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Abstract. For every conductor f ¢ {1,3,4,5,7,8,9, 11, 12, 15} there exist non-zero abelian
varieties over the cyclotomic field Q(¢ f) with good reduction everywhere. Suitable isogeny fac-
tors of the Jacobian variety of the modular curve X (f) are examples of such abelian varieties.
In the other direction we show that for all f in the above set there do not exist any non-zero
abelian varieties over Q(¢ f) with good reduction everywhere except possibly when f = 11
or 15. Assuming the Generalized Riemann Hypothesis (GRH) we prove the same result when
f=11and 15.

1. Introduction

In 1983 J.M. Fontaine [10] and V.A. Abraskin [1] proved one of the conjectures
made by Shafarevi¢ at the 1962 ICM in Stockholm: they showed that there do
not exist any non-zero abelian varieties over Q with good reduction modulo every
prime. In this paper we determine the cyclotomic fields Q(¢ ) to which their the-
orem can be extended. Here ¢ denotes a primitive f-th root of unity. Our main
result is the following.

Theorem 1.1. For every conductor f € {1,3,4,5,7,8,9, 11, 12, 15} there exist
non-zero abelian varieties over Q(¢ f) with good reduction everywhere. Con-
versely, for all f in the above set there do not exist any non-zero abelian varieties
over Q(;f-) with good reduction everywhere except possibly when f = 11 or 15.
Assuming the Generalized Riemann Hypothesis (GRH) the same is true when
f =11and15.

The first statement of the theorem is a direct consequence of a result of
R. Langlands [14, Prop.2 on p.263] implying that certain isogeny factors of the
Jacobian varieties J;(f) of the modular curves X|(f) have good reduction ev-
erywhere over Q(¢ #)- More precisely, Ji(f) admits the Galois group of the cov-
ering X{(f) — Xo(f) as an automorphism group. This group is isomorphic
to (Z/f7Z)*/{x£1}. Therefore there is a decomposition into a product of isogeny
factors

R. SCHOOF
Departimento di Mathematica, 2* Universita di Roma “Tor Vergata”, I-00133 Roma, Italy
(e-mail: schoof@science.uva.nl)


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 595 842 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice
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Ji(f) Nl_[\lf,x,[u
¥

where i runs over the rational even characters of (Z/fZ)*. The abelian varieties
J 1y are defined over Q. When the conductor of v is equal to f, the variety Jy,y,
acquires good reduction everywhere over the maximal real subfield of Q(¢ ;). The
dimension of Jyy is equal to the dimension of the vector space of cusp forms of
weight 2 for the modular group I'; (f) and character . For f > 1 itis given by

1 1
dim Jy,, = % I (1 + ;) — S#dIf : ged (d, 5) = 1)
plf

1 1
—3 2 V-3 > v,

YeZ/fZ Y€Z/fZ
x24+1=0 x24x+1=0

This formula [5] easily implies that for any conductor f ¢ {1,3,4,5,7,8,9, 11,
12, 15} there exists a character v of conductor f, for which Js, # 0. These
happen to be the conductors f for which the genus of X;(f) is at least 2.
Incidentally, we recall that conductors f are never congruent to 2 (mod 4). This
is no restriction since Q(¢y) = Q(¢r/2) whenever f =2 (mod 4).

This paper is concerned with the other two statements of Theorem 1.1. Their
proof proceeds by studying finite flat group schemes and their extensions by one
another over the global rings Z[¢ ¢ ]. We give an outline of the strategy of the proof.
For the conductors f = 7 and 11 certain “exotic” group schemes over Z[{]
appear. Below we discuss the modifications that need to be made in these cases.

First we show that for a suitable small prime number p, all simple p-group
schemes over Z[¢ ] do, in fact, have order p. Here p-group scheme is short for
“finite flat commutative group scheme of p-power order” and a p-group scheme is
called simple if it does not have any non-trivial closed flat subgroup schemes. The
proof uses Fontaine’s and Abrashkin’s bounds [1,10] on the ramification of the
Galois action, Odlyzko’s discriminant bounds, global class field theory and some
group theory. Odlyzko’s bounds [12] are much stronger if one assumes the truth
of the Generalized Riemann Hypothesis (GRH). This explains why we obtain a
stronger theorem when we assume GRH.

Then we employ the classification theorem of Oort and Tate [20] and check
that the only group schemes of order p over Z[{] are actually isomorphic to
the constant group scheme Z/ pZ or its Cartier dual j,. This implies that every
p-group scheme admits a filtration with closed flat subgroup schemes and sub-
quotients isomorphic to either Z/pZ or . Under some further easily verifiable
conditions certain obstruction groups vanish and much more is true: one can show
that every p-group scheme G over Z[{¢] admits an exact sequence

O—M—>G—C—0
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with C a constant group scheme and M diagonalizable, i.e., M is Cartier dual to
a constant group scheme.

To complete the proof of the theorem for Q(¢ ), one applies this result to the p-
group scheme A[p*] of p*-th torsion points of the Néron model of
an abelian variety A over Q(¢y) which is supposed to have good reduction
everywhere. Reducing A modulo a prime ideal leads to a contradiction when
k — oo unless A = 0.

As we already pointed out, there are two notable exceptions to this outline and
these take up most of the paper. For f = 7 we take p = 2. Since 2 = n’w, where
7 denotes the prime H*Tg € Z[{,], there are four simple 2-group schemes over
Z[¢7]. These are Z./2Z, 11, a group scheme that is étale at = and multiplicative
at 7 and one for which it is the other way around. We complete the proof by
analyzing all possible extensions of these four group schemes by one another.

When f = 11 we also take p = 2. Under assumption of GRH we show that
there exist precisely three simple 2-group schemes over Z[¢;]. These are Z/2Z,
W2 and a certain self-dual group scheme E of order 4 that is local-local at 2. The
main difficulty is then to prove that any extension of the group scheme E by itself
is trivial.

In section 2 we provide the main ingredients of our proof. This leaves us with
the explicit condition of Prop.2.2, involving certain p-extensions of Q(¢y, ¢p).
We check this condition, case by case, in section 3. The exceptional cases f =7
and 11 are discussed in sections 4 and 5 respectively. For f = 11 we use the
theory of Honda systems for a local computation. The computation is done in
section 6.

It is not true that abelian varieties with good reduction everywhere over Q(¢ )
are necessarily isogeny factors of the Jacobian variety of X;(f). The latter are
always isogenous to their Galois conjugates. Richard Pinch found the following
elliptic curve over Q(\/@):

1 ++/509
2

Y2+ XY+ Y = X3+ (34509 X%+ X +88+17+/509.

327 + 3+/509
2

It has good reduction everywhere. Modulo the two primes over 5 it has 3 and

8 rational points respectively. Therefore the curve is not isogenous to its Galois

conjugate and it cannot be an isogeny factor of J;(509).

For small conductors f not in the list of Theorem 1.1, the methods of this
paper still give substantial information about the abelian varieties over Q(¢ ) that
have good reduction everywhere. We mention the following result [18] without
proof.

Theorem. The elliptic curve E given by

Y24+ DXY+iY =X +iX?
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acquires good reduction everywhere over Q(&{). Moreover, under assumption
of the Generalized Riemann Hypothesis, every abelian variety over Q(&ao) with
good reduction everywhere is isogenous to E$ for some g > 0.

Finally, we remark that it is possible to prove similar results for other number
fields F of small root discriminant. See [16,17] for a study of abelian varieties
over real quadratic fields with good reduction everywhere. I would like to thank
Bas Edixhoven for many explanations and the referee for his numerous helpful
comments on an earlier version of this paper.

2. Finite flat group schemes of p-power order

In this section we collect the basic ingredients of our proof. Let R be a com-
mutative ring. For a prime p, a p-group scheme is a commutative finite flat
group scheme of p-power order over R. If G is a p-group scheme, so is its
Cartier dual G". The group schemes j1,» of the p"-th roots of unity and their Car-
tier duals Z/p"Z are p-group schemes. A constant p-group scheme is an étale
p-group scheme over R with trivial Galois action on its points. By Galois theory,
a constant p-group scheme is isomorphic to a product of group schemes of the
form Z/p"Z. A diagonalizable p-group scheme is the Cartier dual of a constant
p-group scheme. Equivalently, it is a product of group schemes of the form i .

A p-group scheme is called simple if it does not admit any non-trivial closed
flat subgroup schemes. Every p-group scheme of order p is simple. In particular,
the p-group schemes Z/pZ and ), are simple. Every p-group scheme G admits
a filtration

0=G;,CGy1C...CcGiCcGy=G

by closed flat subgroup schemes with simple successive subquotients G; /G4 1.
The strategy to prove Theorem 1.1 is the same as in [10, section 3.4.3]. We
summarize it in the Theorem below.

Theorem 2.1. Let F be a number field and let O be its ring of integers. Let p
be a prime. Suppose that

(A) All simple p-group schemes over OF have order p.
(B) The only p-group schemes of order p over Or are Z/pZ and 1.
(C) Over Of we have that
(i) every extension of a constant p-group scheme by a constant p-group
scheme is again constant,
(ii) every extension of a diagonalizable p-group scheme by a diagonalizable
p-group scheme is again diagonalizable,
(iii) any extension
0—Z/pL — G — pu, — 0

splits.
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Then

(1) For every finite p-group scheme G over Op there is an exact sequence
0O—M-—>G—C—0

with M diagonalizable and C constant.
(Il) There do not exist non-zero abelian varieties over F with good reduction
everywhere.

Proof. Note that the condition in (C)(iii) is equivalent to the condition that ev-
ery extension of a diagonalizable p-group scheme by a constant one is split. We
proceed by induction on the order of G. If G has order p, it is simple and by
(B) isomorphic to either Z/pZ or ,. Let G be an arbitrary p-group scheme
over Of. By condition (A), we can filter G with simple subquotients of order p.
By condition (B), all these subquotients are in fact isomorphic to either Z/pZ
or (4. Therefore there is an exact sequence 0 — H — G — P —> 0
where P is either Z/pZ or 11,. By induction there exists an exact sequence
0 — M — H — C — 0with M diagonalizable and C constant. Consider
the extension
00— H/M — G/M — P — 0.

It P = Z/pZ, we deduce from (C)(i) that the group scheme G/M is constant,
which implies (I). If P = ., we deduce from (C)(iii) that G/M = C x P. Let
M’ C G be the closed flat subgroup scheme which contains M and for which
M'/M = P.Then M’ is an extension of P by M and hence, by (C)(ii) the group
scheme M’ is multiplicative and by construction G/M’' = C. This proves (I).

To prove (11), let A be the Néron model of an abelian variety over F' with good
reduction everywhere. Letn > 1 and let A[p"] be the kernel of the multiplication
by p" map A — A. Since A has good reduction everywhere, A[p"] is a finite
flat group scheme over O of order p*'¢ where g is the dimension of A. By (I)
there is an exact sequence

0— M — A[p"] — C — 0,

with M diagonalizable and C constant. By Cartier duality and the fact that
the group schemes A[p"]" and A% [p"] are isomorphic, there is another exact
sequence:

0— CY — AMI[p"] — MY — 0.

This gives rise to a closed immersion of the constant rank p?>’¢ group scheme
C x MY into the abelian variety B, = (A/M) x (A% /CV),

Now let q be a prime of O and let k denote the finite field Of/q. The abelian
varieties A/M and A% /CV are isogenous to A over k. Therefore their numbers
of points are equal to the number of points A over k. It follows that the number of
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points of B, over k does not depend on . On the other hand, the abelian varieties
B, have at least p*'¢ points over k. This is only possible when g = 0 and the
theorem follows.

As we will see below, conditions (B) and (C) of Theorem 2.1 are often true
and in any case, it is usually easy to check them. On the other hand, checking
condition (A) seems to be very hard in general. Conditions (A), (B) and (C) are
addressed in Propositions 2.2, 2.5 and 2.6 below.

We introduce certain p-group schemes that were constructed by N. Katz and
B. Mazur. See [11, Interlude (8.7)]. Let R be aring and let ¢ € R*. Consider the
R-algebra

p—1 ,
A= '6_90 R[X,]/(le — 8’).

For any R-algebra S with connected spectrum, the S-points of 7, = Spec(A) are
pairs (s, i) withO <i < pands € S satisfying s? = &'. The scheme T, is a finite
flat R-group scheme with multiplication of two points (¢, i) and (s, j) given by

(ts, i+ Jj); ifi+j<p,

(t’i)'(s’j):{(ts/s,i+j—l?); iti+) = p.

The group scheme Ty is killed by p. The projection A —> R[X,]/(X§ — 1)
induces a closed flat immersion of 1), in T;. There is an exact sequence

0— u, — T, — Z/pZ — 0.

Two extensions T, and T,/ are isomorphic whenever ¢/¢’ is a p-th power. If R
is a field, the points of 7, generate the field extension R(¢,, {/¢). For R = Z,
p = 2 and ¢ = —1, the group scheme 7 is the group scheme of order 4 in [13,
p.58, Prop. 4.2., Ext.2].

In order to formulate the next proposition, we recall that the root discriminant
Sr of anumber field F is given by §p = |Ar|'/" where A denotes the absolute
discriminant of F and n = [F : Q].

Proposition 2.2. (Condition (A)) Let F be a finite Galois extension of Q and let
p be a prime. If every finite extension L of F satisfying the following conditions:

1. the field L is Galois over Q,

2. the extension F C L is unramified outside p(o0),
3. ¥ € L* for every ¢ € OF,

4. the root discriminant of L satisfies

1+-L
8y <8p-p T,

has the property that P = Gal(L/F (¢))) is a finite p-group, then every simple
p-group scheme over Op has order p.



Abelian varieties over cyclotomic fields with good reduction everywhere 419

Proof. Let G be asimple p-group scheme over Op. Then p-G = 0.Letey, ..., &
denote generators of the group O} /(O7)?. Let G’ be the product of G by all its
Gal(F/Q)-conjugates, by 1, and by the Katz-Mazur group schemes T, , .. ., T,.
The group scheme G’ is a p-group scheme over Op. Its points generate an exten-
sion L of F that is Galois over Q by construction. Since G’ has p-power order, it
is étale at the primes not dividing p and hence condition 2 is satisfied. The field L
satisfies condition 4 because G’ is killed by p so that [10, Cor.3.3.2] applies. Since
the points of the group scheme T, generate the field F(¢,, {/¢;), condition 3 is
also satisfied.

Therefore, by assumption, P = Gal(L/F(¢,)) is a p-group. Since the sum-
mands of G’ are defined over F, the group P acts on each summand of G’(F)
and in particular on the p-group G (F). We conclude that P has a non-trivial fixed
point in G(F). Since P is a normal subgroup of Gal(L/F), the P-invariants are
a Galois submodule of G (F). The Zariski closure of the corresponding F-group
scheme is a flat closed subgroup scheme of G. Since G is simple, it is equal to
G. This implies that P acts trivially on G (F) and hence that the Galois action on
G(F) factors through A = Gal(F(¢,)/F).

The group A is cyclic of order a divisor of p — 1. The F,[A]-module G(F)
is therefore a product of 1-dimensional eigenspaces. Since G is simple, there is
only one such eigenspace and G has order p, as required.

Let R be a Noetherian ring, let p € R and let Gr , denote the category of finite
flat R-group schemes. Let R = hm R/p"R and let C be the category of triples

(G1, G5, 0) where G, is a finite ﬂat R—group scheme, G, is a finite flat R[p]—
group scheme and 6 : G| ®3 1’6\[%] —> Gy Qg1 1”?\[%] is an isomorphism of
P

R) [%]-group schemes. Morphisms in C are pairs of morphisms of group schemes
that are compatible with the morphisms 6.

Proposition 2.3. Let R be a Noetherian ring and let p € R. The_functor
GrR — C that sends an R-group scheme G to the triple (G Qg R, G Qg
R[ 1,1d ®r R[ 1) is an equivalence of categories.

Proof. The proposition is an immediate consequence of [3, Thm.2.6]. Here
M. Artin proves a similar equivalence of categories for finitely generated
R-modules rather than finite flat R-group schemes, but the result for group schemes
follows directly from functoriality.

Corollary 2.4. Let R be a Noetherianring, let p € R and let G and H be two finite
flat group schemes over R. There is a natural exact “Mayer-Vietoris” sequence

0 — Homgz(G, H) — Homg(G, H) X HomR[i](G, H)
P

— Homp1 (G, H) —> Ext(G, H) —> Extk(G, H)

x Ext! | (G, H) —> ExtL

RI1) (G, H)

R[]
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where § maps a R [%]—morphism(p : G —> H tothe extension of G by H that cor-
responds to the triple (H X G)g, (H X G) g 14, 0) where 0 (h, g) = (h+¢(g), 8).
P

Proof. Since this result plays a central role in our computations, we present its
proof in some detail. Since R x R[%] is faithfully flat over R, the first morphism
is injective. Exactness at the second group in the sequence is a direct consequence
from Prop.2.3. To show that the sequence is exact at the third group, we observe
that for ¢ € Hom RUL ](G H) the extension § (¢) is trivial if and only if there exists

f e HomR (G, H) such that the morphism (H X G) g1 1 — (HxG)R[ ]glven

by (h, g) — (h +(f+¢)(g), g) canbe extended to a morphlsm ¥ over R. Thrs in
turn is equivalent to the existence of a pair (¥, f) € Ext%(G, H) x Extl (L (G, H)
p

mapping to ¥ — f = ¢ in Ext%[l](G, H).
P

To prove exactness at the group Exth (G, H), let X be an extension of G by H
over R. Suppose that f and f’ are isomorphisms of X with the trivial extension
H x G over R and R[ ] respectively. Over the ring R[ ] the morphlsm !

is an automorphism of the extension H x G. In other words ' f~Yh, g =
(h + ¢(g), g) for some ¢ € Homp1 ](G H) and hence §(¢) = [X]. Finally,

suppose that X and X’ are extensions of H by G over the rings Rand R [ ] re-
spectively. Let 6 : X —> X’ be an isomorphism over R[L ] Then the R- group

scheme that corresponds via Prop.2.3 to the triple (X, X', 0) is an extension of H
by G over R that maps to the pair (X, X') € Ext}?(G, H) x Extl (L] (G, H).
P

This completes the proof of the corollary.

In the applications, R is the ring of integers of a number field F, the element
p is a prime number and G and H are p-group schemes. Then G and H are
étale over R[ ] and we can identify them with their Galois modules. The Galois

action is unrarmﬁed outside p. The ring R is a finite product of finite extensions
of Z,, over which we can apply the theory of Oort-Tate [20], Raynaud [15] and
Fontame [8,9]. Finally, the ring R[ 1 = F ®Q, is a product of p-adic fields.
Over each of these fields the group schemes can be identified with their local
Galois modules. Recently Fabrizio Andreatta extended Cor.2.4 by constructing a
natural long exact sequence involving the higher Ext-groups [2].

For the sake of simplicity we formulate the next two propositions for com-
plex number fields F only. This is fine for our main application, which is the
field F = Q(Cf). The assumption only makes a difference when p = 2. In this
case one should replace the class number /4 ¢ by the so-called narrow class number.
We do not need this and leave the generalization to arbitrary F to the reader.

Proposition 2.5. (Condition (B)) Let F be a complex number field of class num-
ber hp and let p be a prime for which

ged(p— 1, hp) =1.
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If either of the following conditions is satisfied, the only group schemes of order p
over the ring of integers O are |1, and 1/ pL.

(a) p is prime in Op.
(b) p is odd and unramified in F. Moreover, the sequence

0% —> (0p/pOp)* =5(Z/pL)* — 0

is exact. Here N : Op — 1 —> Z./pZ denotes the norm map reduced
mod p.

(c) the p-the root of unity {, is in O and 1 — ¢, is prime in Of. Moreover the
reduction map Oy —> (Ofp /(1 — ¢,)OF)* is surjective.

Proof. Let G be a p-group scheme of order p over Op. The proof makes use
of the local results in the Oort-Tate paper [20] and of Proposition 2.3 above.
Alternatively one can apply [20, Thm.3].

Part (a) is the statement of the last corollary of [20].

Since gecd(p —1, hp) = 1, the conditions of (b) imply by class field theory that
every Dirichlet character of F of order dividing p — 1 that is unramified outside p
factors through Gal(F(¢,)/F). Since Aut(G) has order p — 1, this implies that
the Galois group acts on the points of G through a power ' of the Teichmiiller
character w. Let p be a prime of F dividing p. Since p is unramified, it follows
from [20, p.15, Remark 5] that over the completion at p, the group scheme G is
isomorphic to Z/ pZ, 11, or an unramified twist of these group schemes. Therefore
either o’ or o'~/ is unramified at p. The character @ has order p — 1 and since
p # 2, it is non-trivial and hence ramified at p. It follows that i = 0 or 1. When
i = 0, the Galois action is trivial and hence G is constant over each completion.
By Prop.2.3 it is isomorphic to Z/pZ over Op. Similarly, when i = 1 we have
that G = ).

In case (c), class field theory and the fact that gcd(p — 1, hp) = 1 imply that
every character of of F' of order dividing p — 1 that is unramified outside p is
trivial. Therefore the Galois group acts trivially on the points of G. By [20, p.14]
the Hopf algebra of G over the completion O at the prime (1 —¢,) has the form
5F[X]/(X/’ — aX) for some divisor a of p. Since the points of G are rational, a
must be a (p — 1)-th power in Oy . Therefore a = 1 or —p times the (p — 1)-th
power of a unit, corresponding to the group schemes Z/pZ and (1), respectively.
Proposition 2.3 implies then that G = Z/pZ and 1, over Op.

This proves the proposition.

Proposition 2.6. (Condition (C)) Let F be a complex number field and let p be a
prime.

(i) If p does not divide the class number of F, then any extension over O of con-
stant p-group schemes by ane another is constant and every extension over
Or of diagonalizable p-group schemes by one another is diagonalizable.
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(ii) Suppose that p does not divide the class number of F({p). If either of the
following conditions is true, every extension

0—Z/pL — G — pn, — 0

is split.

1. The absolute ramification index e, satisfies e, < p — 1 for all primes p
of F over p.

2. We have that ¢, € F and there is only one prime p over p in F.

Proof. (i) See also [10, section 3.4.3]. Suppose that there is an exact sequence
0—C  —G—C,—0

with C; and C; constant. Then G is étale and its points generate an unramified
abelian p-extension L of F. Since p does not divide the class number 4 i, we have
that L = F, so that G is constant by Galois theory. This proves the first statement
of (i). The second follows by Cartier duality from (7).

To prove part (ii), we observe that Z/pZ is étale while 1), is connected at
the primes over p. This implies that Homo gz, (1, Z/pZ) = 0. Since n, and
7,/ pZ are flat, it follows that Homo, (i, Z/pZ) = 0. Moreover, any extension
of u, by Z/pZ is split over Or ® Z,, since over the completions at the primes
over p the connected components of G give sections ©, —> G. It follows that
G is killed by p over Or ® Z,,. Since G is flat, it is also killed by p over Op.
This implies that the extension L obtained by adjoining the points of G to F(¢,)
has degree dividing p and is unramified at all primes. Since p does not divide the
class number of F(¢,), it follows that L = F({,). Therefore the exact sequence
of Galois modules is split over F and hence G is split over O F[%]'

Therefore, by Cor.2.4 there is an exact sequence

0 —> Hom,,1,(1p. Z/ pZ) —> Homrso, (1. Z/pZ)

— ExthF(up, Z7/pZ) — 0
If e, < p — 1 for all primes p over p, the p-th roots of unity are not contained
in any of the completions at p. This implies that Homrgq, (4, Z/pZ) = 0 and
hence ExtloF (p, Z/pZ) = 0 as required. If {, € F and there is only one prime
over p, the first and second group in the exact sequence have order p. It follows

that ExtloF (itp, Z/ pZ) vanishes as required.
This proves the proposition.

Proposition 2.6 does not discuss extensions of the form
0— u, —>G—12/pL — 0.

over rings of integers O of number fields F. These may be non-trivial when the
ring OF contains units of infinite order. The group schemes constructed by Katz
and Mazur [11, Interlude 8.7] provide examples of such non-trivial extensions.
See [12, p.58, Prop.4.1] for the case F = Q.
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3. Cyclotomic fields

In this section we investigate conditions (A), (B) and (C) of Theorem 2.1.
Before doing this, we recall the following group theoretic facts. These are useful
in reducing the computations below.

Lemma 3.1. Let T be a finite group. Let T denote its commutator subgroup and
let T denote the commutator subgroup of T''. Then T admits no subgroups
H # T that are normal in T and for which T/ H is cyclic of order prime to
[T :T"].

Proof. Let H C T'” be aanormal subgroup of I' for which I'”/ H has order prime
to [T : I'"]. Consider the exact sequence of groups

1—TI"/H—>T'/H —T"/T" — 1.

Since the orders of I’/ T and '/ H are coprime, the sequence splits. Conjuga-
tion induces a homomorphism 2 : ' — Aut(I'’/H), because I'” and H are
normal subgroups of I'. Since Aut(I"”/ H) is abelian, " is contained in the kernel
of h. Therefore I''/ T acts trivially on I/ H. Tt follows that I’/ H is abelian and
hence that I'” = H as required.

Corollary 3.2. Let I" be a finite group satisfying
-T'/T" is a 2-group;
—#I'" < 25.

Then either T'" is a 2-group or 9 divides the order of T'".

Proof. First of all, we note that I'” has order less than 60, so that it is solvable.
Let H C T” be the minimal subgroup for which I'” / H is abelian of odd order. Tt
is characteristic and hence normal in T. Since #I'” < 25, Lemma 3.1 implies that
either I'” / H has order 9, in which case the proof is complete, or ' = H. In the
latter case I'”/ T is a 2-group.

IfI'/ T iscyclic,then M = I'"”/ T'"" is a group of odd order. Since #M < 25,
an application of Lemma 3.1 to the group I’/ """ shows that M has order 9 or is
trivial. In either case the proof is complete. If I'””/ """ is not cyclic, it has order
at least 4 and hence #I""” < 6. An application of Lemma 3.1 to I’ shows that
/T is a 2-group. If the order of '’/ T""” is 1 or 4, the group I'""” is clearly
trivial and we are done. If the order is 2, the group I"”” has odd order and an
application of Lemma 3.1 to the group I'’” shows that I""” is trivial as well.

This completes the proof of the corollary.

We deal with the cases f = 1,3 and 4 by observing that the three corresponding cy-
clotomic fields are subfields of Q(¢12). For each of the remaining conductors f we
choose a suitable prime p. Since we employ Odlyzko’s discriminant bounds [12]
to verify condition (A), it is important that p is small. For f = 5,7,8,9, 11, 12



424 R. Schoof

and 15 we choose p = 2, 2, 3, 2, 2, 3 and 2 respectively. In this section we do not
discuss the exceptional cases cases f = 7 and 11. These are dealt with in sections
4 and 5 respectively.

The fact that conditions (B) and (C) are satisfied for f = 5,8,9, 12 and 15
follows from Propositions 2.5 and 2.6. We leave the easy verifications to the reader
and concentrate on condition (A). We show that it too is satisfied in each case so
that Theorem 2.1 applies and Theorem 1.1 follows for each conductor f in the
list.

For the fields L of Proposition 2.2 we first use Odlyzko’s discriminant bounds
to transform the bound on the root discriminant of the extension L of F' = Q({y)
into an upper bound for the degree of L over Q. By Condition (A) the field L
contains the extension F' = F (m) of F. In all eight cases Odlyzko’s bounds
luckily imply that [L : F'] < 60, so that Gal(L/F") is solvable. We use class field
theory and group theory to show that Gal(L/F’) is a p-group. This implies that
Gal(L/F(¢p)) is a p-group, which is precisely what we need to know to be able
to apply Prop.2.2 to verify condition (A).

All computations can easily be done by hand. For class numbers of cyclotomic
fields, see L.C. Washington’s book [21, Ch.11]. For discriminant bounds, see the
tables in J. Martinet’s paper [12].

Case. f = 5.Inthis case p =2 and §; < 4 -5%*% = 13.375. ... From the table
in [12] we read that [L : Q] < 42. We have the following inclusions

Q ¢ Q¢ ¢ Q(%20, Ve) S L

where ¢ denotes the unit (1 + \/5)/2 of Z[¢s]. We conclude that Gal(L /Q(¢s)) is
a 2-group.

Case. f = 8.In this case p = 3 and §; < 4 - 332 = 20.785. ... From the table
in [12] we read that [L : Q] < 900. We have the following inclusions

Q C Q@ C Q) C Qe C L,
4 2 3 <37

where ¢ denotes the unit 1 + /2 of Z[&g]. Let I' = Gal(L/Q(&24)). The class
number of Q(&4) is 1. There are two primes p and p’ over 3 in Z[Z24]. They satisfy
p?p’ = (+/=3). The units {4 and 1 — ¢»4 and their Galois conjugates generate a
subgroup of index 3 inside the group

(Z[5241/(3))" = F5 x Fg x Fo x Fo.

We briefly explain how to do this short computation. Other similar calculations
in this section are left to the reader. Let ¢ denote the 8th root of unity ¢, €
Z[¢24). Since X* +1 = (X?+ X — 1)(X?> — X — 1) (mod 3), we have that, say,
t2+¢—1=0 (mod p)and ¢?> — ¢ — 1 = 0 (mod p’). For each of the order 8
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cyclic groups (Z[£24]1/p)* and (Z[Z24]/p")* we choose the image of ¢ as a genera-

tor. Since {4 = ¢ (mod +/—3), we identify the image of {4 in (Z[£24]/(V/—3))*
with the vector (1, 1) in Z/8Z x Z/8Z. Since

l—¢u=1-¢=-¢> =¢° (mod p),
El—{E—g‘*lE{S (mod p"),

the image of 1 — ¢4 is identified with the vector (6, 3). Since the vectors (1, 1)
and (6, 3) generate the additive group Z/8Z x Z/8Z, the images of the units ¢,,

and 1 — ¢,, generate the unit group (Z[24]/(+/—3))™.

It remains to deal with the 3-part. The 8th powers of the units ¢,, and 1 — ¢,,
are contained in it. Clearly ¢; = ¢3, is a cube root of unity. Put 7 = {3 — 1. The
conjugates of 1 — ¢§, are of the form 1 — ¢“(1 4+ m)“ for a € (Z/24Z)*. We have
that

1 —¢e
The multiplicative group (Z[&24]/(3))* modulo the subgroup generated by the
units &,, and 1 — &,, and their conjugates is isomorphic to the additive group

72241/ (v/—3) modulo the subgroup generated by 1 and by the numbers laf;a for
a € (Z/247)*. Equivalently, it is isomorphic to the additive group of the ring
F3[X]/(X* 4+ 1) modulo the subgroup generated by 1 and by the elements ]a_X;a.
It suffices to take a = 1 and 5 and the quotient group turns out to have order 3.
This completes the computation.

It follows from class field theory that the ray class field of Q(¢»4) of conduc-
tor (3) = pzp’z is an extension of degree dividing 3. The relative discriminant of
K = Q(&u, +/¢) over Q(&y4) is equal to 9. Therefore, by the conductor discri-
minant formula, K is equal to the ray class field of conductor (3). Let K’ be the
maximal subfield of L which is an abelian extension of Q(£»4). Then K C K'. If K’
were strictly larger than K, then there would exist characters of Gal(K'/Q({24))
of conductor p?p’ » with either a or b at least 3. The conductor discriminant for-
mula then implies that g > 37%/7% . §q(,,,) = 4 - 3'4/° which contradicts the fact
that g+ < 8, < 4 - 3*2. We conclude that I'" = Gal(L/K) is the commutator
subgroup of I' = Gal(L /Q({y,)).

Consider I'V/T”. Tt is the Galois group of the maximal abelian extension of
K inside L. The root discriminant of K is equal to 37/ - 4 ~ 14.411. Therefore
by Odlyzko’s bounds, the absolute degree of its Hilbert class field is at most 60
and the class number hg of K satisfies hg < 60/24 and hence hg < 2. Since
Gal(K /Q(¢&24)) is cyclic of order 3 and Q(&y4) has class number 1, the class
number hg cannot be equal to 2. Therefore g = 1. Since K is totally ramified
over Q(&p4) at the primes over 3, the residue fields of these primes are the same
and, just like Q(&24), the field K does not admit any extensions that are at most
tamely ramified at the primes over 3.

(1= +m)H =1 -¢D* —8an¢’(1—¢) =1+ 7 (mod 72).
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This implies that I’/ I'” and hence I/ I'” are 3-groups. However, '/ I is cy-
clic and this implies that I’/ I'” is trivial. Since the group I'” has order at most 37,
it is solvable and we conclude that I' itself is trivial. Therefore Gal(L/Q(Z24))
has order 3 and is a 3-group as required.

Case. f =9.In this case p = 2 and §; < 4 - 332 = 20.785. ... From the table
in [12] we read that [L : Q] < 900. We have the following inclusions

Q % Q(&9) - Q(&36) - Q(&36, /€1, V/€2) <C18 L,

where € and &, denote a basis for the unit group Z[¢9]* modulo torsion. Let
I' = Gal(L/Q). Since the root discriminant of Q(362) = 4 - 8Q() > dr, the
field Q(&36) is the largest abelian extension of Q contained in L and hence the
commutator subgroup I'’ of T" is equal to Gal(L/Q(Z36)).

The class number of Q(¢36) is 1 and a short computation shows that the group
(Z[5361/(2)" = Fgy x Fou

modulo the group of units generated by the global units {36, 1 — ¢3¢ and their
conjugates, has order 4. Since the conductor of K = Q(36, 1/€1, 4/€2) 1s (2), it
follows from class field theory that K is equal to the ray class field of conductor 2
of Q(&36). If Q(&36) admitted an abelian extension inside L which is strictly larger
than K, this extension would have conductor divible by (1 +i)3. By the conductor
discriminant formula its root discriminant would be at least 2!7/8.8g(;,) > 8. This
is impossible and we conclude that K is the largest abelian extension of Q(¢36)
inside L. The Galois group I'' = Gal(L/Q(¢3¢)) is the commutator subgroup of I’
and the commutator subgroup I'” of I'’ satisfies #I'” < 18.

By Cor.3.2, I'” and hence I"" are either 2-groups, in which case we are done,
or the order of I'” is divisible by 9. To see that the second possibility cannot occur,
we distinguish two cases. If #"” = 9, The field K admits an abelian extension of
degree 9 inside L that is at most tamely ramified at the prime over 2. This exten-
sion has absolute degree 432 and, by the conductor discriminant formula, its root
discriminant is equal to 267/3%.3%/2 = 18.876. . .. Odlyzko’s discriminant bounds
imply then that its absolute degree is less than 250, a contradiction. On the other
hand, if #I"” = 18, the field L is an abelian degree 9 extension of a quadratic
extension K’ of K. It has absolute degree 864. Let p denote the unique prime
over 2 in K and suppose that the conductor of K’ is p?. Then the root discriminant
of K’ is equal to 2¢/16+7/4.33/2 Since §x < 8; < 4-3%2, we have thata < 3. A
final application of the conductor discriminant formula to the tame extension L
of K’ shows that §; < 2287/14433/2 — 20,684 . ... Odlyzko’s bounds imply then
that [L : Q] < 800, a contradiction.

This completes the proof in this case.



Abelian varieties over cyclotomic fields with good reduction everywhere 427

Case. f = 12. In this case p = 3 and §; < 18. From the table in [12] we read
that [L : Q] < 170. We have the following inclusions

Q c Q(¢12) g Q(&36) g Q(&36, Ve) < L

where ¢ = 1 — ¢, generates the unit group Z[Z1>]* modulo torsion. Consider
K = Q(&36, Je). Letr =1 — ¢y denote the unique prime over 3 in Q(¢36) and
let w¢ be the conductor of K over Q(Z3¢). By the conductor discriminant formula
the root discriminant of K is then equal to 3'*%/*8¢(,,). Since K C L, we have
that 1 +a/9 < 3/2,i.e.,a < 4. This implies that §x < 3'3/%. /12 ~ 16.935.
Therefore, by Odlyzko’s bounds, the Hilbert class field of K has absolute degree
at most 120. This implies that the class number of K satisfies hx < 120/36. In
other words hx < 3. Since the class number of Q(¢3¢) is 1, the class number of K
is not 2. In addition, since the unit 1 — ¢3¢ generates the unit group of Fy, the field
K does not admit any abelian extensions that are unramified outside 3 and at most
tamely ramified at 3. This implies that [L : K] divides 3 and the proof in this case
is complete.

Case. f = 15. In this case p = 3 and, under GRH, we have §; < 33/4.9 =
30.094 . . .. From the table (under GRH) in [12] we read that [L : Q] < 2400. We
have the following inclusions

Q C Qs) ¢ K c L
3 81 3

where K denotes the extension of Q(¢;5) obtained by adjoining the cube roots
of the units of Z[¢;5]. To prove that Gal(L/Q(Z;5)) is a 3-group, it suffices to
show that [L : K] # 2. Suppose [L : K] = 2. Then the 3-Sylow subgroup of
Gal(L/Q(¢15)) is normal. This implies that Q(¢;5) admits a quadratic extension
inside L. Since the class number of Q(¢;s) is 1 and since the multiplicative group
Fg, of the residue field of the unique prime over 3 is generated by the units ;s
and 1 — ¢ys, it follows from class field theory that the field Q(¢;s) admits no
quadratic extension that is unramified outside 3. This contradiction shows that
Gal(L/Q(¢15)) is a 3-group, as required.

4. The case f =7

In this section we discuss the exceptional case f = 7. We put F' = Q(¢,) and
OFr = Z[t,]. Since we do not want to use Odlyzko’s stronger discriminant bounds
that are only valid under GRH, we are forced to work with the prime 2. The com-
plications for f = 7 are caused by the fact that 2 splits in F': we have that2 = 7w
withm = —¢; — {72 — {74 = # € Op. By [20, Introduction], there are there-
fore four simple group schemes of order 2 over Op. Apart from Z/27Z and u,
there is the group scheme G, = Spec(A) where A = Op[X]/(X? — 7 X), the
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comultiplication being givenby X — 1® X + X ® 1 — 7 X ® X. The other group
scheme G is both the Galois conjugate and the Cartier dual of G,. The group
scheme G is isomorphic to Z/2Z over the completion at = and to , over the
completion at . For G it is the other way around. It follows that condition (B)
of Theorem 2.1 is not satisfied for f = 7 and p = 2. It turns out that condition
(C) is not satisfied either: there is a non-split exact sequence

0 —> Z/2Z 5 G, x Gx —> i —> 0. (%)
Here the Hopf algebra homomorphism corresponding to j is the morphism
OrlX, Y1/(X* =X, Y? =TY) —> Op[T1/(T* = T)

givenby X +— T and Y + 7 T. Note that both group schemes G, and G are
already defined over the quadratic subring Z[7 ] of OF.

The proof that we give in this section is a modification of the proofs given
in sections 2 and 3. First we use Prop.2.2 to verify condition (A) and provide a
substitute for (B).

Theorem 4.1. Up to isomorphism there are precisely four simple 2-group schemes
over the ring Z[&7). They are Z./2Z, 1,, G, and Gz. All have order 2.

Proof. Let L be as in Proposition 2.2. We show that Gal(L/F) is a 2-group.
We have that 8, < 7°/% . 4 = 20.245.... From the table in [12] we read that
[L : Q] < 600. We have the following inclusions

Q ¢ Q& ¢ Qs ¢ Q2. V1, VE2) o L

where ¢; and ¢, are generators for the unit group Z[¢7]* modulo torsion. Let
I' = Gal(L/Q). Since the root discriminant of Q(¢282) = 4 - 8q(;) > L, the
field Q(¢&yg) is the largest abelian extension of Q contained in L and hence the
commutator subgroup I'” of T is equal to Gal(L/Q(Z2g)). We wish to show that
I’ is a 2-group.

The class number of Q(¢g) is equal to 1. There are two primes p and p’ over 2
in Z[&g]. The units &7 and 1 — {5 generate the group

(ZI¢71/p)" = F; x F;.

By class field theory, the field Q(&s) admits no extension that is unramified
outside 2 and at most tamely ramified at 2. Therefore I’/ T"” is a 2-group.

Since #I'” < 12, it follows from Cor.3.2 that either I'" is a 2-group, in
which case we are done, or I'” has order 9. To exclude the second possibil-
ity, we first note that the absolute degree of L would be 432. Moreover, the
field K = Q(&23, +/€1, 4/€2) is contained in the ray class field of conductor (2)
of Q(&2g) and L is an abelian extension of K that is at most tamely ramified at
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the primes over 2. It follows from the conductor discriminant formula that the
root discriminant of L satisfies §; < 267/3¢.75/6 = 18.386. ... Odlyzko’s bounds
imply then that [L : Q] < 200, a contradiction.

Therefore, by Prop.2.2, all simple 2-group schemes over Z[¢7] have order 2.
Since 2 = 717 in Z[¢7], it follows from the discussion in [20, Introduction] that
the only group schemes of order 2 are the ones listed. This proves the Theorem.

Next we study extensions of the four simple group schemes by one another
and provide a substitute for condition (C).

Proposition 4.2. Over the ring Or = Z[¢7] we have the following.

(i) Every extension of a constant 2-group scheme by a constant 2-group scheme is
constant. Every extension of a diagonalizable 2-group scheme by a
diagonalizable 2-group scheme is diagonalizable.

(ii) Ext})F (w2, Z/2Z) has order 2. The exact sequence (*) represents the non-
trivial class.

(iii) Exty, (G, Z/2Z) = Exty, (G, Z/2Z) = 0 and Extyy, (112, G) = Exty,
(12, Gz) = 0.

(iv) Bxty (G, Gz) = Exty (Gx, Gr) = 0 and Ext, (G, Gx) = Exty,
(G=, Gx) =0.

Proof. Recall that F = Q(¢;). The ring Or = Op ® Z, is the product of the
two completions O, and Oz at w and 7 respectively. Both rings O, and Oz are
unramified cubic extensions of Z,.

Since F has class number 1, part (i) follows from Prop.2.6 (i). To prove (ii)
one observes that over the ring Op the group scheme (1, is connected while Z /27
is étale. Therefore Homg, (u2, Z/27Z) and hence Homo,. (12, Z/27Z) vanish. In
addition, any extension

0—Z/72Z — G — u, —0

is split over the ring Or = 0, x Ox by the connected components. It fol-
lows that the field extension H of F generated by the points of G is everywhere
unramified. Since the class number of F is 1, we have that H = F. In other
words, the extension G is locally as well as generically split. The Mayer-Vietoris
exact sequence of Cor.2.4 provides us therefore with an exact sequence

0 —> Hom, 1,(1t2, Z/2Z) —> Hompeq, (142, Z/2Z)
—> Exty, (2, Z/2Z) — 0.

The group Hom,, 1 (12, Z/27Z) has order 2. On the other hand, since there are
two primes over 2 in F, the Q-algebra F ® Q; is a product of two fields and
hence the order of Homrgq, (12, Z/27Z) is 4. It follows that ExtbF (n2, Z/27)
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has order 2. Since the scheme G, x Gz is connected, the exact sequence (*) is
not split and therefore it provides the non-trivial extension class. This proves (ii).
To prove (iii), let G be an extension of G, by Z/2Z over Op:

0— Z/2Z — G — G, —> 0.

Since the O,-group scheme G, is connected, the groups Homg, (G, Z/27Z)
and hence Hom, (G, Z/2Z) vanish. Over O, the extension becomes 0 —>
7/27 — G — pp, —> 0. Therefore it is split by the connected component.
It follows that G is killed by 2 over O,. Since G is flat, it is also killed by 2
over Op. Over Oz the group scheme G, is isomorphic to Z/2Z. This implies that
G is étale over Oz. It follows that the field L obtained by adjoining the points
of G to F is unramified at all primes. Since the class number of F is 1, we have
that L = F and we see that the Galois action on G is trivial and hence that G is
split over O F[%]. By Galois theory G is then also split over Oz.

In other words, G is generically split as well as locally split. By Cor.2.4 we
have an exact sequence

0 —> Homo, (G, Z/2Z) x Hom,,1,(Gr, Z/2Z) —>
— Homrgq,(Gr, Z/2Z) —> Extly, (G, Z/2Z) —> 0.

1

2

the group Homrgq, (G, Z/27Z) has order 4. We deduce that ExtbF (Gr,Z/27) =
0.

The groups Homo_ (G, Z/2Z) and Hom OF[ } (G, Z/2Z) both have order 2 and

We conclude that ExtIOF (G, Z/2Z) = 0 as well, and hence, by duality,
Exty, (2, Gx) = Exty (12, Gz) =0

as required.
Finally we prove (iv). First we consider extensions of G# by G:

0— G, —G— Gz—0.

Over the ring Oz the extension becomes 0 —> Z/2Z — G —> uy; —> 0 and
is split by the connected component. It follows that G is killed by 2. In addition,
adjoining the points of G to F gives a field extension H of degree at most 2 over
F, which is unramified outside 7.

Over the ring O, the extension looks like 0 — w, — G — Z./27Z. — 0.
We compute Ext})” (Z,/2Z, 117) by means of the exact sequence of fppf sheaves
0—7Z — 7Z — Z/2Z — 0. This gives an exact sequence

0 —> 12(0x) —> Exty, (Z/2Z, j13) —> Exty_(Z, piz) —> 0.
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It follows from the Kummer sequence that Extloﬂ (Z, ) is isomorphic to O}/
(0;';)2. The same computation over the quotient field F,; of O, gives rise to the
following commutative diagram with exact rows

0 — w2(07) —> Exty (Z)2Z, ) — 0:/(05)? — 0

| ! l

0 — w(Fr) — Exth (Z/2Z,n) -  FX/(F)? — 0.

Here g is the Kummer map: if F, (/) is the field generated by the points of an
extension in Ext}% (Z/2Z, 1), then g maps the class of the extension to o € F}
modulo squares. Since our G is an O,-group scheme, « is in OZ. This implies
that the conductor of F, (/&) over F; is at most 2.

We conclude from all this that the field H generated by the points of G,
has conductor at most 72 over F. The class number of F is 1 and a short
computation shows that the units of Or generate the group O /(1 + (7?)). It
follows then from class field theory that H = F. This implies that G is gener-
ically split. It follows that G is also split over the local field F;. Since the left
and rightmost vertical arrows in the diagram above are injective, so is the map
Ext})n (Z)2Z, ny) — Ext}pn (Z)2Z, 11;). 1t follows that G is also split over the
ring Oy.

Therefore G is locally split as well as generically split. It follows from Cor.2.4
that there is an exact sequence

1
2

0 — Homy, (Gx, Gx) — Homg, (Gx, G5) x HomoF[ ](Gﬁ, G,) —
—> Hompgq,(Gx, Gz) — Exty, (Gz, Gz) — 0
A computation of the groups involved gives the exact sequence
0— 0 —> (0 x Fy) x F; — F; — Exty, (Gz, G;) — 0

implying that Exty, (G, Gx) = 0 and, by symmetry, that Exty, (G, Gz) =0
as required.
Finally we consider extensions of G by itself:

0—G, —G— G, — 0.

Over the ring O, the extension looks like 0 — @, — G — up, —> 0 and
over Oz like 0 — Z/2Z — G — Z/2Z — 0. The absolute Galois group
of F acts on G(F) via a character x of order at most 2 which is only ramified
at 7r. Then it acts on the points of the dual group via a character x’ that is unrami-
fied outside 7. If G(F) were cyclic of order 4, then x'x = w4. Here w4 denotes
the Teichmiiller character giving the action on the 4th roots of unity. Since the
character w4 has conductor 4, the conductors of x and x’ are equal to 7> and
72 respectively. We already saw above that the ray class fields of F of conductor
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72 and hence of conductor 7> are trivial. This implies that wy = x'x = 1, a
contradiction. Therefore G is killed by 2.

Since G is killed by 2, the Galois group acts on G(F) via a quadratic char-
acter x that is unramified at 7 and for which w,x ~! is unramified at . Since
the Teichmiiller character w, is trivial, this means that the action is everywhere
unramified and therefore trivial. We conclude that G is generically split. Since the
Galois action on G is trivial and since G is étale over Oz and multiplicative over
O, the group scheme G is by Galois theory also split over the rings O, and Ox.
So, G is split both locally and generically. By Cor.2.4, there is an exact sequence

0 — Homg, (G, G;) —> Homg, (G, Gy) X HomoF[%](Gn, Gp) —

—> Hompgq,(Gx, Gz) — Extyy (G, Gz) —> 0.
A computation of the groups involved gives the exact sequence
0 — F, — F; x F, — F; — Exty, (G5, G;) — 0,

showing that Extlop(G,,, G,) = 0 and, by symmetry, that Ext10F (G, G7) =0
as required.

Corollary 4.3. Let G be a 2-group scheme over Z[{;]. Then it admits a filtration
0cGicG,CG

with G diagonalizable, G/ G, étale and G,/ G isomorphic to a product of group
schemes isomorphic to G, and Gx.

Proof. The proof is a variation on the proof of Theorem 2.1. We filter G with
closed flat subgroup schemes G; in such a way that the subquotients are sim-
ple. By Theorem 4.1, the simple 2-group schemes are isomorphic to Z/2Z, u,,
G, or Gx. By Proposition 4.2, we can modify the filtration as follows. If for
some index i there are successive steps G;—; < G; <> G;4 in the filtration
with G;/G;—y = Z/2Z and G;1,/G; = G or Gz, then we apply Prop.4.2 (iii)
we replace G; by another subgroup scheme G; with G,_; — G} — G4
so that G;/Gi—y = G or Gz and G,4/G; = Z/2Z. If on the other hand
Gi/Gi—y = Z/2Z and G;;,/G; = o, then there are two possibilities. If the
extension
00— Z/ZZ —> G,’+1/Gi,1 —> Uy —> 0

is split, then we replace G; by a subgroup scheme G, with G;_; — G} — G4,
sothat G;/G;_1 = p, or Gz and G;1/ G} = Z/2Z. If the extension is not split,
we apply Prop.4.2 (ii) we replace G; by a subgroup scheme G} with G,_; —
G; — Git1s0that G;/Gi—1 = G, and G;+1/G; = Gz. Loosely speaking, “we
can either push the subquotient Z/2Z to the right, or make it disappear”.
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This means that we can modify the filtration in such a way that we end up with
a filtration
0cG,cCG

for which G/ G, is filtered with subquotients isomorphic to Z/2Z, while G, ad-
mits a filtration without subquotients isomorphic to Z/2Z. We have “pushed all
subquotients isomorphic to Z/2Z to the right”. Similarly, applying Cartier duality,
we can push all subquotients ., occurring in the filtration of G, to the left. To be
sure, this process does not introduce any subquotients isomorphic to Z/2Z. The
result is a filtration

0cG CcG,CG

where G| is an extension of group schemes isomorphic to j,, the quotient G/ G, is
an extension of group schemes isomorphic to Z/2Z and G,/ G admits a filtration
with group schemes isomorphic to G, and Gz. It follows then from Prop.4.2 (i)
that G is diagonalizable and that G/ G is constant. Moreover, Prop.4.2 (iv) im-
plies that G,/ G is a product of copies of G and G#. This proves the Corollary.

Proposition 4.4. There are no non-zero abelian varieties over F = Q(&7) with
good reduction everywhere.

Proof. Let A be the Néron model over Or = Z[{;] of an abelian variety with
good reduction everywhere and let n > 1. By Corollary 4.3 the 2-group scheme
A[2"] admits a filtration

0C G, C G, C A[2"]

with G| diagonalizable, A[2"]/G, étale and G,/ G isomorphic to a product of
group schemes isomorphic to G, and Gz. Since G,/ G is annihilated by 2 and
since the group structure of A[2"](F) is (Z/2"Z)¢, the order of G,/G is at
most 228, As in the proof of Theorem 2.1, we note that the abelian varieties A/ G,
and Adval/ G/ are all isogenous to A. Therefore they all have the same number
of points modulo a prime ideal of OF as A itself. It follows that the orders of the
group schemes G and A[2"]/G, are bounded independently of n. This implies
that the order of A[2"] remains bounded as n — oo, but this is impossible unless
A = 0 as required.

5. The case f =11

In this section we discuss the exceptional case f = 11. We study 2-group schemes
over Z[¢;1]. The main complication is the fact that Condition (A) of Theorem 2.1 is
not satisfied: there exists a simple 2-group scheme E of order 4 over Z[{;;]. Itis al-
ready defined over the subring R = Z[«], where e = —¢, — ¢ — ¢ — ¢ — ¢ =

Ly-ll V{”, and can be described in any of the three following ways.
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— Let E be the F4-vector space scheme [15, Ex.3.b] over R=R QL) = 7,[5]
with Hopf algebra 176\[T]/(T4 —2T). Let E, be the R[%]—group scheme whose
corresponding Galois module is a 2-dimensional F,-vector space on which
Gal(Q/Q(+~/—11)) acts irreducibly through the ray class group of Q(+/—11)
of conductor 2. Since 2 is inert in Q(+/—11) this ray class group has order 3.
Since the ray class field of conductor 2 of Q,(+/—11) = Q»(¢3) is obtained by

adjoining a cube root of 2, there is an isomorphism ¢ : E; (62) —E; (62)
of local Galois modules. The equivalence of categories of Prop.2.3 implies
then that there exists a groupscheme E over R corresponding to the triple
(E1, E3, ¢). The group scheme E is self-dual, local-local over R and admits
an automorphism of order 3 that turns it into an F4-vector space scheme over R.

— Alternatively one can construct the group scheme E as the 2-torsion subgroup
scheme of the Néron model £ over R of the elliptic curve

Y24+Y =X —X>-7X + 10.

This is the curve 121D in the notation in the Antwerp Tables [4]. It is 121B
in J. Cremona’s Table [7]. The curve £ admits complex multiplication by the
ring R and its reduction type at the prime «/—11 is /. The component group
is of type 2 x 2.

— Finally, although not very useful, we can describe the group scheme E
completely explicitly. Let f(X) = X° — aX> —aX + 1 € R[X]. Then
E = Spec(R[X]/(g(X)) where

gX)=Xf(X+a)=X* 42X’ + Qo — 4HX* - 2X.
The group law is given by

X+ y 4 xy6a — 144 5( — 4)(x + y) +da (x> + y?) + (16a — 9)xy
+a + 9Py + xy?) + 2ax’y?)

and the automorphism of E given by
x> G+ax+31+@)x’ — (1 +a)x’,
is of order 3.

We fix some notation. Let ' = Q(¢,,) and O = Z[¢,,]. We write 5F for the com-
pletion of O at the unique prime over 2 and F forits quotient field. Let K denote
the ray class field of Q(+/—11) of conductor (2). We have that K = Q(/—11, 8)
where B is a zero of the polynomial f above: it satisfies 8> —ap?> —aB+1 =0.
Since f(a¢) = —aa+1 = —2,the element w = o — B generates the unique prime
of K over 2. We have that (r)* = (2). The composite field H = FK = Q(¢11, B)
is the ray class field of conductor (2) of F.
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Proposition 5.1. (GRH) The only simple 2-power order group schemes over Z[{11]
are Z/27Z, i1, and E.

Proof. Let G be a simple 2-power order group scheme over O = Z[{;]. Then
2 -G = 0. Let G’ be the product of the Galois conjugates of G by the group
scheme E and by the Katz-Mazur group schemes T,. Here ¢ runs through an F,-
basis {—1, €1, €2, €3, €4} of the unit group O} modulo squares. Let L be the field
obtained by adjoining the points of G’ to F. By Fontaine’s Theorem we have that
8L < 8qeyy -4 = 119194 = 34.619.... Odlyzko’s discriminant bounds give
(under GRH) that [L : Q] < 10000. We have the following inclusions of fields.

K ¢ H c HG) c K c L.
5 2 24 <10

/s /s /3
QW= & F & FG@

Here K' = F(i, \/€1, \/€2, \/€3, \/€4).
Claim. Gal(L/H) is a 2-group.

To prove this we put I' = Gal(L/Q(+/—11)). The subfield H (i) = Q(¢11, i, B)
is an abelian extension of Q(+/—11). By class field theory any larger abelian ex-
tension inside L would have conductor at least (8) and hence root discriminant at
least 2'%/6 . 119/10 contradicting Fontaine’s bound. Therefore H (i) is the largest
abelian extension of Q(+/—11) inside L and the commutator subgroup of I" is
equal to IV = Gal(L/H (i)).

The root discriminant of H (i) is equal to 11919243 = 21.809... and Od-
lyzko’s bounds imply that the degree of its Hilbert class field is at most 170.
This implies that the class number of H (i) is at most 2. There is only one prime
over 2 in H (i). Its residue field is F,10 and the multiplicative group of this field
is generated by the units ¢1;, 1 — Z44 and S. We briefly explain why. The group
#F7 4 has order 3 - 11 - 31. Clearly ¢;; has order 11. Since f(1) = 1, we have
that 8 £ 1 (mod 2). Since the image of S is contained in the subfield F,2, it has
order 3. Finally, the image of the unit (1 — ¢,,)* is congruent to the norm of
1 — 11 € Fyuo to the subfield Fys, which is (1 — ¢;,)(1 — ¢;;') # 1. Therefore it
has order 31. It follows, by class field theory, that H (i) does not admit any odd
degree abelian extensions that are unramified outside 2. This implies that I"'/ T”
is a 2-group.

Since K’ is abelian over H (i), we have that [I"’ : '] > 16 and hence #I'” <
10. Cor.3.2 implies therefore that either I'” is a 2-group in which case the claim
follows, or I'” has order 9. To exclude the second possibiliy, we observe that K’
is the fixed field of I'”, so that the Galois group Y = Gal(K'/K (i)) acts on I'”
by conjugation. The group T has order 80. It is isomorphic to the semi-direct
product of Z/5Z by F3, the group (Z/5Z) acting non-trivially on F3. Since the
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order of Aut(I"”) is not divisible by 5, all elements in Y of order 5 are contained
in the kernel of the natural map Y —> Aut(I"”). Therefore Y, being generated
by its 5-Sylow subgroups, acts trivially on I'”. Since the orders of Y and I'” are
coprime, this implies that there is an extension K (i) € L’ C L with Gal(L'/K (i))
abelian of order 9, that is unramified outside the unique prime over 2. Since the
root discriminant of K (i) is 11'/22%3 = 8.35.. ., Odlyzko’s bounds imply that
the class number of K (i) is 1. Since there lies only one prime over 2 in K (i) and
since the multiplicative group of its residue field has order 3, the field L’ cannot
exist by class field theory.

This proves that I'” and hence Gal(L/H) are 2-groups and the claim follows.

Since the group scheme G is simple, its points G(F) are fixed by the 2-
group Gal(L/H) and the absolute Galois group of F acts on G (F) via the group
A = Gal(H/F), which is of order 3. Since irreducible F,[A]-modules are of
order 2 or order 4, we conclude that G has order 2 or order 4. If the order of G
is 2, it follows from [20, Thm.3] that G = Z/2Z or G = u,. Here we use the fact
that the class number of F is 1 and that 2 is a primitive root modulo 11.

If the order of G is 4, the group A acts non-trivially on G(F) and therefore
the points of G and E constitute isomorphic Galois modules. In other words,

there is an isomorphism ¢ : G = E over the ring O F[%]. Since E is local-local
at 2, we conclude from Raynaud’s paper [15, 3.3.5] that there is an isomorphism

¢ : G —> E over O as well. By composing the isomorphism ¢ with an automor-
phism of E, we can ensure that the isomorphisms ¢, ¢’ agree over F. Therefore
the equivalence of categories of Prop.2.3 implies that the group schemes E and
G are isomorphic over Op. This proves the Proposition.

Next we prove a substitute for Prop.2.6. Note that we do not assume GRH
here.

Proposition 5.2. Over Op = Z[¢1] we have the following

(i) Every extension of a constant 2-group scheme by a constant 2-group scheme is
constant. Every extension of a diagonalizable 2-group scheme by a
diagonalizable 2-group scheme is diagonalizable.

(it)
Exty, (12, Z/2Z) = Exty, (E, Z/2Z) = Exty, (12, E) = 0.
(iii) Any extension of E by itself splits.

Proof. Since the class number of F is 1, part (i) follows from Prop.2.6 (i). The
fact that ExtIOF (12, Z/27) = 0 follows from Prop.2.6(ii). To prove the other two
statements of part (ii), consider an extension of E by Z/2Z.:

0O — z2Zz22 — G — E — 0.

Since over the ring Op, the group scheme E is local while Z/27Z is étale, the
connected component splits the sequence. This implies that G is killed by 2.
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Moreover, the field extension obtained by adjoining the points of G to F is unra-
mified and therefore trivial. We conclude that G is locally and generically split.
Since there is only one prime over 2 and since Homz(E, Z/2Z) = 0, it follows
from the Mayer-Vietoris sequence of Cor.2.3 that G is actually split over O. The
fact that Ext]OF (2, E) = 0 follows by duality. This proves (ii).

The proof of part (iii) takes up the rest of the paper. It involves a calculation
with Honda systems that we give in section 6. We first consider extensions of E by
itself over the ring Op.The elliptic curve € givenby Y2+Y = X3 is supersingular
in characteristic 2. Its 2-torsion points generate the extension F (V2) of F. This
field is equal to H=F (B), the completion of H at the unique prime over 2. It
follows that the Galois modules associated to £[2] and E are isomorphic. By [15,
3.3.5] the two local-local group schemes £[2] and E are isomorphic over %) r. For
each of the three automorphism t of &, there is an extension £[4], of E by E
given by

r-[2]
—

0 — €21 — €£4] 2] — 0

Here [m] : £ — &£ denotes the multiplication by m morphism and E£[m] is its
the kernel. The extensions £[4], are non-trivial and pairwise non-equivalent as
extensions of abelian groups.

For later reference we remark that the X-coordinates of the 4-torsion points of
the elliptic curve & are zeroes of the polynomial 2X® + 10X> — 1. It follows that
the 4-torsion points generate the bi-quadratic extension H (W—1, Y=3) of H.
The three quadratic characters have conductor 7# over H.

Claim 1. The group ExtlaF (E, E) is generated by the extensions that are killed
by 2 and by the extensions £[4],.

Let ' = Gal(ﬁz / F ). From the spectral sequence H?” (T, Ethb(E ,E) =
Ext’?q (E, E) we deduce the following commutative diagram with exact rows

0 — Extlan(E,E) — Extgp(E,E) —> cok — 0

l |

0 — Ext};’z(E,E) —  Exti(E,E) — Exty(E, E)f

Here the index ‘2’ means ‘annihilated by 2°. Any extension G of E by E over
Oy that is killed by 2 over F, is itself killed by 2. Therefore the left hand square
is Cartesian and the rightmost vertical arrow is injective. Since the I'-modules
Ext;b(E , E) and Hom,, (E, E) are dual to one another, the order of Ext}lb(E ,E)l
is equal to #Hom,,(E, E)" = 4 . It follows that the index of ExtgF L,(E, E) in
Ext 16F (E, E) is at most 4. Since the images of the extensions £[4], are all distinct

in Ext), (E, E), the claim follows.
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Claim 2. The points of E generate the cyclic cubic extension H = F(f) of F.
The points of an extension G of E by E over O generate a field extension of H
that is a composite of quadratic extensions of conductor at most 7.

Only the statement about the conductors needs proof. This is a local question. Re-
callthat H = F (B) is the quotient field of Oy, the completionof Oy atmw = a—§,
the unique prime over 2. If G is locally one of the extensions £[4],, we are done,
because in that case its points are either rational or generate the bi-quadratic
extension H (v—1, &/=3) of H of conductor 7%,

On the other hand, if G is an extension of E by E over O that is killed by 2,
we apply the results of the calculation of section 6. Proposition 6.4 says that the
points of G lying over a non-zero point a of E generate a Galois extension of H
of degree 4, exponent 2 and relative discriminant 4. Therefore all characters of
this extension have conductor dividing 7.

An arbitrary extension G of E by E is the sum in Ext%F (E, E) of these two

types of extensions. Since G(F) is a subquotient of the product of the groups of
points of its summands, the characters of the field extension of H generated by
the points of G have conductor at most 77*. This implies Claim 2.

Claim 3. (i) The ray class field of H of conductor 73 is equal to H itself.
(i) The ray class field of H of conductor w* is the field K’ = H (i, JVEL €2, /€3,

JED.

Proof. The root discriminant of H is equal to 2%311°/1° = 15.715... and Od-
lyzko’s discriminant bounds imply that the degree of the Hilbert class field is at
most 56. Since [H : Q] = 30, this implies that the class number of H is 1. We
saw in the proof of Prop. 5.1 that the units ¢,,, 1 — ¢,, and B generate the multi-
plicative group of the residue field F,i0 of the unique prime over 2. This implies
that the ray class field of H of conductor 7 is equal to H. Therefore the ray class
group of conductor 772 is isomorphic to V = (1 + (7)) /(1 + (7)) modulo global
units. The Galois group Gal(H/Q) is a semi-direct product of Gal(H/F) = F}
by Gal(F/Q) = Gal(F,0/F,). Since () is the unique prime over 2, it acts
on V = F,i0 and it does so in the obvious way. We have that V = V| x V,, where
V| is the submodule of V of the fixed points of the order 5 subgroup Gal(H/K) and
V> C Fyuo is the kernel of the trace map to the subfield Fy.. The Gal(H /Q)-mod-
ules V| and V5 are irreducible of order 4 and 4* respectively. Since the unit 8 € K
has the property that 8% % 1 (mod m2), its cube generates V;. Finally, we observe
that the image of the unit u = (¢, — ,3)210_1 in V is not Gal(H /K )-invariant,
since

u= (¢, —a+m> =, —)? T+ 20— 1)(gy, — @) 27 (mod ),
=1+ (mod 72),

{n—a
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so that o (u)/u # 1 (mod 72) for any generator o of Gal(H/K). Therefore the
Galois module generated by 8 and u inside V is strictly larger than V;. It follows
that u and B generate V and hence that the ray class group of conductor 2 of H
is trivial.

The ray class group of H of conductor 73 is isomorphic to W = (1 + ())/
(1 + (73)) modulo global units that are congruent to 1 (mod ). Since W/ w?
is isomorphic to V = (1 + (m))/(1 + (%)) and since the ray class group of
H of conductor 2 is trivial, the ray class group of conductor 72 is also trivial.
This proves the first statement.

Since the field K’ has conductor at most w* over H, the ray class field of
conductor * has degree at least 2. On the other hand, —1 = 142 (mod 4) and
the (2'° — 1)-th powers of the cyclotomic units (¢f; —1)/(¢;; — 1) are congruent to

2
<§a29_1> fy—1 §a/2_1 §1/2

9 a 2 a/2
th =1 ¢ — 1 5111/ -1 §11/

1 1
=1+2 - — (mod 4).
<§111/2_1 511/2 )

Therefore the ray class group of conductor 77* is isomorphic to the quotient of the
addltlve group F,10 modulo by the subgroup generated by 1 and by the elements

Cl/z ;“/2 for a € (Z/11Z)*. This group has order 2°.
1 = 11

The claim now follows from class field theory.

End of proof. By Claims 2 and 3, the points of any extension G of E by E over Op
generate an extension L of H contained in the ray class field K'. Therefore the
natural action of the Galois group A = Gal(H/F) of order 3 on Gal(L/H) is
trivial. Locally, in the group Ext 15F (E, E), the extension G is equivalent to a sum

[E[4]. 1+ [G]. Here G is an extension that is killed by 2 and 7 is either an automor-
phism of order 3 of the elliptic curve &, in which case £[4]; is the extension of E
by E introduced above, or T = 0 in which case £[4]; denotes the split extension.
Let L, L' and L” denote the extensions of H generated by the points of G, £[4]
and G respectively. Each of L, L' and L" is contained in the composite of the
other two.

If  # 0, the field L is the totally ramified quartic extension Hi, Y=3 )
of H. Th1s is a Galois extension of Qz(\/_ ). The natural action of the group
Gal(H / F) on the Galois group Gal(L’ / H) is trivial. Since the global Galois group
A = Gal(H/F) acts tr1v1a11y on Gal(L / H ) the local Galois group Gal(H / F )
acts trivially on Gal(L L/ H ). Since L’ c L'L, the group A = Gal(H / F ) also acts
trivially on Gal(L" / H).

On the other hand, since G is killed by 2, the extension L” has conductor
at most 72 over H. This follows from Prop.6.4 of the next section. Since H is
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tame over F, any generator o of A has the property that o (;r)/7 is congruent
to a non-trivial cube root of unity modulo 7. It follows that A acts without fixed
points on the group (1 + (7))/(1 + (n2)) By class field theory, L" is therefore
actually an unramified extension of H. This implies that the order 5 Galois group
of H over K = Q2(B) acts trivially on Gal(L”/ H ). Since Gal(H H / K K) also acts
trivially on Gal(L / H ) and since L c L'L", we deduce that Gal(H / K ) acts triv-
ially on Gal(L / H) as well. Since L is totally ramified over F, this implies that
the global Galois group A = Gal(H/K) acts trivially on Gal(L/H). It follows
that L C H (i) and hence locally that LcH (). Since L' c LL", it follows that
the ramification index of L' over H is at most 2. A contradiction.

It follows that T = 0 and hence that G is killed by 2. By Prop.6.4 and the fact
that the ray class field of H of conductor 72 is equal to H itself, the action of
Gal(L/H) on its points is trivial. In other words, G is generically trivial. Since G
is local-local, it is by Raynaud [15, 3.3.5] locally determined by its Galois mod-
ule. This implies that G is also locally trivial. Since there is only one prime lying
over 2, it follows from the Mayer-Vietoris sequence in Cor.2.4 that the extension
G is trivial over Of.

This proves the Proposition.

Theorem 5.3. (GRH) There are no non-zero abelian varieties over Q(Z11) with
good reduction everywhere.

Proof. Let A be the Néron model of an abelian variety of dimension g with good
reduction everywhere. The same arguments as in the proof of Cor.4.3 show that
Prop.5.1 and Prop.5.2 imply that the group scheme A[2"] admits a filtration over
Z[¢,,] with closed flat subgroup schemes

0C G,y cCG,y,CA[2"]

with G| diagonalizable, G,/ G a product of group schemes isomorphic to £ and
A[2"1/ G, constant. By Prop.5.2 (iii), the group G,/G(F) is annihilated by 2.
Therefore the order of G,/ G (F) is at most 22¢. We reduce the abelian variet-
ies A/ G, and A%/ GY modulo a prime q of Z[¢;]. Since they are both isogenous
to A, they have as many points as A modulo g. It follows that the orders of G| and
A[2"]/ G, are bounded independently of n. This implies that the order of A[2"]
remains bounded as n — oo. This is impossible unless A = 0 as required.

6. A local group scheme of order p*

In this section we do a local computation with Honda systems. The main result,
Proposition 6.3, is used in section 5. See [8,9] and especially [6, Ch.1] for Honda
systems.
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Let p be a prime and let k be a finite field of characteristic p. Let W denote the
ring of Witt vectors over k and let K be the quotient field of W.Leto : W —
W denote the Frobenius automorphism of W. It is determined by the fact that
o(x) = x? (mod p) for all x € W. The Dieudonné ring D, = W[F, V] is the
ring generated by Frobenius F and Verschiebung V.Wehavethat FV = VF = p
and that Fa = o(a)F and Va = o~ '(a)V foralla € W.If k # F,, the ring
Dy is not commutative. Let C W) denotes the group functor of Witt covectors and
let CW « be the associated formal k-group scheme [6,9]. For any k-algebra R, the
group C Wi (R) admits a unique Dy-module structure for which the Teichmiiller
lift [x]of x € kacts as [x]Ja = (..., x? "a_,, ..., x" a_y, xao) and for which
Fa=(..,a’, ....,a",al)and Va = (...,a_,_1,...,a_2,a_). Note that
this implies that pa = (...,a”, _|,...,a”,,a”,). We also recall the definition
of the Hasse-Witt exponential. Let W denote the ring of integers of K. Then
exp : CWy (W/pW) — K /pW is the group homomorphism given by

71
—n~p

exp(...,a—p,...,a_1,00) = Zp a_,,

n>0

where a_,, is any lift of a_, to W.

A local-local group scheme over W is a finite flat local commutative group
scheme whose Cartier dual is also local. There are no such group schemes over W
of order p. In this section we study local-local group schemes E over W of or-
der p?. Using the theory of Honda systems we determine the extensions of the
group schemes E by themselves that are killed by p. For p = 2, this computation
is an essential ingredient in the proof of Theorem 5.3.

Proposition 6.1. Let E be a local-local group scheme over W of order p>. Then

(i) E is killed by p. The corresponding Honda system (M, L) is given by M =
ke, @ ke, and L = ke| with Frobenius and Verschiebung morphisms F and V

given by
00 0 0
v=(Vo) =(00)

for some A € k*. The isomorphism class of (M, L) only depends on the image
of A in k* modulo (k*)°°~! = (k*)P*~1.

(ii) The points of E form the Galois module {a € W/pW : a?” + prla =
0 (mod p?)} with addition law a + a' + AP ®(a?, a'’). Here ®(x, y) de-
notes the Witt polynomial ((x + y)? — x? — y?) / p. The points generate the

field K (¢py1, © 2}1/ pil’), which is a totally ramified extension of degree p*> —1
over K (¢, ). Here A denotes a lift of 1 to W.
Proof. (i) If E is not killed by p, then the same is true for M, so that M =

W/p>W. Since E is local-local, both F and V are nilpotent [6, Def.2.1]. There-
fore pM C ker V. Since V is injective when restricted to L, we must have that
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L = 0. Since the natural map L/pL —> M /F M an isomorphism. This implies
that F is surjective, a contradiction.

Therefore M is killed by p and is a module over Dy/p Dy = k[F, V]. It can

be equipped with a k-basis so that M = ke; @ ke,, L = ke, the Verschiebung
operator V satisfies Ve; = e, and Ve, = 0. This implies that the Frobenius
operator F Kills e;. On the other hand Fe; = Ae, for some A € k*. Replacing
the basis vactors e, € by t”e; and te; respectively, preserves all relations, but
replaces A by At!~ »* This proves (i).
(ii) The action of Gal(K /K K') on the points of the group scheme E is induced by
its action on Hoka (M, CWk(W/pW)) Since Ve; = e;, any Dig-homomor-
phism ¢ from M to CWk(W/pW) is determined by ¢(e;). Since V?e; = 0 and
Fe, = Ae; = A Ve, we have that

pe)=(..., 0, 0, ¥ a)

for a certain a € W/pW satisfying a?” = 0. The Galois module E (K) is
isomorphic to the subgroup of homomorphisms ¢ that map L to the kernel of
the Hasse-Witt exponential. These correspond precisely to the Witt covectors
(..., 0, O, “A—p, a ) for which a?’ + pAPa =0 (mod p?). This proves the
Proposition.

The group schemes E are F,-vector space schemes in the sense of
Raynaud [15]. The different values for A correspond to unramified twists. The
p-torsion points of supersingular elliptic curves curves over W are group schemes
of this type.

From now on we fix A € k*. The next theorem describes the extensions of E
by itself that are killed by p in terms of Honda systems.

Proposition 6.2. Any extension
0— FE —G— E —0

of p-group schemes over W that is killed by p corresponds to an extension of
Honda systems

0«— ML) <= ML) <& ML) «—o0

where M = ke x ke; x ke| x ke, and L = ke; @ ke, and f(xi, xp, x|, X5) =

(x2,x5) and g(x1,x2) = (x1,0,x2,0) respectively and with Frobenius and
Verschiebung morphisms F and V of the Honda system (M, L) given by
0 =287 0 O 00 00O
0 0 00 00 00O
F= A A8 0 0 V= 1 0 0 8’
0 A 00 0100

for some B, § € k. Two extensions G and G’ are isomorphic if and only if (8, §) =
(B', 8") in the additive group k x (k/(c?> — 1)k).
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Proof. Since G is killed by p, the underlying D;-module of the Honda system
(M, L) is a vector space of dimension 4 over k. We choose a basis {e;, e, €], €}
for M as follows: the vectors e; and e] are the basis vectors for the Honda sub-
module (M, L) asociated to the quotient group scheme E of G. In other words,
L = ke, and €] = Ve;. We lift a generator for the submodule L of the quotient
Honda system (M, L) corresponding to the subgroup scheme E to M and call
ite,. Finally we let e, = Ve,. In this way L = ke; @ ke;. The choice of the vector
e, is unique up to vectors in ke;. Then

Ve, =0,

Fe; = \ej,

Ve, = ae; + e},

Fe, = )e), + ye; + 8¢,

for certain «, B, y, 8 € k. From the fact that F Ve, = 0 and V Fe, = 0 we deduce
that « = 0 and that A8” 4+ y = 0 respectively. It is convenient to replace § by
8/A. This gives the formulas

Ve, = Be,
Fe, = 1e) — 1f7e; + Ade|

for certain 8, § € k. Finally we investigate the ambiguity in the choice of the basis

vector e;. Replacing e, by e, + r”e; and €, by €, + re| for any r € k, preserves

all relations, except that it replaces 6 by § + rP* — r. Therefore only the image of

8 € k/(0? — 1)k is determined by the extension class of G. It is not difficult to

see that for every 8 € k and § € k/(0> — 1)k, there is a unique extension class G.
This proves the proposition.

Next we investigate the Galois modules G(K). We fix a lift X G_W of A. By
Prop.6.1 (ii) we may identify the elements of the Galois module E(K') with the
set{a e W/pW : a?” + priPa =0 (mod p?)}.

Proposition 6.3. Let G be an extension of E by E with parameters B and § as in
the previous proposition. For every zero a € W of the polynomial X7+ pAPX,
the field K| generated by the points of G that map to the point a (mod pW) in
E(K') is a Galois extension of K' of degree dividing p*. It is generated by the
zeroes of the polynomial

~ ~ ~ V4 ~ ~ o~
F(X) = (X” tifPa— aal’) FAPpX — QPR P pPl € K[X].

Here B and § denote fixed lifts to W of B and § respectively. Moreover; the zeroes
of the polynomial f(X) are distinct modulo p.
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Proof. Since the points of G that map to a are a coset of the subgroup formed
by the points of the subgroup scheme E, the field K/ contains K’. Moreover,
K| is a Galois extension of K’ and for any point g € G mapping to a, the map
Gal(K!/K') — E(K) givenby o + o (g) — g is an injective homomorphism.
This shows that Gal(K/ /K") is a group of order dividing p?.

We study the Dg-morphisms from M to cw k (W/ pW), that map the
submodule £ into the kernel of the Hasse-Witt exponential. These morphisms
form a Gal (E/ K)-module isomorphic to G(K).

Since Ve; = €] and Ve, = e), any such morphism ¢ is determined by the
images of e and e;. Since Ve| = 0, we have that V2e; =0and V3e, = Vze’2 =
Ve, = 0. This implies that

pen)=(.., 0, 0, 0, b, a),
¢(e2) == (' A 09 0’ c/’ b/9 a/) b

for certaina, b,a’, b’, ¢’ € k. The facts that VFe; = VFe, = VFe| = VFe, =
0, that Fe; = Ae| = AVe; and that Ve, = Ve, = pe; = BVe, give rise to the
following five relations

b* =0, v"'=0, "=0, a’=2xrb,  =pb.
Finally, we have the relation

Fe, = 1e), — 1f7e; + Ade|
=AVe, — )\,ﬂpe] + )»5‘/91.

Since b'? = ¢’” = 0, we have that Fp(e;) = (..., 0, 0, a’’).On the other
hand, Fop(e;) = ¢(Fe,) is equal to the following sum of Witt covectors
(..., 0, ¢, PHYI+C(..., 0, b, a)[—AB"]
+ (..., 0, 0, b)[rS]
=(..., 0, AV, Ab)Y+ (..., 0, —AYPBb, —ABPa)
4+ (..., 0, 0, Adéb)
=(..., 0, AP/, A +8b))+ (..., 0, —AYPBb, —ABPa)
=(..., 0, AP’ —=pBb), A +8b—pBPa)+ dA/Pc —1YPBb)).

Recall that ®(x, y) is the Witt polynomial ((x 4+ y)? — x? — y?) /p. Equating
both covectors, we find once again that ¢’ = 8b. Substituting this relation into &,
we obtain the term ®(A!/? Bb, —1!/? Bb). It vanishes since b” = 0. Equating the
rightmost coordinates gives us therefore the relation

a’ = A +8b — Ba).
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We use these relations to eliminate the variables b, b’ and ¢’ in the expresssions
for p(e;) and ¢(ey):

gp(el)=(7 O, any a)v
pe)=(.... 0, BY. Bra+% —5%. a').

It follows that the points of G correspond to pairs (a, a’) satisfying the condition
that ¢ maps L to the kernel of the Hasse-Witt exponential. This translates into the
following four relations.

a” =0 (mod p),
(ABPa +a'? —8a”)? =0 (mod p),
1 (aP\’
a—+ — (T) =0 (mod p),
P\ A
a? +rBPa —8aP)? 1 [ -a”
/+( B ) n (

»?
'BT) =0 (mod p).

a

pir p?

Here 8 and § denote lifts of B and § to W. The first two relations show that the
third and the fourth make sense. The third relation is equivalent to the relation
a? + pi” a =0 (mod p?).Itis consistent with the definition of a. We rewrite the
last term in the last relation as — ,5 Pap pP~2. Note that this term is zero modulo p
when p > 2. We find that a’ is a zero of the polynomial

~ ~ ~ ~ P ~
pX +AP (X” +ifPa — Sa”) — B7a” p"! (mod p?).

This shows that the zeroes of the polynomial f(X) generate the extension K. In
addition, since there are exactly p? points in G(K) mapping to a in E(K), there
are exactly p? different zeroes of f(X) modulo p.

This proves the proposition.

Finally we compute the discriminant of the extension K/ of K’ of Prop.6.3.
Since a?’ + AP pa = 0, either a = 0 or the valuation of a is 1/(p? — 1) times that
of p. In the first case the polynomial f(X) of Prop.6.3 is equal to xr 4 APpX,
which is the equation of the subgroup scheme E of G. It follows that our descrip-
tion of G(K) is compatible with the one of the Galois module E(K) of Prop. 6.1.
From now on we assume that a # 0 and we normalize the valuation v by putting
v(a) = 1. This implies that v(p) = p? — 1.

Proposition 6.4. Let sze an extension of E by E with parameters f and § as in
Proposition 6.2. Let a?” + AP pa = 0 and suppose that a # 0.

()IfB=68=0, then f(X) = xr’ + A? pX and the field K| is equal to K'.
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(ii) If § is not zero in k/(c* — 1)k, but B = 0 and we take B = 0, then the
polynomial f(X) is equal to

F(X) = (X” _ Sa")p X,

and the extension K|, is unramified over K'.

(iii) If B # 0, the polynomial f(X) is irreducible over K' and the field K, is a
totally ramified Galois extension of type p x p over K'. The discriminant
of K, over K' is equal to p? times a unit. The non-trivial characters have
conductor a®.

Proof. We have that G = E x E whenever 8 = § = 0. Part (i) is then clear,
since we can take ,3 =3§=0To prove (ii), Let x € W denote a zero of f(X).
Then pv(x? — §a”) = v(p) + v(x) and both sides are finite. This easily implies
that we cannot have v(x) < v(a) or v(x) > v(a). Therefore v(x) = v(a) = 1.
Taking 8 = 0 and putting x = ay, we obtain the relation

AP pay + (aPy? —aP8)P = 0.

Dividing by ap, we see that —y + (y” — §)” = 0 (mod p/a). This gives rise
to the étale relation yl’2 —y =387 =0 (mod p/a). It follows that the action of
Gal(K /K) on G(K) is unramified when B = 0. On the other hand, Gal(K/,/K")
has exponent p. Since by assumption § is not zero in k/(o> — 1)k, it follows that
the field K/ is an unramified degree p extension of K'.

To prove (iii), we first show that K, is totally ramified of degree p®. Let x be
azeroof f(X)andlety = x” 4+ aB?\ — §a”. Then

ATPyP = Bl pP=l — px.

If v(x) < 1/p we definitely also have that v(px) < v(a” p”~') so that v(px) =
pv(y). Moreover, v(y) = v(x?), so that p> — 1 + v(x) = p?v(x) and hence
v(x) = 1. This contradicts our assumption. On the other hand, if v(x) > 1/p,
we have that v(y) = v(a) = 1. On the other hand, y? is divisible by p so that
v(y) > (p? — 1)/ p which is absurd. Therefore v(x) = 1/p.

This implies that v(px) < v(a?pP~!) so that v(y?) = p> — 1 + v(x) =

2 — 1+ 1/p. It follows that the valuation of 7 = xy/a” is equal to 1/p?.

Therefore K’ C K/, is totally ramified and f(X) is irreducible over K.

In order to compute the discriminant of K over K’, we let x + ¢ denote a
second zero of f(X), distinct from x. This zero also has valuation 1/p and hence
v(t) > 1/p. Then

fx+)=Apx+1)+ ((x—i—t)p—i-):ﬂpa —X”Sa”)p—ipﬁpza”p"’_l =0,

=i px+ 1)+ (17 + )" = iPpra? pP~ = 0 (mod p?),
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Next we subtract the relation f(x) = A? px 4+ y? — ipﬁpzappp*] = 0 and com-
pute the result modulo a?p. Since y has Valua;[ion equalto p — 1/p + 1/p? and
since v(t) > 1/p, we have that (t” + y)? = t”” + y” (mod a”p) and we find that

pt+ 2727 =0 (mod a*p).

Since f(X) has distinct zeroes modulo p, we have that# £ 0 (mod p). Therefore
t has the same valuation as a and we let t = sa. We divide by ap and find that

s s =0 (mod a).

Let 7 € Gal(K;/K"). We study the effect of 7 on the uniformizer 7 introduced
above. Suppose that T(x) = x 4+ sa (mod a?) for some s € K. We have

7(y) = (x + sa)? + a(BPA + 8aP~") (mod aPt),
=xP + sPa? + a(BPx + §a”~") (mod a?*),

=y +s”a” (mod a”).

Therefore 7(y/a”~') = y/a”~! + sPa (mod a*) and

r(%) = <a/3}_1 + as”) (x 4+ sa) (mod a?)

and hence

t(m)=m+s + xs” (mod a).

ab—!
Since v(y/a?~") =1 —1/p +1/p?> > 1/p = v(x), we see that the valuation
of 7(w) — m is equal to v(x) = 1/p. Therefore the minimum polynomial of
7 has discriminant equal to (x?*?*=D) = (a??’=D) = (pP). Since the ring of
integers Oy is equal to Og/[r], this is also the relative discriminant of the field
K/ over K'.

This proves the Proposition.
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