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1. Introduction

A finite flat commutative group scheme G over Z is simple, if and only if its set of

points G(Q) is an irreducible Galois module. Therefore G is annihilated by some prime
number p and G is a p-group scheme in the sense that its order is a power of p. For each
prime p the constant group scheme Z/pZ and its Cartier dual p, are simple p-group

schemes over Z.
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Tate [9] asked whether these are the only simple commutative finite flat group schemes
over Z. Abragkin [1] and Fontaine [3] both showed that this is true for primes p < 17. In
this paper we extend their result slightly.

Theorem 1.1. For every prime p < 19 the only simple finite flat commutative group
schemes over Z of p-power order are Z/pZ and fi,.

Under assumption of the Generalized Riemann Hypothesis (GRH), our result can be
extended further. In a separate paper [2] we show under GRH that for p < 37 the only
simple p-group schemes over Z are Z/pZ and p,,.

The strategy of the proof of Theorem 1.1 is the one followed by Abraskin and Fontaine.
It is based on the fact that the field generated by the points of a finite flat commutative
group scheme G over Z is a finite Galois extension Q C F which has very little ram-
ification. More precisely, if G is killed by a prime p, the field F' has the following two
properties, the second of which follows from the work of Abraskin [1] and Fontaine [3]:

— F' is unramified outside p and infinity;
- up,/Q, S 1+ p—il for every prime p of F' lying over p.

Here the invariant ur, /q, depends only on the structure of the group scheme G over Z,.
It is defined as follows. The ring of integers of the local field F}, has the form Z,[a] for
some a. Let i, = max,v(o(a) — «). Here o runs over the non-trivial automorphisms in
Gal(F,/Qp). Let 0, denote the different of F}, over Q. Then we put

UF, /Qp = iP + U(DP)'

The valuation v is normalized by setting v(p) = 1. It follows that both i, and v(d,)
are in %Z7 where e, is the ramification index of F}, over Q,. By [3, sect. 3.3] the root
discriminant §z of the number field F is equal to p?(®») for any prime p lying over p.
Therefore it satisfies

1
op < pH_F.

The invariant ur, /q, can also be characterized as follows. The i-th ramification subgroup
of Gal(F,/Qp) in the upper numbering is trivial for i > up, /q, and up, /q, is minimal
with respect to this property.

For a given prime p the Abraskin-Fontaine field K is the maximal extension Q C K C
Q for which

— K is unramified outside p and infinity;
- ug,/qQ, S 1+ p%l for any prime p of K lying over p.
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The field K is Galois over Q. For every finite flat commutative group scheme G that is
killed by p, the subfield F C Q generated by its points is contained in K. It is easy to
see that the invariant uq,(c,)/q, 1s equal to 1. It follows that K contains the cyclotomic
field Q(¢p). Alternatively, one may observe that Q((,) is generated by the points of the
group scheme pip,.

In section 3 we show that for p = 19 the Abraskin-Fontaine field is equal to Q((19).
Theorems of Oort and Tate [8] then imply that the group scheme G is isomorphic to
Z/19Z or 119 and Theorem 1.1 follows.

2. Two lemmas

The following two lemmas play a role in the proof of the main result.

Lemma 2.1. Let I" be a finite non-commutative simple group of order at most 500000. If
#T is divisible by 19, then T is isomorphic to PSLy(F19), PSLa(F37) or Janko’s sporadic
simple group Jy of orders 3420, 25308 and 175560 respectively. Fach of these groups has
the property that its 19-Sylow subgroup has order 19 and is equal to its own centralizer.

Proof. Inspection of the orders of the simple groups order < 500000 shows that I" is
isomorphic to PSLy(F19), PSLy(F37) or to Janko’s sporadic group J;. We do not need
the classification of finite simple groups for this. It already follows from an older table [4].
For PSLs(F19) and PSLy(F37) it is easy to check that the 19-Sylow subgroup has order 19
and is equal to its own centralizer. For the group J; the result follows from the fact that
the normalizer of its 19-Sylow subgroup is a Frobenius group of order 114. See [5, Sect.
I. O

Lemma 2.2. Let p be a prime and let E be a Galois extension of Q, containing a p-th
root of unity. Let P C Gal(E/Q,) be the wild ramification subgroup. If #P = p and the
centralizer of P in Gal(E/Q,) is equal to P itself, then the valuation of the different dg
s given by

v(dg) = % + -, for some integer a > 2.

Proof. Since P isnormal in I' = Gal(E/Q,) and equal to its own centralizer, conjugation
gives rise to an exact sequence

1— P —T — Aut(P).

It follows that [I' : P] < p — 1. Since Q,((p) is contained in the fixed field of P, we
actually have equality. It follows that E is a totally ramified cyclic degree p extension of
Q,(¢p)- Let 7 be a uniformizer of Q,((,). Then the conductor of E is 7* for some a > 2.
By the conductor discriminant formula the discriminant of E over Q,({,) is 71 Qo



194 L. Dembélé, R. Schoof / Journal of Number Theory 260 (2024) 191-195

the normalized valuation of the different of E over Q,((,) is 5~ Since the normalized
valuation of the different of Q,((,) over Q, is ;;%f, the result follows. O

3. Proof of the theorem

In this section we prove the main result of this note. Since Fontaine and Abraskin
took care of the primes p < 17, we may restrict our attention to p = 19.

Proof. Let G be a finite flat commutative simple group scheme over Z that is killed by 19.
The points of G are defined over the Abraskin- Fontaine field K. The root discriminant
O0r of K satisfies

Sr < 1911951 = 22,3766, . .

This is just a tiny bit smaller than the asymptotic value 4me” = 22.38161 ... of Odlyzko’s
function. The inequality of [7, Formule (22)] leads to the following upper bound for

K : Q.

8.6

3/2
+logdr — 197 19> < 76766981.
v g — 15 108

o< (

The field K contains Q({19). Suppose that K is strictly larger. Then the Jordan-Holder
theorem implies that there is a subfield Q((19) C K’ C K for which I" = Gal(K’/Q((19))
is a simple group. Since the index [K’ : Q((19)] is at most 76766981/18 < 426499, we
have

4T < 426499.

919/18 its conductor is

Since any abelian extension L of Q((19) inside K satisfies §y, < 1
at most 2. Here m denotes the unique prime of Q((y9) lying over 19. However, by [10,
Ch. 11] the class number of Q((19) is 1. Moreover, the cyclotomic unit n = (19 + 1 is

congruent to the primitive root 2 modulo 7 and we have
18 18 1 2
N =(r+2) :1—§7r$él mod 7°.

(Class field theory implies therefore that the ray class group of Q((19) of conductor 72 is
equal to Q((19) itself. It follows that the only abelian extension L of Q((19) inside K is
Q((19) itself, and hence that T is a non-commutative simple group.

If K’ is at most tamely ramified at the prime over 19, then its root discriminant
satisfies 0r < 19. Odlyzko’s discriminant bounds [6, Table 2] then imply the bound
[K' : Q] < 280. It follows that [K’ : Q((i9)] is at most 280/18 < 16. Since non-
commutative simple groups of order at most 16 do not exist, this is impossible. Therefore
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K’ is wildly ramified over Q((19) and #T is divisible by 19. Lemma 2.1 implies then that
T is isomorphic to PSLy(F19), PSLa(F37) or to Janko’s sporadic group Jj.

Next we observe that K’ is a Galois extension of Q. Indeed, if it were not, then there
would be an automorphism o € Gal(K/Q) for which ¢T'c~! # T. This means that
I ol is equal to Gal(K/Q((19)), so that T' N olo~! has index #I'? > 34202 in
Gal(K/Q(¢19))- However, this is impossible since we have Gal(K/Q((19)) < 426499.

Since K’ is a subfield of K, its root discriminant dx satisfies 0x+ < 0 < 191918 An
application of Lemma 2.2 to the completion at a prime over 19 of the extension K’ of Q
shows that the root discriminant dx is of the form 1917/18+a/19 for some integer a > 2.
Since we have % + 15 < %, this implies a = 2 and hence

S = 1917/18+2/19 — 91 9946 . . .

This estimate is a little better than the Abragkin-Fontaine bound 1919/1% = 22.3766 . . ..
Odlyzko’s discriminant bounds [6, Table 2] therefore imply the somewhat sharper in-
equality

[K': Q] < 8862,

contradicting the fact that [K’ : Q] is at least 18#I" > 18-3420. It follows that K is equal
to Q(C19). Theorems of Oort and Tate [8] imply then that G is isomorphic to Z/19Z or
p1g. O

Data availability
Data will be made available on request.
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