traces of certain
Hecke operators acting on spaces of cusp forms for the congruence subgroup
I'1(4)= SL,(Z). The result is obtained from a description of the weight distribu-
tions of the dual codes in terms of class numbers of binary quadratic forms and a
combination of the Eichler Selberg Trace Formula with the MacWilliams
identities.  © 1991 Academic Press, Inc.

1. INTRODUCTION

For an integer m > 3 and g =2", the Melas codes M(q) are defined to be
certain binary cyclic codes of length ¢ — 1 and dimension ¢ — 1 —2m. The
minimum distance of these codes is 3 or 5, depending on whether g is a
square or not. The Zetterberg codes N(g) are similar; these are binary
cyclic codes of length g+ 1 and dimension ¢+ 1 —2m. The minimum dis-
tance is 5 or 3 depending on whether ¢ is a square or not [12, Chap. 7,
Problems 28 and 29]. The even weight subcodes of these codes are
isomorphic to the extended double error correcting quadratic Goppa codes
[17].

In this paper we will determine the weight distributions of the Melas and
Zetterberg codes as follows: we first study the duals of the codes M(q) and
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N(q). These codes appear to be related to a certain family of elliptic curves
over the finite field F, which all possess an F -rational point of order 4.
The weights are essentially the cardinalities of the groups of F-rational
points of the curves occurring in this family. The frequency of a given
weight is given by the number of curves in the family with a fixed number
of rational points and it can be expressed in terms of a Kronecker class
number. The weights have been obtained earlier by Lachaud and
Wolfmann [7, 8].

The MacWilliams identities relate the weight distributions of the dual
codes to the weight distributions of the Melas and Zetterberg codes them-
selves. The resulting expressions for the weights appear to be similar to the
Eichler Selberg Trace Formulas for the traces of the Hecke operators
acting on certain spaces of cusp forms of weight k£ > 2 for the group I";(4).

Our main result, Theorems (4.2) and (5.2), is a description of the weight
distributions of the Melas and Zetterberg codes in terms of the traces of
these Hecke operators. As an easy consequence we obtain the weight
distributions of the double error correcting quadratic Goppa codes as well.

The route we follow is like the one followed in [12, Sect. 15.3] to obtain
the weight distributions of the double error correcting BCH codes. In that
case, however, the family of elliptic curves that arises is a family of super-
singular curves. Since these curves are quite rare, only very few weights
occur in the dual code. Therefore the MacWilliams identities become par-
ticularly simple and the weight distributions of the double error correcting
BCH codes are easily obtained. In our case matters are more complicated;
our family contains, in a sense, all possible elliptic curves that are not
supersingular and the number of occurring weights in the dual codes of
M(q) and N(q) is approximately \/é

The proof of the main result is not very satisfactory: the group I",(4) is
closely related to families of elliptic curves with a point of order 4 and it
seems that one should be able to obtain our formulas in a way more direct
than via the Eichler Selberg Trace Formula. Our formulas are very suitable
for actual computation. In the final section this is illustrated by some
examples. As a byproduct we confirm and extend certain numerical data
obtained by Diir [5] and by MacWilliams and Seery [11].

The paper is organized as follows: In Section2 we briefly discuss
Kronecker class numbers and traces of Hecke operators. In Section 3 an
auxiliary code C is discussed; its weight distribution is given in terms of
Kronecker class numbers. In Section 4 the weight distributions of the
Melas codes and their duals are derived. The same is done for the
Zetterberg codes in Section 5. Finally, in Section 6, we explicitly compute
the frequencies of some small weights in the Melas, Zetterberg, and Goppa
codes.
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2. CrLass NUMBERS AND TRACES OF HECKE OPERATORS

In this section certain class numbers are introduced; these occur in the
Eichler Selberg Trace Formula which is stated for Hecke operators acting
on the spaces of cusp forms of weight k, for the group I'o(N) and with
character y.

Nothing in this section is new. The section is included for the con-
venience of the reader. It is supposed to contain enough information to be
able to perform calculations similar to those in Section 6.

For a negative integer 4 congruent to 0 or 1 (mod 4) we let B(4) denote
the set of positive definite binary quadratic forms,

B(A4)={aX*+bXY+cY?:a,b,ceZ, a>0 and b>*—4ac=4}.
By b(4) we denote the primitive such forms,
b(4)= {aX*+bXY+cY?e B(A): ged(a, b, c)=1}.
The group SL,(Z) acts on B(A4) by

(;‘ g).f(X, Y)=f(aX+pY,yX+4dY)  for f(X, Y)e B(4);

this action respects the primitive forms. It is well known that there are only
finitely many orbits. The number of orbits in b(4) is called the class num-
ber of 4 and is denoted by h(4). The Kronecker class number of 4 is
denoted by H(4); it is defined to be the number of orbits in B(4), but one
should count the forms aX?+aY? and aX?+aXY +aY?, if at all present
in B(4), with multiplicity 1 and i, respectively.

The relation between the Kronecker class numbers and the ordinary
class numbers is given as follows:

PROPOSITION 2.1. Let 4 in Z _, be congruent to 0 or 1 (mod 4). Then
A4
H=T ()
A7
where f runs over all positive divisors of A for which A/f* e Z is congruent to
0 or 1 (mod 4) and where h,, is defined as follows
h,(=3)=1,
kw( —4) = %’
h,(4)=h(4) for A< —a.
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Proof. For any quadratic form aX? + bXY +cY? € B(4) the ged(a, b, ¢)
is not affected by the action of SL,(Z). Therefore it makes sense to sort the
orbits according to the ged’s of the coefficients of their elements. The orbits
with a fixed gcd =d of their coefficients are in one-to-one correspondence
with the orbits of the primitive forms of discriminant 4/d?; this is easily
seen by dividing the coefficients of the forms by d. It follows that the num-
ber of orbits in B(4) is precisely 3, h(4/f %), where f runs over the positive
divisors of 4 for which 4/f*eZ is congruent to 0 or 1 (mod4). It is
classical that A(—3)=h(—4)=1: all forms in b(—3) are equivalent to
X2+ XY+ Y? and all forms in 5(—4) are equivalent to X?+ Y2 From this
and the definitions of the 4,.(4) and the Kronecker class numbers H(A4) the
result follows at once.

The numbers A(4) and H(A4) can be calculated efficiently using the
theory of reduced forms: a quadratic form aX?+bXY+cY? is called
reduced when |b|<a<c¢ and b>0 whenever |b|=a or a=c. Every
SL,(Z)-orbit contains precisely one reduced form. For a reduced form
aX?+ bXY+cY?2 it holds that |4| = —b?+dac > —a’ + 4a* and therefore
that |b| <a < ./|4]/3 which shows that it is easy to count all reduced forms
(primitive or not) having a fixed discriminant A.

For 4< —4, the ordinary class number #i(4) is equal to
(l/n)\/l—A‘l L,(1), where L,(1) denotes the value at 1 of the Dirichlet
L-series associated to the quadratic residue symbol (4). These values are
rather erratic as functions of 4. Probably it holds that |log L, (1) =
O(logloglog|4|). A very rough approximation of h(4) is therefore
(1/m) \/|A_| The same approximation is valid for H(4).

See [2] for more information on binary quadratic forms. In [2, 14]
small tables of class numbers are given.

Next we discuss cusp forms. For a systematic introduction see the books
by S. Lang [97] and J.-P. Serre [15].

Let GL,(R)* denote the group of matrices {o € GL,(R): det(a)>0}.
The group GL,(R)™* acts on the upper halfplane H= {ze C: Im z >0} via
fractional linear transformations: for ze H and o= (“ %)e GL,(R)* we let
o(z)=(az+b)/(cz+d). For every integer k>2 we define an action of
GL,(R)™ on the holomorphic functions on H as follows

fleo = (det )" (cz+d)4kf(az +b)’

cz+d

where 6= (“ 5)e GL,(R)".
For any NeZ . ,, let
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To(N)= {(j Z) € SL,(Z): ¢=0 (mod N)}

r(N)= {(‘Z Z) € Fo(N): a=d=1 (mod N)}.
The group I'(N)is a normal subgroup of I'g(N).

The space Si(I';(N)) of cusp forms of weight k for the group I';(N) is
defined by

Si(I'y(N))={ f: H— C holomorphic: f|,0 = f for all g € I'|(N),
lim f(oz)=0 for all 6 e SL,(Z)}.

imz— o

An application of (1) to the matrix (; ;) shows that any cusp form f(z)
for I'|(N) satisfies f(z) = f(z + 1). We can therefore write f(z) as a Fourier
series: f=Y2_, a,,e”™™. Note that the constant term vanishes since f is a
cusp form.

The space S.(I;(N)) can be decomposed according to the characters y
of I'y(N)/I'(N)=(Z/NZ)*. We have

SI'i(N)) =@ SlIo(N), %),

4

where S, (I'o(N), x) consists of the cusp forms fe S, (I',(N)) for which

fleo=x(d)-f(z)
for all = (% %) e Iy(N).

The spaces S, (I';(N)) are finite dimensional complex vector spaces; a
formula for their dimensions is given in Corollary (2.3). On the S, (I",(N))
the Hecke operators T,, (neZ ) act. These linear operators respect the
above decomposition of S,(I';(N)). They are, for f(z)=Y2_, a,,e*™"™ e

Si(I'4(N), x), defined as follows:
T, -f(z)= ). ( Y. x(d) d"“amn/az> e, (2)
m=1 \d|m,n

An application of (1) to the matrix (~§ _9) gives us that f(z)(—1)*=
%x(—1) f(z) and hence that

Se(Io(N), x)=0 whenever yx(—1)# (—1)~

The Eichler Selberg Trace Formula gives an expression for the traces of
Hecke operators in terms of class numbers of binary quadratic forms:
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THEOREM 2.2. Let NeZ ., and let y:(Z/NZ)* - C* be a character
of conductor N,. Furthermore, let k=2 be an integer for which y(—1)=
(D)~

For every integer n>1 the trace Tr of the Hecke operator T, acting on
the space of cusp forms S, (I'4(N), x) is given by

Te(T,)=A,+ A+ A+ A,,
where

A=t g

(Here x(ﬁ)=0 whenever \/;¢Z and Y(N) denotes NTT, n(1+1/p),
where the product runs over the prime divisors p of N).

1 pk—l_ﬁk‘l <t2__4n)
A = —— _— hw —_— H(l,ﬂn)-

’ 2 1eZ,2t2:< 4n p—p zf: f
(Here p and p denote the zeroes of the polynomial X* — tX + n and the sum
runs over the positive divisors f of 1*—4n for which (£*—4n)/f*eZ is
congruent to 0 or 1 (mod 4). The numbers u(t, f, n) are given by

Y(N)
WNN)

xX—1x+n=0(mod NyN)

ut, fon)= x(x),

where N, denotes gcd(N, f). It is left to the reader to verify that the x’s
occurring in the sum are well defined.)

Ay=— Y a! Y ¢(gcd<c,—cj\—r>>x(y).

d| c|N
0<d<. /n ged(c, N/c) | ged(N/Ny,njd — d)

(Here ¢ denotes Euler’s ¢- function; the prime in the first summation indicates

that the contribution of the term d = \/r_z, if it occurs, should be multiplied by
5. The number y is defined modulo N/gcd(c, N/c) by y =d (mod c¢), y = (n/d)
(mod N/c).)

A= Y t  if k=2andy=1,
gcd?/:.rl:}tn)’=l

=0 otherwise.

(The unit character is denoted by 1. We recall that every character y is
extended to Z/NZ by y(m)=0 whenever gcd(m, N)>1).
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Proof. These formulas are taken from H. Cohen’s paper [3]. Cohen’s
unpublished proof is along the lines of the proof D. Zagier gave for the case
N=1 and y=1, see [9, 18]. The reader is referred to J. Qesterlé’s thesis
[13] for a complete proof.

COROLLARY 2.3. Let NeZ., and let y: (Z/NZ)* — C* be a character
of conductor N,. Let k>2 be an integer satisfying y(—1)=(—1)*. Then

dim Si(I'o(N), 1)

=’L1¢(N)—<k%l— %‘]) Y x(x)

x (mod N)
x24+ x+ 1 =0 (mod N)

1 3 p gcd(c,?))«}-{(l) if k=2andy=1,

2 ! otherwise.
ged(c, Nje) [ (N/Ny)

Proof. Since the Hecke operator 7 is just the identity map, we have
that dim S,(I'4(N), x) =Tr(T,). Therefore Theorem (2.2) gives us a
formula for the dimensions of the spaces S,(I'y(N), ).

Remark 24. The numbers (p*~'—p*=!)/(p—p), being symmetric
expressions in p and p can be written as polynomials Q, ,(f,n) in
t=p+p and n=pp.

For future purposes, we introduce some notation concerning these
polynomials. We have

Qo(t9 n)= 19
O.(t,n)=1,
Qi it n)=10,(t,n) —nQy_(t,n)  (k=1).

When we assign the variable 1 a weight equal to 1 and n a weight equal to
2, then the polynomial Q,(¢, 1) is seen to be homogeneous of weight k.
Viewed as a polynomial in ¢ it is monic and we can therefore write

= z A[,jQifj(t’ n)ni/Z; (3)

j=0, jeven
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the 4, ;€ Z are easily seen to satisfy
A;,;=0  whenever j¢ {0, 1, .., 7} or j odd,
Aoo=4A10=1, 4)
Aivr;=Aij 2+ A

One has in fact that 4,,,=(";')— (;Z3).
Finally we apply the Trace Formula in Theorem (2.2) to the case of

r4):

THEOREM 2.5. Let m>1 and q=2". The trace of the Hecke operator T,
acting on the space of cusp forms S, (I'\(4)) is given by

Te(T,)= —1+q- H(—4g)=0 for k=2,
=—1—(=1)*2Y Q, ,(t,q)H(*—4q) for k=3.

The summation variables t run over {te Z: t* <4q, and t=1 (mod 4)}.

Proof. The space S,(I',(4)) is equal to S(I'o(4), 1) when & is even and
to S.(Iy(4), w), where @ denotes the non-trivial character of (Z/4Z)*
when & is odd. One checks that A,= —1 and that for fixed ¢, all the
u(t, f, q) occurring in the trace formula are equal. In fact, one finds that
u(t, £, q)=(—1)*? x(t), where y denotes 1 or w according as k is even or
odd. Therefore, by Proposition (2.1), the sums of the class numbers #,, may
be replaced by Kronecker class numbers. The result now follows directly
from the Trace Formula in Theorem (2.2). For k =2 the trace is 0 because
dim S,(I',(4))=0.

3. Copes AND ELLipTIC CURVES

In this section we will determine the weight distributions of certain
auxiliary codes. These codes were introduced by G. Lachaud and
J. Wolfmann [7]. They independently obtained the results of this section
[8]. For the sake of completeness, we present our approach.

Let m>=3 and let g=2" denote a fixed power of 2. Let Tr:F - F,
denote the trace map; this is an F,-linear map whose kernel consists
precisely of the elements of the form y*+ y with yeF,.

Let V' be an F,-vector space with coordinates indexed by FX*. The binary
code C(gq) = V of length g — 1 is defined by

C(q)= {c(a, b)= (Tr(ax + b/x))xeF;: acF,, beF,}.
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We will determine the weight distribution of the code C(g). This will
involve elliptic curves over F,. For the basic properties of elliptic curves see
J. Silverman’s book [16].

PROPOSITION 3.1.  The weights of the words c(a, b) in C(q) are as follows:
(1) ¢(0,0) has weight 0,
(2) (0, 1) has weight 1q,

(3) c(a, 0) has weight 1q for a +#0,
(4) c(a, 1) has weight g— 5 #E,(F,) for a#0.

Here E,(F,) denotes the group of points defined over ¥, on the elliptic
curve E, an affine Weierstrass equation of which is given by

Y24+ XY=X>+aX.

Proof. The weights of the words c¢(a, b) are easily determined whenever
ab=0. Let therefore a#0 and b=1. For a given xeF} the equation
Y?+ Y=ax+ 1/x has two or no solutions in F, depending on whether
Tr(ax + 1/x) equals 0 or 1. We conclude that

Tr(ax+1/x)=1—3#{yeF : y’+ y=ax+1/x}
and hence that the weight of the word c¢(q, b) is equal to
g—1—3#C,F,).

Here C,(F,) denotes the number of finite points on the curve C, which is
given by

Y’+Y=aX+1/X.

Using the transformation Y < aXY, X < aX we see that the projective
curve given by C, is isomorphic to the curve

E,.Y’+XY=X’+aX.

Since the curve E, has only one point at infinity while the curve C, has the
two points with X=0 viz. (0:0:1) and (0:1:0) at infinity, we see that
# C,(F,)=# E,(F,)—2 and the result follows easily.

COROLLARY 3.2. The code C(q) has dimension m+ 1 over F,.

Proof. Consider the homomorphism F,xF, — C(gq) given by (a, b)—
(Tr(ax + b/x)), .g.- Suppose (a, b) is in the kernel of this map. Then the
weight of c(a, b) 1s 0 and either a=h=0 or the elliptic curve E, has 2q
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points over F,. Since |[g+1—# E,(F )| <2 \/E (see [16]) we conclude
that g —1<2 \/z} which is impossible since m > 3. Therefore the map is
injective and the corollary follows.

THEOREM 3.3. The non-zero weights in the code C(q) are w,=
(g—1+41)/2, where teZ, t* <4q and t =1 (mod 4).

For t+#1 the weight w, has frequency H(t*> —4q) while w, has frequency
H(1—44)+q.

Proof. Consider the family of curves

E, Y’+XY=X’+aX (acF})

These are elliptic curves with j-invariants equal to a 2. Every element in
F} occurs exactly once as a j-invariant in this family. Over F, there are for
every non-zero j-invariant precisely two elliptic curves having this
J-invariant [14, Thm. 4.6]. If one of these has ¢+ 1 — ¢ points over F, then
the other has ¢+ 1 + ¢ points. Since every curve in the family has (a?? 0)
as an F -rational point of order 4, we conclude that actually every elliptic
curve E over F, with 4 dividing # E(F,) occurs exactly once in our family.
The number of elliptic curves over F, with precisely ¢ + 1 —¢ points over
F, is known; see for instance [14, Prop. 5.7]: when t*>4q there are no
such curves and when > <4q and ¢ is odd, the number of such curves is
equal to the Kronecker class number H(t>—4g). For even t satisfying
1> < 4q, we refer to [14], since we do not need those numbers here.

By Proposition (3.1) and the discussion above we have that the non-zero
weights of C(gq) are the numbers g—3(g+1—1)=(q—1+1)/2, where
t*<4q and t=1 (mod4). When r#1 only words of type c(a, 1) can
have weight (g—1+1¢)/2 and there are precisely H(t*>—4q) such words.
When t=1 the words ¢(0,1) and c(a,0) with aeF} have weight
(9 — 1+ t)/2 = 1q; we conclude that H(1 — 4q) + g words have weight 1q.

This proves the theorem.

4. THE MELAS CODES

Let m>3 and let g =2". Let « be a generator of the multiplicative group
F¥. Consider the cyclic code M’ of length g —1 over F, with generator
polynomial (X —a)(X —a~'). The dual of this code is cyclic with zeroes 1,
o, o, ..., a7 ?; these are precisely the zeroes of the polynomials

qg—2

Y (e’ +ba ) X eF [X]/(X'—1) (a,beF,)

i=0
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and one concludes that the dual code is just

{(ax+é) a, bEFq}.
X xeF;

The Melas code M(q) of length ¢ —1 is defined to be the restriction to F,
of M’. Since the dual of a restriction is the trace of the dual code [12,
Chap. 7. Thm. 11.], we see that the dual M(q)* is the 2m-dimensional code

b
{(Tracc (ax+—)> :a, bqu}
Fy/F; X/)/xeFs

q

The codes M(q)* and therefore M(q) do not depend on the choice of the
generator o. We have the following description of the weight distribution of
M(q)*:

THEOREM 4.1. The non-zero weights of the dual Melas code M(q)* are
w,=(q—1+1)/2, where te Z, t* <4q and t=1 (mod 4).

For t# 1 the frequency of w, is (q — 1) H(t* — 4q); the weight w, = q/2 has
Sfrequency (q— 1)(H(1—4q)+2).

Proof. The group F}¥ acts on the code M(q)* by {: (a, b)— ({a, {~'b)
for {eF}; it is easily seen that words in the same orbit have the same
weight. For =0 we find the zero-word and g — 1 words of weight 14 in
M(q)*. The set of words with 5 #0 is stable under the action of F}; every
orbit has length ¢ —1 and contains exactly one word ¢(a, 1) of the code
C(g) in Section 3.

Apart from the weight 3g, the theorem now follows from Theorem (3.3).
The g — 1 words with =0 and the ¢ — 1 words in the orbit of ¢(0, 1) all
have weight 1. Together with the H(1—4gq) orbits of words ¢(a, 1) with
a#0 that have weight 3¢ in C(q) we find (¢ — 1)(H(1 —4q) + 2) words of
weight w, = 3¢, as required.

The rough approximations of the Kronecker class numbers mentioned in
Section 2 imply rough estimates for the weight distributions of the dual
Melas codes: for ¢ as in Theorem (4.1), the number of words of weight
w,= (g — 1 +t)/2 is approximately equal to ((g — 1)/n) /4q —1°.

We combine Theorem (4.1) with the MacWilliams identities to obtain an
expression for the weight distribution of the Melas codes M(q) themselves.

THEOREM 4.2. The number A; of code words of weight i in the Melas
code M(q) is given by
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2, (91 [+ 2 _ q/2—1)
a=(T7 ) v ("

@ T W@ )
/-
j=i(mod2)
here the polynomials W, ,(q) are for 0< j<i and i=j (mod 2) defined by
Woo=1, W, =-—1,
G+ Wi = —qW, =W —q—=) W,y
(otherwise the W, ; are 0).

By t,(q) we denote for k>3 the trace of the Hecke operator T, on
Si(I"1(4)). For convenience we let t,(q)= —gq.

Proof. For 0<I<q—1 let P/(X) denote the /th Krawtchouk polyno-
mial [12, Sect. 5.27. We define

fiX)=P, ("‘IT”)

The recurrence relation satisfied by the Krawtchouk polynomials becomes

So(X)=1; [i(X)=—X,
U+ 1) f1 X)) = =X (X) = (g~ 1) fi_ (X);

it follows that £, has degree / and that the parity of f; is equal to the parity
of /. We can therefore write

/

0= Y k)X~ (5)
kz;((r:ngdZ)

We have that 7,(0)=1 and =,(1)= —1 and by the recurrence relation that

(I+Dm b+ D)= —n(k)—(g—Dm_,(k+1) (6)

We apply the MacWilliams identities [12, Chap. 5, formula (13)] to the
weight distributions of the code M(q) and its dual

g—1+¢
2

q°A;=Y frequency(w,) P; ( ) + P,(0),
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where ¢ runs over {reZ: t*<4q and t=1 (mod 4)}. Using Theorem (4.1)
and the polynomial f; introduced above we find

2 P,(0

S A= LA HE a9+ S ), )

It is not difficult to see that

—1
ro=("") ®)
and that
— (—1)LG+ D21 q/2—1>

A= (= (00, 0)

From (5) we obtain that

i

YA H(E-4g) = Y m() Y PH( - 4q).
! j=0 '
j=i(mod2)

By formula (3) this becomes

i

J
Z n;(J) Z 'lj,qu/2 Z Q;_«(t, q) H(l‘2 —4q).
k=0 P

j=0
Jj=i(mod2) k even

Since 4 divides g, this becomes by Theorem (2.5)

i

J
2 ml) Y Awd (=11 k1(9))
jsi(:de) If:v&gl

which after changing the summation variables somewhat is seen to be
equal to

Y Wii@(—1—-1,,(9)) (10)
jsij(:lgd 2)

where

i—j

W.i(q)= z m;(k+J) 'lk+j,qu/2-

k=0
k even

Clearly formula’s (7), (8), (9), and (10) imply the theorem. It only remains
to check the recurrence relation for the W, (q).
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One verifies at once that W, ,=1 and that W, ;= —1. Combining the
recurrence relation (6) for the n;(j) and the relations (4) for the 4, ; one
easily finds that

(i+1) Wi+l,j+1= —qW, ji2— Wi,j_(‘]_f) Wi-—l.j-&-l

as required.

As an application of Theorem (4.2) we derive formula’s for the
asymptotic behavior of the frequencies A4, for a fixed weight i as g tends to
infinity.

THEOREM 4.3. Let i be a fixed positive integer and let A, denote the
number of words in M(q) of weight i. Then

Ai:%(‘]:l)+(___;')ﬁqi/2+0(qw1)/z), g 0.

Here a;=a,, where the a, ; are defined as follows: they are zero whenever
j¢{0, ., i} ori# j(mod2). We have ayo=1, a, ;= —1 and the recursion
is given by ;. ;o1 =840+ ;— 00y i1

Proof. One shows by induction that deg W, ;(q) does not exceed
(i—j)/2. For odd k it is well known that the absolute values of the eigen-
values of T, acting on S,(I",(4))= S,(I4(4), w) are equal to 2% =12 gee,
e.g., [10, Thm. 3].

For even k one uses the Trace Formula to verify that the trace of T, is
equal to the trace of T, acting on S,(I4(2), 1). The eigenvalues of T, acting
on the latter space come in two types: the ones coming from
S,(I4(2), 1)™* have absolute values equal to 2¥?>~! as is easy to show [10,
Thm. 3]; the ones coming from the old part are the zeroes of the polyno-
mials X2 —AX + 25!, where 4 is an eigevalue of T, acting on S,(SL,(Z)).
It follows from Deligne’s Theorem on the Ramanujan—Petersson conjecture
[4, Thm. 8.2] that the absolute values of these zeroes are 2%~ 1V2 See
[1,9] and Section 6 for the decomposition of the spaces in old and new
parts.

To obtain the estimates for the eigenvalues 7,(q) of T, we observe that
on Sy(I'y(4), @) and S;(/4(2), 1) we have that T, = T7 and therefore that,
for k>3, the eigenvalues of T, on these spaces are O(¢q'*~'"?). We have,
of course, by convention that 1,(g)= —g.

We conclude that W, ;(q)(1+1;,1(g)) is O(gV*""?) for every j>1 and
i=0. Since a,=0 for odd i, the result follows for odd i at once from
Theorem (4.2).



HECKE OPERATORS AND WEIGHT DISTRIBUTIONS 177

For even i we must take the contribution of 1,(¢) into account. Since
deg W, does not exceed i/2, we see that the contribution is equal to (ith
coefficient of W, 4(¢)) ">~ (1 — q)> Tt is easy to see that this ith coefficient
is just (—1)a,/i! and that modulo O(g“~'"?) the contribution is
(a,/i") ¢"*. This proves the theorem.

Remark 4.4. Observe that we only used Deligne’s Theorem to obtain
the asymptotics of the even weights. One does not need Deligne’s Theorem
to obtain the somewhat weaker statement

| (g—1 .
A"z?(qi)*(’(q’”), g- o

which is much easier to prove.

Remark 4.5. The even weight subcode of M(q) is isomorphic to the
extended double error correcting quadratic Goppa code with reducible
quadratic polynomial over F,. Since this code admits a transitive
automorphism group, the weight distribution of the quadratic Goppa code
G4(q) itself follows at once from Theorem (4.2), see [12, Chap.S8,
Thm. 14]: The number of words in G,.4(g) of weight i is given by

i+ 1
C,-=H-—1A,~+l for odd i,
q—
—1—i
_1 I lA,. for even i.
g—

Note that only the 4, for even i are involved. Therefore the formulas for
C, that result from Theorem (4.2) will only involve the traces of the Hecke
operators T, for the full modular group SL,(Z). In Section 6 a small table
of the A, is given.

5. THE ZETTERBERG CODES

Let m>3 and g=2". Let § be a generator of the group Ber1<Fh of
g+ Ist roots of unity. Consider the cyclic code N’ of length ¢ + 1 over F:f
with generator polynomial X — B. The Zetterberg code N(g) of length ¢ + 1
is defined to be the restriction of N’ to F,. It is a code of codimension 2m.
Similar to the discussion of the Melas codes in the previous section we
have that

N(g)* = {(”[‘:Zggf (ax)),c,,.,:a€Fp}.

Note that N(g) and N(q)* do not depend on the choice of §.
The weight distribution of N(g)* is as follows:

582a/57/2-2
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THEOREM 5.1. The non-zero weights of the dual Zetterberg code N(q)*
are w,=(q+1—1)/2, where teZ, t* <4q and t =1 (mod 4).
The weight w, has frequency (q+ 1)H(t> —4q).

Proof. Since F} is the direct product of y,,, and F*, we can write
any aeFp as a=A4-{, where 4eF} and (ep,,,. The weight of

(Tr(ax))xem”l is equal to the weight of (Tr(Ax))xeuqH. We have
(Tr(Ax)) e, , = (Trace (Ax + (4x)")) ., >
g+ 1 F,/F; g+ 1
= (Trace (A(x + l/x)))xeuw.
F,/F;

It is easily seen that the sets {A(x+1/x): xepu,,,} and {A(x+ 1/x):
xeF¥} have intersection {0} and union F,. We conclude that

weight(Tr(ax) .., . ) = g — weight((4(x + 1/x)) . )

When A4 runs over F¥, the words Tr(A4(x + 1/x)) run, as in the proof of
Theorem (4.1), over a set of representatives of the orbits of the words
c(a, b) of the dual Melas code M(q)*. Since every A€ F ¥ occurs for g +1
values of ae F¥ the result follows from Theorem (4.1).

Theorem (5.1) confirms certain numerical results obtained by Diir [5]
and MacWilliams and Seery [11].

The weight distribution of the Zetterberg codes themselves are obtained
by applying the MacWilliams identities.

THEOREM 5.2 The number B, of code words of weight i in the Zetterberg
code N(q) is given by

+1 d
ca =TT T @04y
jsij(:lgd 2)

here the polynomials V, ;(q) are for 0< j<i and i=j (mod 2) defined by
Voo=1, Vii=1,
E+D) Vg1 01=qVi 02+ Vii—(@+2=D Vo 1
(otherwise the V, ; are 0).

By t,(q) we denote for k>3 the trace of the Hecke operator T, on
Si(I'1(4)). For convenience we let t,(q)= —q.
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Proof. The proof is very similar to the proof of Theorem 4.2 and is left
to the reader.

Remark 5.3. Instead of proving Theorem (5.2) directly, one can also
derive the theorem from Theorem (4.2) as follows. We know the weight
enumerators

Ani(2)=3 (g —4g) 97T 4 2(g 1) 27 + 1

1

of the dual Melas code M(g)* and

AN1(2)=Z(‘1+ 1) H(* —4g) z09+1-92 41

of the dual Zetterberg code N(q)*. Exploiting their similarity and the
formulas that relate the weight enumerators of linear codes to the weight
enumerators of their duals, we can relate the weight enumerators of the
Zetterberg codes A4 5, to the weight enumerators A, of the Melas codes
as given in Theorem (4.2). After some straightforward calculations one
finds

quN(q)(Z) q <Z+ )(I_ZZ)AM(I;)( z)
—2(c]+1)(1+z)(1—22)""/2

—(q—“Li) (L42)(1—z2)7+ (1 42)7

This leads to the following formula for the number B, of code words of
weight i in the Zetterberg code N(gq) in terms of the frequencies A4; of
Theorem (4.2):

2 2
q 1 /g+1
B =— —1 A — A
g+1 "’ q+1< i) ( )q 1( i—2)

=2~ ([21//22])_%(@_“ )

One can check that Theorem (5.2) follows from this. One also obtains
expressions for the ¥, ; in terms of the W, ;.

We have the following formulas for the behavior of the B/s as g tends
to infinity:
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THEOREM 5.4. Let i be a fixed positive integer and let B; denote the
number of words in N(q) of weight i. Then

1 /g+1\ a .,
B ()0 am
1.

Here the a; are defined as in Theorem (4.3).

Proof. The proof is similar to the proof of Theorem (4.3) and is left to
the reader. Without Deligne’s Theorem it is easy to show that

1 1 ,
Bi:?<q-{- >+0(q’/2), g — 0.
i

Remark 5.5. The even weight subcode of N(g) is isomorphic to the
extended double error correcting quadratic Goppa code with irreducible
quadratic polynomial over F,. As in Remark (4.5), the number of words in
the quadratic Goppa code G;,(q) of weight i is given by

i+ 1
D,-=—l-:_IB,-+1 for odd i,
q
|—i
=q++1 lBi for even L
q

Only the B, for even i are involved. Therefore the formulas for D, that
result from Theorem (5.2) will only involve the traces of the Hecke
operators T, for the full modular group SL,(Z). In Section 6 a small table
of the B, is given.

6. CALCULATIONS AND EXAMPLES

In this section we will illustrate Theorems (4.2) and (5.2). We will
compute the frequencies of some small weights of the Melas, Zetterberg,
and quadratic Goppa codes.

Since the binomial coefficients and the polynomials W, ; and V, ; that
appear in Theorems (4.2) and (5.2) are very easily computed using their
recurrence relations, the main problem in applying the theorems is the
calculation of the 7,(¢) for k >2. By convention we have that 7,(g)= —¢q
while for k>3, 1,(g) is the trace of the Hecke operator T, acting on the
space S,(7I'1(4)). We will explain the well known way in which these traces
can be computed. For an extensive discussion of modular forms for the
group I';(4) see [6]. As always we let m>3 and ¢=2".
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For odd k we deduce from Corollary (2.3) that the dimension of
S(I(4) =S (Ip(4), )= (k—3)/2. As an example we prove the follow-
ing.

ProPoSITION 6.1. The trace t,(q) of T, acting on S;(I'o(4), w) is for
k=3,57,9,11, and 13 given as
73(9) =0,
15(9)= £4°%
7,(q) = Trace(a7) ¢°,
t5(g) = (1 + Trace(as)) 4°,
t4,(¢) = Trace(a7}) ¢°

t15(9) = (£ 1 + Trace(a3)) ¢°,

where the o, are algebraic numbers of absolute value 1 given by

o= (1+/—15)/4, ao=(—5+/—39)/8, ay; = (3++/ =510+ 6_/505)/32

and o;=(—-27+./1129+ \/—2238 +54 _/1129)/32. Here + denotes
(—1)™ and the Trace of an algebraic number is the sum of all its conjugates.

Proof. Since dim S;(/(4), ) =0, we have that 1,(q)=0. We will for
k=35,7,9,11, and 13 compute the eigenvalues of T, acting on S, (I'{(4)) =
Si(Io(4), w).

The Trace formula in Theorem (2.5) gives us that for weight k

Tr(Ty)= —1+ Q4 _»(1,2)H(-7),
Tr(Ty) = —1-Qu (1, 4)H(=15)= Q) (=3, ) H(-T)

and that

Tr(Tg)= —1— Q4 »(1,8) H(=31)— Q) _2(-3,8)
X H(—=23)—Qy (5, 8) H(=T7).

Using the recurrence relation for the polynomials Q,_,(t, g) and the fact
that H(—7)=1, that H(—15)=2 and that H(—23)=H(—31)=3 one
finds the entries of the three columns in the table below.

The roots { of the characteristic polynomial of T, have absolute value
2%—172 This implies that the polynomial F,(X) with roots {/2* 12 is self-
reciprocal. Therefore the first [(k—3)/4]+ 1 coefficients, which are easily
obtained from the values of Tr(7) for 1<i< [(k—3)/4]+ 1, determine
F (X).
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k Te(Ty)  Te(T,)  Tr(Ty) Fu(X)
5 -4 —-16 —64 X+1
7 4 —112 —704 X -ix+1
—4 144 11456 (X—1)(X*+3X+1)
11 -12 16  —36288 X 43X+ kX2 +3x+1
13 44 2576 188864 (X+ )X - X+ 83X - EX+1)

The zeroes of the polynomials F,(X) are +1 and the «,. This proves the
proposition.

Since T,=T7, the traces 1,(q) are easily computed recursively from the
coefficients of the characteristic polynomial of T,. It is easy to extend this
Proposition a bit further by computing the traces of T,» for a few m>4.

For even k we proceed in a different way, which will take us much
further. We now have that S,(7",(4)) = S (Iy(4), 1). The Trace formula for
T, acting on S;(/y(2), 1) is identical to the one given in Theorem (2.2). We
will study the space S,(/75(2), 1) since it has smaller dimension. It will be
denoted by S,(I5(2)).

The theory of newforms of Atkin and Lehner [1, 9] provides us with a
decomposition

Si(I6(2)) = SilTo(2))™" @ Se(To(2))

which is respected by the Hecke operators. The old part is spanned by the

forms f(z) and f(2z) where f'is a cusp form for the group 1'4(1)= SLy(Z).
PROPOSITION 6.2. Let k>4 be an even integer. We have

1(q) =Tr(T, on Si(SLy(Z)))—2* "' Tr(T,,4 on S (SLy(Z)))

dim S, (Iy(2))™™ ¢**=!  for m even,

.\ gk for m odd, k=0 (mod 8),
g for modd, k=2 (mod8),
0 for m odd, otherwise,

and

X —1 for k=0 (mod 12),
dim S, (Fy(2))™"% = [—] +<0 Jor k=4 or 6 (mod 12),

12
1 otherwise.
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Proof. The trace 7,(q) is equal to the sum of the traces of T, acting on
the old and new parts. We will discuss these parts separately.

Let A denote an eigenvalue of T, acting on S,(SL,(Z)) and let « and §
denote the zeroes of the polynomial X2 —AX +2* ' The corresponding
eigenspace is also an eigenspace for the Hecke operator T, with eigenvalue
am+a™ " 1f+ - + ™ One checks that the eigenvalues of T, acting on
Se(I5(2))° are precisely the « and B for all possible 1. Therefore the trace
of T, acting on S,(I'x(2))° is equal to the sum of the «™+ " which
is easily seen to be equal to Tr(7, on S (SLy(Z}))—2*"'Tr(T,. on
S(SLA(Z))).

It is easy to see [1, Thm.3] that the eigenvalues of T, acting on
S (Ip(2))™" are +2%2~1 One can find the multiplicities of the eigenvalues
by subtracting the traces of T, for the groups I'y(2) and SL,(Z), respec-
tively. The result is

Tr(T, on S, (Iy(2))™*)= —2>~1  for k=0 (mod 8),
=2k2-1 for k=2 (mod38),

=0 otherwise.

Since T, acts as (T,)™ on S,(/4(2))™", we obtain the required result.

The dimension of S,(1(2))™" is equal to dim S, (Iy(2))—
2 dim S, (SL,(Z)) and can be computed explicitly using Corollary (2.3).
For k=4, one finds the required result. This proves the Proposition.

So, the only complicated quantity to compute appears to be the trace of
T, acting on S,(SL,(Z)). This is very classical. We refer to Koblitz’s book
[6] and Serre’s course [15] for the details.

PROPOSITION 6.3. Let g be a power of 2; The trace of the Hecke operator
T, acting on the space S,(I'y(4)) is for even k satisfying 4 <k <26 given as
Sfollows

k Trace(T,) k Trace(7,)

4 0 16 Te(g) T g’

6 0 18 4(q) + ¢*

8 +q° 20 (@) +(1£1) ¢°
10 q* 22 Tol(q)+(1£1)¢"°
12 712(9) 24 Ta(g) + (1 £2) ¢!
14 (1£1)4° 26 Th(g) +(3+2) 4"

where for k=12, 16, 18, 20, 22, 26 the t;(2™) are given by
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7, (2)= —24, 216, —528, 456, —288, —48
Sfor k=12,16, 18, 20, 22, 26, respectively,
127 ) = (27 Th(2) = 2K e 2m )

(m=1).

For k=24 we refer the reader to [6, Exercise IIL5.6]. By + we denote
(—1)".

Proof. This follows from some standard calculations with modular
forms for the group SL,(Z): For k=4, 6, 8, 10, 14 the spaces S,(SL,(Z))
are zero. For k=12, 16, 18, 20, 22, 26 the spaces are one-dimensional.
In these cases let A denote the unique eigenvalue of T, and let « and S
denote the zeroes of X2—AX+2%~' It is clear that the numbers
Tre(T,) — 2K T( T,)=a™+ B™ satisfy recurrence relations like the ones
above. By Proposition (6.2) it remains to show that 1,(2)=a+f=
Trace T, on S (SLy(Z)).

A generator of S,,(SL,(Z)) is the well-known A-function

A(Z)zeZni: I_I (1 _elnimz)24
m=1

x .
— Z r(m) e2mmz’
m=1

where t(m) denotes the famous Ramanujan t-function. We see that
712(2) = 1(2) = —24. Generators for the other one-dimensional spaces can
be obtained by multiplying 4(z) by suitable Eisenstein series see [6, p. 111]
or [15]. It is then trivial to compute the 1,(2) for the other values of .

The space S,,(SLy(Z)) is two-dimensional. We refer the reader to [6,
Exercise I11.5.6] for this case. This proves the proposition.

Next we combine Theorems (4.2) and (5.2) with Propositions (6.1) and
(6.2) to obtain explicit formulas for the numbers of words A4, in the Melas
codes M(q) of a given weight /. We do the same for the numbers of words
B, in the Zetterberg codes N(gq). It is a trivial matter to obtain the frequen-
cies of the weights of the quadratic Goppa codes from those of the Melas
and Zetterberg codes. We include two small tables (see Tables 6.1 and 6.2).
The symbolic manipulation language MACSYMA was of great help in
obtaining these formula’s. In all tables + denotes (—1)™. Ramanujan’s
t-function is denoted by 7. The number 7, denotes Trace(a]) as in
Proposition (6.1).
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TABLE 6.1. Frequencies 4; of Small Weights i in the Melas Codes M(g)

A=A, =A,=0

A;=((1£1)/3Y)(g-1)

As=((g—1)/5)(¢* ~ 14g + 41 £ (-6q +30) +q17)

Ag=({g—1)/6!)q> —15¢> + 659 — 80 F q)

Ay =((g— 1)/71)(g* — 27¢ + 29647 — 1441q + 2549 + (354> — 4764 + 1519)
+(—15¢%+91¢q) t; + q*5)

Ag=((g— 1)/8!)(g° — 354" + 490g° — 323542 + 96044 — 9856
+(214° - 140g))

Ag=((g—1)/91)(q° — 44¢° + 8264* — 8652¢> + 528164% — 1742244
+238545 4 ( —2044° 4 5628q% — 47292¢ + 122156)
+(189¢ = 28084 + 10038) 1, + (—28¢° + 204¢°) 1 + ¢*111)

Aso=((q— 1)/101)(g" — 54¢° + 1266¢° — 16842¢* + 1351084’ — 6302914°
+ 15135309 — 1377792 + (- 350¢° + 556542 — 21378¢)

—(t(g) —20481(¢/4))/q*)

Ay =((g—1)/111)(g" — 654 + 1860° — 30810¢° + 327207¢* — 22989884’
+ 10400303¢° — 27394553¢ + 31839237 + (991¢* — 554404
+9475624% — 63518409 + 14466221) + (—2365¢* + 62865¢°
— 5370424 + 1467290q) 1, + (5944 — 10120g° + 41778¢?) 1,
+(—45¢* +385¢) 11, + 4'1;3)

Apa=((g—1)/121)(¢° — TTg® + 2640¢" — 53130¢° + 697158¢° — 6210820
+37216619g” — 1408262904 + 2933918464 ~ 244721664
+(5620¢" — 156310g° + 14037874 — 40540284)

+(55¢ — 506)((z(¢) — 2048t(g/4))/4%))

TABLE 6.2. Frequencies B; of Small Weights i in the Zetterberg Codes N(q)

B,=B,=B,=0

By=((1F1)/3t)(g+1)

Bs=((g+1)/5)(¢* — 69+ 11 £+ (69 — 10) — gt,)

Bo=(g(g+1)/6)¢g*—59+57F1)

B, =((g+1)/7)(g* - 15¢° + 84¢% — 239¢ + 309 + (—35¢° + 2249 — 259)
+(15¢° — 499) 1, — 1)

By=(qlg~4)g+1)8!)g’ — 174" + 869 - 91 £21)

By=((g+1)/9!)(q® —28¢° + 3224* — 19324 + 678447 — 147764 + 16407
+(2044° — 310842 + 130209 — 12788) + (—1894° + 17284°
—3486q) 1, + (28¢° — 132¢%) 1o — g°11,)

Byo= (g(q + 1)/101)(4° — 364° + 5464° — 44944 + 2044847 — 45309
+34299 + (—350q” + 3675 ~ 8778) — (2(q) — 20482(g/4))/g*)

By, = ((q+ 1)/11!)(g° — 454 + 870g° — 9450¢° + 62679¢* — 263572¢"
+734537g% — 13849674 + 1411785 + (—9914* + 330004°
— 3284824 + 1149720g — 1029061) + (2365¢* — 420754
+228162¢ — 363110q) £, + { — 594" + 7040q° — 19338¢2) 1,
+(45¢% = 275¢°) 1, — ¢*13)

By, = (glg+ 1)/121)(¢° — 55q7 + 1320¢° — 18150¢° + 1585984* — 9089084
+32604114% — 6269670q + 4444506 +- (56204> — 11011042
+669207g — 1232132) + (559 — 374)((x(q) — 2048<(¢/4))/q")
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Using the formulas in Remarks (4.5) and (5.5} one can easily deduce the

frequencies of the small weights of the quadratic Goppa codes from
Tables 6.1 and 6.2. Note once more that one only needs the even weights
and that in the resulting expressions for the weight distributions of the
quadratic Goppa codes only the traces of Hecke operators acting on
modular forms for the fu/l modular group SL,(Z) occur.

10.
11.

12.

13.
14,

15.
16.

17.

18.
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