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Computing Arakelov class groups

RENE SCHOOF

ABSTRACT. Shanks’s infrastructure algorithm and Buchmann’s algorithm for
computing class groups and unit groups of rings of integers of algebraic num-
ber fields are most naturally viewed as computations inside Arakelov class
groups. In this paper we discuss the basic properties of Arakelov class groups
and of the set of reduced Arakelov divisors. As an application we describe
Buchmann’s algorithm in this context.
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1. Introduction

Daniel Shanks [1972] observed that the forms in the principal cycle of re-
duced binary quadratic forms of positive discriminant exhibit a group-like be-
havior. This was a surprising phenomenon, because the principal cycle itself
constitutes the trivial class of the class group. Shanks called this group-like
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structure ‘inside’ the neutral element of the class group the infrastructure. He
exploited it by designing an efficient algorithm to compute the regulator of a
real quadratic number field. Later, H. W. Lenstra [1982] (see also [Schoof
1982]) made Shanks’ observations more precise, introducing a certain topolog-
ical group and providing a satisfactory framework for Shanks’s algorithm. Both
Shanks [1976, Section 1; 1979, 4.4], and Lenstra [1982, section 15] indicated
that the infrastructure ideas could be generalized to arbitrary number fields. This
was done first by H. Williams and his students [Williams et al. 1983] for complex
cubic fields, then by J. Buchmann [1987a; 1987b; 1987c] and by Buchmann
and Williams [1989]. Finally Buchmann [1990; 1991] described an algorithm
for computing the class group and regulator of an arbitrary number field that,
under reasonable assumptions, has a subexponential running time. It has been
implemented in the computer algebra packages LiDIA, MAGMA and PARI.

In these expository notes we present a natural setting for the infrastructure
phenomenon and for Buchmann’s algorithm. It is provided by Arakelov theory
[Szpiro 1985, 1987; Van der Geer and Schoof 2000]. We show that Buchmann’s
algorithm for computing the class number and regulator of a number field F has
a natural description in terms of the Arakelov class group Pic(;, of F and the set
RedF of reduced Arakelov divisors. We show that Lenstra’s topological group
is essentially equal to the Arakelov class group of a real quadratic field. We also
introduce the oriented Arakelov class group 1516(},. This is a natural generaliza-
tion of Pic%, useful for analyzing Buchmann’s algorithm and for computing the
units of the ring of integers O themselves rather than just the regulator.

The main result of this paper is formulated in Theorems 7.4 and 7.7. It says
that the finite set Redr of reduced Arakelov divisors is, in a precise sense,
regularly distributed in the compact Arakelov class groups Pic(l)g and I?i?:(l),.

In Section 2 we introduce the Arakelov class group of a number field F. In
Section 3 we study the étale R-algebra F' ®g R. In Section 4 we discuss the
relations between Arakelov divisors, Hermitian line bundles and ideal lattices.
In Section 5 we define the oriented Arakelov class group and in Section 6 we give
both Arakelov class groups a natural translation invariant Riemannian structure.
The rest of the notes is devoted to computational issues. Section 7 contains the
main results. Here we introduce reduced Arakelov divisors and describe their
basic properties. In Section 8, we work out the details for quadratic number
fields. In Section 9 we present explicit examples illustrating various properties
of reduced divisors. In Section 10 we discuss the computational aspects of
reduced Arakelov divisors. In Section 11 we present a deterministic algorithm
to compute the Arakelov class group. Finally, in Section 12 we present Buch-
mann’s algorithm from the point of view of Arakelov theory. See [Marcus 1977]
for the basic properties of algebraic number fields.
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2. The Arakelov class group

In this section we introduce the Arakelov class group of a number field F.
This group is analogous to the degree zero subgroup of the Picard group of a
complete algebraic curve. In order to have a good analogy with the geometric
situation, we formally ‘complete’ the spectrum of the ring of integers Of by
adjoining primes at infinity. An infinite prime of F' is a field homomorphism
o : F — C, considered up to complex conjugation. An infinite prime o is
called real when o (F') C R and complex otherwise. We let r; and r, denote the
number of real and complex infinite primes, respectively. We have r{ 4+2r, =n
where n = [F : Q).

An Arakelov divisor is a formal finite sum D = Zp npp + Y, Xo0, Where
p runs over the nonzero prime ideals of O and o runs over the infinite primes
of F. The coefficients ny are in Z but the x; can be any number in R. The
Arakelov divisors form an additive group, the Arakelov divisor group Divg. It
is isomorphic to P, Z x P, R. The principal Arakelov divisor associated to
an element f € F* is the divisor (/) = }_,npp + 3, Xo0 with n, = ordy(f)
and x4(f) = —log|o(f)|. The principal Arakelov divisors form a subgroup
of Div F-

Since it is analogous to the Picard group of an algebraic curve, the quotient
of Divg by its subgroup of principal Arakelov divisors is denoted by Picg. A
principal Arakelov divisor ( f) is trivial if and only if f is a unit of OF all of
whose conjugates have absolute value equal to 1. Tt follows that ( f) is trivial if
and only if f is contained in the group of roots of unity p . Therefore there is
an exact sequence

0— ugp —> F* — Divg — Picp — 0.

We call I =[], p™ the ideal associated to an Arakelov divisor D=3, nyp+
Y o Xo0. The ideal associated to the zero Arakelov divisor is the ring of inte-
gers Of. The ideal associated to a principal Arakelov divisor ( f') is the principal
ideal f~!OF. Here and in the rest of the paper we often call fractional ideals
simply ‘ideals’. If we want to emphasize that an ideal is integral, we call it an
Op-ideal.

The map that sends a divisor D to its associated ideal I is a homomor-
phism from Divg to the group of fractional ideals Idg of F. Its kernel is the
group P, R of divisors supported in the infinite primes. We have the commu-
tative diagram at the top of the next page, the rows and columns of which are
exact. In the diagram, Pidg denotes the group of principal ideals of F. The
map F* /g — Divp induces a homomorphism from O% /ur to @, R. This
homomorphism is given by e — (—log |6 (¢)|)o and its cokernel is denoted by 7.
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The norm N (p) of a nonzero prime ideal p of OF is the order of its residue
field Of/p. The degree deg(p) of p is defined as log N (p). The degree of an
infinite prime o is equal to 1 or 2 depending on whether o is real or complex.
The degree extends by linearity to a surjective homomorphism deg : Divyp —> R.
The norm N (D) of a divisor D is defined as N (D) = ¢%&(P)_ The divisors of
degree 0 form a subgroup DiV(I); of Divg. By the product formula, Div% contains
the principal Arakelov divisors.

DEFINITION 2.1. Let F be a number field. The Arakelov class group Pic(l); of F
is the quotient of Div(l); by its subgroup of principal divisors.

The degree map deg : Divrp — R factors through Picr and the Arakelov class
group is the kernel of the induced homomorphism deg : Picr — R. We let
(D, R)° denote the subgroup of divisors in P, R that have degree zero and
T° the cokernel of the homomorphism O} —> (5, R)°. In other words, T°
is the quotient of the vector space {(vs)s € @, R : Y, deg(0)vs = 0} by the
group of vectors {(log|o(¢)|)s : € € OF}. By Dirichlet’s unit theorem, T Oisa
compact real torus.

PROPOSITION 2.2. There is a natural exact sequence
0—>T0—>Pic(l);—>ClF—>0.
PROOF. Since F has at least one infinite prime, the composite map Div(}, —

Divg — IdF is still surjective. The result now follows by replacing the groups
Divp, Picp, T and @@, R in the diagram above by their degree 0 subgroups. [

The group T° is the connected component of the identity of the topological
group Pic(};. It follows that Pic(};, being an extension of the finite class group
by T, is a compact real Lie group of dimension r; + r, — 1.
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DEFINITION 2.3. The natural homomorphism Div% — IdF admits a section
d:ldp — Div(};.

It is given by d (/) = D where D = Zp npp + Y, X0 is the Arakelov divisor
for which I = ]_[p p~ " and x5 = (1/n)log N (1) for every infinite prime o.

PROPOSITION 2.4. Let d : Idp —> Pic(l); denote the homomorphism that maps
I to the class of the divisor d(I). Then the sequence

d
0— {feF*:all |o(f)| areequal}/up — Idp — Pic(l);
is exact. Moreover, the image of d is dense in Pic(};.

This proposition is not used in the rest of the paper. We do not prove it, because
it follows immediately from Proposition 6.4 below. The kernel of d is not a very
convenient group to work with. This is one of the reasons for introducing the
oriented Arakelov divisors in Section 5.

Finally we remark that there is a natural surjective continuous homomorphism
A% —> Divp from the idele group A’ to the Arakelov divisor group. It follows
that Picr is a quotient of the idele class group. We do not make any use of this
fact in the rest of the paper.

3. Etale R-algebras

Let F be a number field of degree n. In this section we study the R-algebra
Fr=FQ®qgR.

For any infinite prime o of F, we write F; for R or C depending on whether
o is real or complex. The natural map F — [ [, Fo sending f € F to the vector
(0(f))s induces an isomorphism Fg = F ®g R = [[, Fo of R-algebras. Let
u — u denote the canonical conjugation of the étale algebra F. In terms of
the isomorphism Fg = [[, Fs, it is simply the morphism that maps a vector
u = (Ug)s to 4 = (is)s. In these terms it is also easy to describe the set of
invariants of the canonical conjugation. It is the subalgebra [ [, R of [, Fo.

For any u € Fg, we define the norm N (u) and trace Tr(u) of u as the de-
terminant and trace of an n x n-matrix (with respect to any R-basis) of the
R-linear map Fr —> Fgr given by multiplication by u. In terms of coordi-
nates, we have for u = (us)s € [ [, Fo that Tr(u) = ), deg(o)Re(uy) while

deg(o)

Nw)=[l,us"".

Being an étale R-algebra, Fr admits a canonical Euclidean structure; see for
instance [Groenewegen 2001]. It is given by the scalar product

(u,v) = Tr(uv) foru,v e Fg.
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This scalar product has the ‘Hermitian’ property (Au, v) = (u, Av) for u,v, A €
Fg. In terms of coordinates, we have for u = (u4)s and v = (vg)g in Fp =
[1, Fo that

(u,v) = Z deg(o)Re(usg).

We write ||u|| = (u, u)'/? for the length of u € Fy. For the element 1 € F C Fg
we have ||1|| = y/n. For every u € Fg, all coordinates of the product uii € [, Fo
are nonnegative real numbers. We define |u| to be the vector

|u| = (luUDa
in the group [], RY C Fji. Here we let R} = {x € R* : x > 0}. We have
|u|?> = ut. The map u — |u| is a homomorphism. It is a section of the inclusion
map [[, R} C Fj.
PROPOSITION 3.1. Let F be a number field of degree n. For every u € Fp,
. -1 1 .
(i) N(ui)'/" < o Tr(uit);
(i) NG =0~ Jul".

In either case, equality holds if and only if u is contained in the subalgebra R
Of F R-

PROOF. Since all coordinates of uu are nonnegative, (i) is just the arithmetic-
geometric mean inequality. The second inequality follows from (i) and the fact
that N () = N(u). O

4. Hermitian line bundles and ideal lattices

In this section we introduce the Hermitian line bundles and ideal lattices as-
sociated to Arakelov divisors and study some of their properties.

Let F be a number field of degree n and let D = Y, nyp + >, x50 be
an Arakelov divisor. By I = ]_[p p~" we denote the ideal associated to D in
Section 2 and by u the unit (exp(—xs))s € [[, RY C Fj. This leads to the
following definition.

DEFINITION 4.1. Let F be a number field. A Hermitian line bundle is a pair
(I,u) where I is a fractional F-ideal and u a unit of the algebra Fp = [[, Fs
all of whose coordinates are positive real numbers.

As we explained above, to every Arakelov divisor D there corresponds a Hermit-
ian line bundle (7, u). This correspondence is bijective and we often identify
the two notions. The zero Arakelov divisor corresponds to the trivial bundle
(OF, 1). A principal Arakelov divisor (/) corresponds to the Hermitian line
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bundle (/' OF, | f|) and the divisor d(I) associated to a fractional ideal I at
the end of Section 2, corresponds to the pair (I, N (I)~'/"). Note that N (I)~!/7
is contained in the ‘diagonal’ subgroup R of [], R%. It follows from the
formulas for N (u) given in the previous section that the degree of an Arakelov
divisor D = (1, u) is equal to —log(| N (u)| N(I)).

DEFINITION 4.2. Let F be a number field. An ideal lattice of F is a projective
Of-module L of rank 1 equipped with a real-valued positive definite scalar
product on L ®7 R satisfying (Ax, y) = (x,Ay) forx, y € L®7 R and A € Fy.
Two ideal lattices L, L’ are called isometric if there is an Op-isomorphism
L =~ L' that is compatible with the scalar products on L ®7 R and L’ ®7 R.

Here A > A is the canonical algebra involution of the étale R-algebra Fi intro-
duced in Section 3. Note that it need not preserve F. Note also that L ®z R has
the structure of an Fg-module. See [Bayer-Fluckiger 1999; Groenewegen 2001]
for more on ideal lattices. There is a natural way to associate an ideal lattice to
an Arakelov divisor D. It is most naturally expressed in terms of the Hermitian
line bundle (7, u) associated to D. The Or-module [ is projective and of rank 1.
Multiplication by u gives an Og-isomorphism with ul ={ux:x €} C Fr. The
canonical scalar product on F introduced in Section 3 gives u/ the structure
of an ideal lattice. Alternatively, putting

Ifllp = llufll,  for fel,

we obtain a scalar product on [ itself that we extend by linearity to 7 ®z R.
In additive notation, if /' € I and u € Fj is equal to exp((—Xs)s), then uf
is equal to the vector (o(f)e ™), € Fr and we have ||f||%) = |uf|?* =
>, deg(o)|o(f)e™|? for fel.

The ideal lattice corresponding to the zero Arakelov divisor, i.e. to the triv-
ial bundle (OF, 1), is the ring of integers Of viewed as a subset of F' C Fp
equipped with its canonical Euclidean structure. The covolume of this lattice is
equal to v/|AF|, where A g denotes the discriminant of the number field F. The
covolume of the lattice associated to an arbitrary divisor D = (I, u) is equal to

covol(D) = /[AF] N(DIN@)| = /[AF]/N(D) = v/[Aple™ 2P,
For any ideal 7, the lattice associated to the Arakelov divisor
d(1) = (I.N()~/™)

can be thought of as the lattice I C F' C Fgr equipped with the canonical scalar
product of F, but scaled with a factor N (I)~!/" so that its covolume is equal

to /|AF|.

PROPOSITION 4.3. Let F be a number field of discriminant Ap.



454 RENE SCHOOF

(1) The map that associates the ideal lattice ul to an Arakelov divisor D =
(1, u), induces a bijection between the group Picg and the set of isometry
classes of ideal lattices.

(i1) The same map induces a bijection between the group Pic(l); and the set of
isometry classes of ideal lattices of covolume /|AF|.

PROOF. Let D = (I,u) be an Arakelov divisor and let D’ = D + (g) for
some g € F*. Then D’ = (g7 '1,u|g|) and multiplication by g induces an
isomorphism g~/ 2 I of Op-modules. This map is also an isometry between
the associated lattices since

lg™ flpr = llulgle™ £ =lufl=1/lp

for all / € I ®7 R. Here we have used the fact that v = |g|g~! satisfies
v0 = 1 and that therefore ||vh|| = Tr(vhvh) = Tr(hh) = ||h|| forall h € I ®7 R.
We conclude that the map that sends an Arakelov divisor to its associated ideal
lattice induces a well defined map from PicF to the set of isometry classes of
ideal lattices. This map is injective. Indeed, if D = (I,u) and D' = (I',u’)
give rise to isometric lattices, then there exists g € F* so that I’ = gI and
lefNlpr = fllp forall f €I ®zR. This means that ||u’'g f|| = |luf| for all
f €I ®z R = Fg. For any infinite prime o, we let ¢, € Fg be the idempotent
for which o (es) = 1 while 0/ (es) = 0 for all ¢’ # o. Substituting ' = e,, we
find that |0 (g)u, | = |us| for every o. It follows that |g| = u/u’, implying that
D’ = D + (g) as required.

To see that the map is surjective, consider an ideal lattice L with Hermitian
scalar product ((—, —)) on L ®7 R = F. We may assume that L is actually an
OF-ideal. The idempotent elements e, in F = [ [, Fo are invariant under the
canonical involution. This implies that the e, are pairwise orthogonal because
{{eo, o)) = ((e2,e57)) = {{€s, eses)) = 0. Therefore the real numbers u, =
({eq. €5 ))1/? determine the metric on I ®7 R. The Arakelov divisor (L, 1) with
u = (us)o €[], RY is then mapped to the isometry class of L.

This proves (i). Part (ii) follows immediately from this. O

The following proposition deals with the lengths of the shortest nonzero vectors
in the lattices associated to Arakelov divisors.

PROPOSITION 4.4. Let F be a number field of degree n and let D = (I, u) be
an Arakelov divisor.

(i) For every nonzero f in I we have

1 flp = /ne wdeD.
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Moreover, equality holds if and only if D = ( fOF, A| ™) for some 1> 0. In
other words, if and only if D is equal to the principal Arakelov divisor —( f),
scaled by a positive actor A.

(ii) There exists a nonzero f € I such that |ugo(f)| < (2/m)"" covol(D)!/"
for every o and hence

1/ lp < v/n-(@2/m)* "covol(D)/".
Here ry is the number of complex primes of F.

PROOF. (i) Take f € I. By Proposition 3.1 we have

1A% = lluf 11> = nIN @f) "
Since |N(f)| = N(I) we find that
“j”%) > n|N(u)N(I)|2/" — ne—(Z/n)deg(D)‘

The last inequality follows from the fact that deg(D) = —log | N(u) N (I)|. This
proves the first statement. By Proposition 3.1, equality holds if and only if all
|ugo(f)| are equal to some A > 0 and if [ is the principal ideal generated by f.
This implies that D is of the form (f~!OFp,|f|~'A) as required.

(i) Consider the set V ={(yy)s € Fr : | Vo | <(2/7)"2" covol(D)!/" for all o}.
This is a bounded symmetric convex set of volume

2" (2)"2 (2/7)"? covol(D) = 2"covol(D).

By Minkowski’s Convex Body Theorem there exists a nonzero element f € [
for which (ug0(f))s € ul C Fg isin V. This implies (ii). O

We mention the following special case of the proposition.

COROLLARY 4.5. Let D = (I, u) be an Arakelov divisor of degree 0. Then any
nonzero f € I has the property that || f|p = «/n, with equality if and only if
D = —(f). On the other hand, there exists a nonzero [ € I with

I/ llp = ﬁ(z/n)rz/n ml/n'

Proposition 4.4(i) says that the lattices u 1 associated to Arakelov divisors D =
(1.u) are rather ‘nice’. They are not very skew in the sense that they do not con-
tain any nonzero vectors that are extremely short with respect to covol(D) /7.
This property can be expressed by means of the Hermite constant y(D) =
y(ul). The latter is defined as the square of the length of the shortest nonzero
vector in the lattice ul associated to D divided by covol(D)z/ " The skewer
the lattice, the smaller is its Hermite constant. The constant y (D) only depends
on the class of D in Picp.
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COROLLARY 4.6. Let F be a number field of degree n and let D = (I, u) be an
Arakelov divisor. Then

2)21’2/}1‘

T

n
Ap[ln =< y(D) Sn(

The lower bound is attained if and only if D is a principal divisor scaled by
some A > 0 as in Proposition 4.4(1).

The function 41°(D) = log(z rer exp(=m | f| %))) introduced in [Van der Geer
and Schoof 2000] and briefly discussed in Section 10 is related to the Hermite
constant y (D). Indeed, for most Arakelov divisors D = (I, u) the shortest
nonzero vectors in the associated lattice are equal to products of a root of
unity by one fixed shortest vector. Moreover, for most D the contributions
of the zero vector and these vectors contribute the bulk to the infinite sum
> rer exp(=n| f ||2D). Therefore, for most Arakelov divisors D the quantity
(h°(D) —1)/wp is close to exp(—my (D)covol(D)?/"). Here wr denotes the
number of roots of unity in the field F.

5. The oriented Arakelov class group

In this section we introduce the oriented Arakelov divisor group Picp asso-
ciated to a number field F.

In Section 4 we have associated to an Arakelov divisor D a Hermitain line
bundle (/, u). Here I is an ideal and u is a unit in the subgroup Fr+= [, RY
of F;. An oriented Hermitian line bundle is a pair (/, u) where / is an ideal and
u is an arbitrary unit in Fj; = [[, FJ. The corresponding oriented Arakelov
divisors are formal sums Y, npp + >, x50 with ny, € Z and x¢ € Fy. They

form a group Divy and we have

Divp = Idp x Fy =Pz x| Fy.
p o

The principal oriented Arakelov divisor associated to f € F* is simply the
oriented divisor corresponding to the oriented Hermitian bundle ( f~!OpF, f),
where the second coordinate f is viewed as an element of F;. The cokernel of
the injective homomorphism F* —» Divg is denoted by Picg. The inclusion
Divp C Divp admits the natural section Divp —> Divp given by (I, u)
(I, |u]). The degree deg(D) of an oriented Arakelov divisor D = (I, u) is by
definition the degree of the ‘ordinary’ Arakelov divisor (Z, |u|). In this way
principal oriented Arakelov divisors have degree 0.
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DEFINITION 5.1. The quotient of the group If)\i(/(l)7 of oriented Arakelov divisors
of degree 0 by the subgroup of principal divisors is called the oriented Arakelov
class group. It is denoted by Pic(},.

The commutative diagram below has exact rows and columns. The bottom row
relates the groups Pic(}: and Pic% to one another.

0 0 0
0 — WF — F* — F*/up — 0
0 — [y Ko — ﬁ/% — D% — 0

W W w

Here K, denotes the maximal compact subgroup of F;. In other words K, =
{1,—1} if o is real, while K, = {z € C* : |z| = 1} if o is complex. Since Pic%
and the groups K are compact, it follows from the exactness of the bottom row
of the diagram that }5;6(;, is compact as well.

In order to see the topological structure of ﬁi?:(}, better, we construct a second
exact sequence. Let F[ik'f! conn denote the connected component of 1 € Fj. It is
isomorphic to a product of copies of R for the real primes and Ff = C* for
the complex ones. It is precisely the kernel of the homomorphism

Divp — Idp x [ ] {1}
o real
given by mapping D = ([, u) to (I,sign(u)). Here sign(u) denotes the vec-
tor (sign(uo))o real-
DEFINITION 5.2. By T we denote the quotient of the group Fﬁf’ conn DY its sub-

group OF, L =1ce O} :0(g) > 0 for all real o}. Taking degree zero subgroups,
we put

(F[?Rf,conn)o = {u € F[I%f,conn : N(”) = 1} and TO = (Fﬂif,conn)o/O}k?,—l—‘
The map T —> Pic F given by v — (OF, v) is a well defined homomorphism.

So is the map Picr — ClF 4 that sends the class of the divisor (/, u) to the
narrow ideal class of g/ where g € F* is any element for which sign(g) =
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sign(u). Here the narrow ideal class group C/F 4 is defined as the group of
ideals modulo the principal ideals that are generated by f € FY = {f € F*:
o(f) > 0 for all real o}. It is a finite group.

The following proposition says that the groups T and T° are the connected
components of identity of Picy and ﬁié% respectively. It provides an analogue
to Proposition 2.2.

PROPOSITION 5.3. . Let F be a number field of degree n.
(i) The natural sequences
O—)T—)IF’EF—>CIF,+—>O

and
0 — T° — Pic(l): — Clp+ — 0
are exact.
(11) The groups T and T are the connected components of identity of Picy and

pPicY F respectively. The group T has dimension n while T® is a compact torus
of dimension n — 1.

PROOF. (i) Let Pid F denote the image of the map

F* — Divp —> Idp x ]_[ {£1}.

o real
This leads to a commutative diagram with exact rows:

O—>0*+—>F*—> Pidp — 0

L l

0 — Ff . —> Divpg — Idp X[, eatEl} — O,

R, conn
where the vertical maps are all injective. An application of the snake lemma
shows the sequence of cokernels to be exact: this is the first exact sequence of (i).
Indeed, the kernel of the surjective homomorphism Idg X [ [ eq{£1} = ClF +
given by mapping a pair (/, s) to the narrow ideal class of g/, where g € F*
is any element for which sign(g) = sign(s), is precisely equal to Pidp. The
second exact sequence is obtained by taking degree-zero parts.

(ii) Since ClFf 4 is finite and both groups T and T are connected, the first

statement is clear. Since the Lie group F; has dimension n, so do the groups

T and Pic F. It follows that the groups T° and }S\i/c(;; have dimensionn —1. U

The classes of two extended Arakelov divisors (/, «) and (J, v) are on the same
connected component of Pic(}: if and only if J = g for some g € F* for which
UgsVs0(g) > 0 for each real o.
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DEFINITION 5.4. An embedded ideal lattice is an ideal lattice L together with
an Op-linear isometric embedding L <— Fg. To every oriented Arakelov divisor

D = (I, u) we associate the ideal lattice u/ together with the embedding ul C
Fr. Two embedded ideal lattices are called isometric if there is an isometry
of ideal lattices that commutes with the embeddings. We have the following
analogue of Proposition 4.3.

PROPOSITION 5.5. Let F be a number field of discriminant Ap.

(1) The map that associates to an oriented Arakelov divisor D = (I, u) its
associated embedded ideal lattice, induces a bijection between the oriented
Arakelov class group Pic g and the set of isometry classes of embedded ideal
lattices.

(i1) The same map induces a bijection between f’\iic(l); and the set of isometry

classes of embedded ideal lattices of covolume \/|AF]|.

PROOF. If two oriented Arakelov divisors D = (I, u) and D" = (I’, u’) differ by
a principal divisor (f~!OF, f), then multiplication by f induces an isometry
between the embedded lattices uI and u’I’. Therefore the map in (i) is well
defined. If the embedded lattices ul and u’I’ are isometric, then this isometry
is given by multiplication by some x € Fj;. Then f = u~xu’ is contained in F*
and we have D—D' = (f~! OF, f). This shows that the map is injective. To see
that the map is surjective, let I be a fractional ideal and let¢: I < Fi be an Of-
linear embedding. Tensoring I with R, we obtain an Fg-linear isomorphism
Fr = I @ R — Fg, which is necessarily multiplication by some u € Fp;.
Therefore (/) = ul and the oriented divisor (/, ) maps to the embedded ideal
lattice ¢ : I — FR. O

We will not use this in the rest of the paper, but note that there is a natural
surjective continuous hoﬁrg/omorphism from the idele group A’ to the oriented
Arakelov divisor group Divg. It follows that the group Picr is a quotient of the
idele class group.

6. Metrics on Arakelov class groups

Let F be a number field. In this section we provide the Arakelov class groups
Picr and Pic F with translation invariant Riemannian structures.

By the diagram in Section 2, the connected component 7" of the group Pic g is
isomorphic to €, R modulo the closed discrete subgroup A = {(log |0 (¢)|)s :
& € OF}. Therefore the tangent space at 0 is isomorphic to (P, R. Identifying
this vector space with the subalgebra [[, R of Fr = [], Fo, it inherits the
canonical scalar product from Fg. Since this R-valued scalar product is positive
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definite, both groups 7" and Picg are in this way equipped with a translation
invariant Riemannian structure.

For u € [[, R C Fj; we let logu denote the element (log o (1))s € [[, R C
Fr. We have

llogul|? =) deg(o) | log o (u)|”.
o

DEFINITION 6.1. For u € T we put

lulpic= min  Jlogu'| = min |[log(le|u)].
R+ €0
u'=u (mod A)

Every divisor class in 7 is represented by a divisor of the form D = (OF, u)
for some u € @, R7. Here u is unique up to multiplication by units ¢ € O
For such a divisor class in 7" we define

| Dlpic = [lul|pic-

The function |Ju||p,, on T satisfies the triangle inequality. It gives rise to a
distance function that induces the natural topology of Picg. The distance is only
defined for divisor classes D and D’ that lie on the same connected component.
By Proposition 2.2, the class of the difference D — D’ is then equal to (Of, u)
for some unique u € T and we define the distance | D — D’||pic between D and
D’ as |u||p,.. The closed subgroups T’ 0 and Pic(l); inherit Riemannian structures
from Picg.

The Euclidean structures of the ideal lattices corresponding to Arakelov divisors
and the metric on Picg are not unrelated. The following proposition says that
the difference between the Euclidean structures of two Arakelov divisors D, D’
is bounded in terms of || D — D’||pjc.

PROPOSITION 6.2. Let F be a number field and let D = (I, u) and D' = (I, u’)
be two Arakelov divisors. Then there exists a unit ¢ € Oy, for which the divisor
D" = (I,u'|e|) satisfies
o 1D-D"I5c = XD yp—D7p
Ix1lp~

The classes of D" and D" in Pic g are the same, so || D — D'||pic = || D — D" ||pic.

for every x € I.

PROOF. Let ¢ € O, be such that the expression ) _ ; deg(o) |10g(|0(8)| uy/ug) |2
is minimal. Let D" = (I, |e|u’). Putting v = u'|¢|/u we have as a consequence

ID— D" = _ deg(o) [log v .
o
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For any x € I we have

2 2 2 2
X0 = l'ex]? = Joux|? = Y deg()lutgvo0(x)
o
2 2 2 2
< max v 2 ) deg(@)lugo ()2 = (max |vg])” x13.
o

Since
log max |vy | = max log |vy| < max |log |vs|| < || D — D”||pic.
o (e o

the first inequality follows. The second follows by symmetry. The last line of
the proposition is clear. U

We now define a similar metric on the oriented Arakelov class group. By Propo-
sition 5.3, the connected component of Picp is T = Fﬁf, conn/ 0}’}’ 4~ We recall
that Fﬁ’ conn 18 the connected component of identity of the group F;. It is iso-
morphic to a product of copies of R, one for each real prime, and of C*, one
for each complex prime. The group 0}';’ o is the subgroup of € € O7, for which
o (¢) > 0 for every real infinite prime o.

The exponential homomorphism exp : Fg —> Fp is defined in terms of
the usual exponential function by exp(u) = (exp(uqg))o for u = (uy) € Fg =
[, Fo. The image of the exponential function is precisely the group F[;{f’ conn-
The counterimage of 0}":’ 4 1s a discrete closed subgroup A of Fr. We have a
natural isomorphism of Lie groups

exp: Fr/A— Fg com/OF + = T.

Therefore the tangent space of T atOis isomorphic to F. The canonical scalar
product on Fr provides both groups 7" and Pic with a translation invariant Rie-
mannian structure.

DEFINITION 6.3. Foru € T we put

ullgr = min
Juls min
exp(y)=u (mod OF )

Explicitly, for u € F; =[], Fi we let logu denote the element (log(o(1))o €
[, Fo C Fr. Here we use the principal branch of the complex logarithm. We
have

. . 2
lulZ = min Jlogew)]* = min 3" deg(o) |logo(ew|”.

F.+ F.+ o
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Every divisor class in T canbe represented by a divisor of the form D = (OF, u)

for some u € Fy . Here u is unique up to multiplication by units & € O Fote

For any divisor D of the form (Op, u) with u € T we define
D15 = lloellgge-

The function ||u|| 5. on T satisfies the triangle inequality and this gives rise to a
distance function that induces the natural topology on Picf. The distance is only
defined for divisor classes D and D’ that lie on the same connected component.
By Proposition 5.3, the class of the difference D — D’ is then equal to (O, u)
for some unique u € T and we define the distance | D — D’|| between D and
D’ as |u| 5o ~

The closed subgroups 7°° and 15ch(1)3 inherit Riemannian structures from Pic .
We leave to the reader the task of proving an “oriented” version of Proposi-
tion 6.2.

The morphism ¢ : Idgp —> ﬁ/% given by d(I) = (I, N(I)~/") is a section of
the natural map ﬁi(/% — Idg. The embedded ideal lattice associated to d (1)
is the ideal lattice I C Fg scaled by a factor N (1)~'/". This lattice has covol-
ume +/|AF|.

Next we prove an oriented version of Proposition 2.4. It says that the classes
of the divisors of the form d (1) are dense in I?i?:% and it implies Proposition 2.4.
The exactness of the first sequence of [Lenstra 1982, Section 9] is a special case.

PROPOSITION 6.4. Let F be a number field of degree n. Let d:ldp —> ﬁl?:%
be the map that sends I to the class of the oriented Arakelov divisor d(I) in
PiC(I),. Then the sequence

d ~
0 —> Idg —> Idp —> Pic%
is exact. The image of the map d is dense in ls\ié(};.

PROOF. Every ideal in Idg is generated by some f € QZ,. Let f € QZ,.
Then d maps the F-ideal fOF to the class of the oriented Arakelov divisor
(fOF,IN(/)|~Y"). Since [N(f)| = f|", this divisor is equal to ( fOf, f~1).
Therefore its image in }3;6(}, is trivial.

Conversely, suppose that a fractional ideal I has the property that the class of
(I, N(I)~Y/™) s trivial in }3;6(},. This means that I = fOp for some f € F* and
that / = N(I)!/". In other words, o(f) = N(I)/" for all infinite primes o.
Thus all conjugates of f are equal, so that / € Q*. This shows that the sequence
is exact.
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To show that the image of d is dense, we let 0 < ¢ < 1 and pick D = (I,u) €
DiV(I);. Note that N(I)|N(u)| = 1. Consider the set

B ={(vs)s € FRr : |V6 —Uqs| < €|lug| for all o}.

Then B is a an open subset of F}; and all v € B have the same signature as u.
Since F is dense in Fg, there is an element f € BN F.
The difference between d( f 1) and the divisor D is equal to

(fOr N(fD™"™h).
Since N(u)N (1) = 1, this is equivalent to the Arakelov divisor (O, v), where
v=N(f/u)y V"l f e B
Therefore the distance between D and d( f) is at most ||v|| 5 Since

‘G(f)

Uo

—1’<8,

it follows from the Taylor series expansion of the principal branch of the loga-
rithm that

for all o and hence

1 N(f) 3

’10g < .
n N(u) l—¢
It follows that

ol = v/ max log(N(f/u) ™"z ()]

L N(f) a(f) 2e/n
\/ﬁ(;‘log N(u))+m§1x‘log Uy )< l—¢’

A

This implies that the image of d is dense, as required. (]
Finally we compute the volumes of the compact Riemannian manifolds Pic%
and ﬁi?:(l’,.

PROPOSITION 6.5. Let F be a number field of degree n and discriminant Af.
Then:

WE /1N

. . 0 _
@) vol(Picy) = —2r1 (2 ﬁ)rz

| AF|"? ResEp(s).
sS=

(i) vol(Pick) = V- | Ap|'/? Res¢p(s).
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Here rq is the number of real primes and r, is the number of complex primes
of F. By wg we denote the number of roots of unity and by { g (s) the Dedekind
zeta function of F.

PROOF. (i) The subspace (D, R)? of divisors of degree O is the orthogonal
complement of 1 in the subalgebra [, R of F. Using the fact that || 1|| = \/n,
one checks that the volume of Pic% is equal to \/n 27" 2/2 R where Rp is the
regulator of F. It follows from the exact sequence of Proposition 2.2 that the
compact group Pic(}; has volume /7 27"2/2h g R p where h p =#Cl is the class
number of F. The formula [Marcus 1977] for the residue of the zeta function
at s = 1 now easily implies (i).

(ii) Since the natural volume of the group Ky is 2 or 27 +/2 depending on
whether o is real or complex, it follows from the commutative diagram following
Definition 5.1 that Vol(Pic(;,) is equal to 21 (27 +/2)"2/wF times the volume

of Pic%. This implies (ii). O

7. Reduced Arakelov divisors

Let F be a number field of degree n. In this section we introduce reduced
Arakelov divisors associated to F. These form a finite subset of Div(l);. The
main result of this section is that the image of this set in the groups Pic% and
ﬁTc% is in a certain precise sense regularly distributed.

The results of this section extend work by Lenstra [1982] and Buchmann and
Williams [1988] and make certain statements by Buchmann [1987b; 1990; 1991]
more precise. In particular, Theorems 7.4 and 7.6 and Corollary 7.9 extend
[Buchmann 1987b, Section 2; 1988, Proposition 2.7; 1990, Section 3.3]. Note
that in deducing the Corollaries below we did not make any particular effort to
obtain the best possible estimates. They can most certainly be improved upon.

Let I be a fractional ideal. A nonzero element f € [ is called minimal if it is
nonzero and if the only element g € I for which |o(g)| < |o(f)] for all infinite
primes 0, is g = 0. If f € I is minimal, then for every & € F*, the element / f
is minimal in the ideal /1. In particular, if # € O}, the element /2 f is minimal
in the same ideal I. Therefore there are, in general, infinitely many minimal
elements in /.

If D = (I, u) is an Arakelov divisor, the minimal elements f € I are precisely
the ones for which the open boxes {(ys)s € Fr : |Vo| < |uoa(f)]| for all o}
contain only the point 0 of the lattice u/. Note, however, that the notion of
minimality depends only on I and is independent of the metric induced by
the element u. Shortest elements f € I are the elements for which || f||p =
min{||g||p : g € I —{0}}. This notion depends on the divisor D = (I, u) and
hence on the lattice u /. It does not merely depend on /. Since ||g||p = ||ug|| for
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each g € I, the vector uf for any shortest f € I is a shortest nonzero vector of
the lattice u I associated to D. The number of shortest elements in [ is always
finite. Shortest vectors are clearly minimal, but the converse is not true. It may
even happen that a minimal element f € I is not a shortest element of the lattice
D = (I, u) for any choice of u. See Section 9 for an explicit example.

DEFINITION. An Arakelov divisor or oriented Arakelov divisor D in Divp is
called reduced if it is of the form D =d(I) = (I, N(I)~/™) for some fractional
ideal I, and if 1 is a minimal element of /. The set of reduced Arakelov divisors
is denoted by Redr.

Since reduced Arakelov divisors have degree zero, the covolume of the lattices
associated to reduced Arakelov divisors is /| A g|. With respect to the natural
metric, 1 € OF is a shortest and hence minimal element. Therefore the trivial
Arakelov divisor (OF, 1) is reduced. In general, if D = d(/) is reduced, the
element 1 € [ is merely minimal and need not be a shortest element. However,
the next proposition shows that it is not too far away from being so.

PROPOSITION 7.1. Let F be a number field of degree n and let D = d(I) =
(I, N(I)~Y") be a reduced Arakelov divisor. Then

Illlp < valx|p forall nonzero x € I.

In particular, the element 1 € I is at most /n times as long as the shortest
element in I.

PROOF. We have ||1||p = +/#N(I)~/". Since 1 € I is minimal, every nonzero
x € [ satisfies |o(x)| > 1 for some embedding o : F' — C. Therefore | x| p >
NI~ YMo(x)| = N(I)~/m, O

If D= (I,u)is an Arakelov divisor and f € I is minimal, then 1 € '] is again
minimal and the divisor d(f~11) = (f =1, N(f1~")'/") is reduced. In par-
ticular, if / € I is a shortest element, the divisor d( f~!7) is reduced. However,
even though the element 1 € f~! I is minimal, it need not be a shortest element.
Indeed, even if 1 is a shortest vector of the lattice associated to (11, | /|~ u),
it may not be a shortest vector of the lattice d(f~11) = (f =11, N(fu=")1/m),
which has a different metric. In Section 9 we present an example of this phe-
nomenon.

Itis not so easy to say in terms of the associated ideal lattice u / precisely what
it means for a divisor D = (1, u) to be reduced. We make the following imprecise
observation. When 1 € [ is not merely minimal, but happens to be a shortest
element in 7, then all roots of unity in F are also shortest elements in /. Usually,
these are the only shortest elements in /. In that case the arithmetic-geometric
mean inequality implies that (D) = y(ul), viewed as a function on Pic(};,
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attains a local minimum at D = (I, N(I)~'/"). So, the lattice corresponding to
a reduced divisor is the “skewest” OFp-lattice in a small neighborhood in Pic(},.
But this is just a rule of thumb; it is not always true.

DEFINITION. Let F be a number field. Let Ag denote its discriminant and 7,
its number of complex infinite primes. Then we put

o = () Vi

PROPOSITION 7.2. Let F be a number field of degree n.

(i) Let I be a fractional ideal. If d(I) = (I, N(I)~'/") is a reduced Arakelov
divisor, the inverse 1! of I is an Op-ideal of norm at most .

(i1) The set Red of reduced Arakelov divisors is finite.

(iii) The natural map Redp —> ISK:(I); is injective.

PROOF. Since 1 € I, the ideal 7! is contained in OF. By Proposition 4.4(ii)
there exists a nonzero f € I for which |[N(I)~""a(f)| < 8;/" for each o.
Therefore, if N(I™!) > 0, we have |o(f)| < 1 for each o, contradicting the
minimality of 1 € I. This proves (i). Part (ii) follows at once from (i) and the
fact that there are only finitely many Op-ideals of bounded norm.

To prove (iii), suppose that the reduced Arakelov divisors D =d([) and D' =
d(I') have the same image in ﬁé%. Then there exists /€ F* sothat I' = f1
and N(I')'/" = N(I)'/" f. As in the proof of Proposition 6.4, it follows that all
conjugates of f are equal and hence that / € Q™. Since both I and I’ contain
1 as a minimal vector, this implies that ' = +1. Since f = N(I'I~")'/" >0,
we have /' =1 and hence D = D’ as required. U

Part (iii) of Proposition 7.2 does not hold when we replace ﬁié% by Pic%. See
Example 9.3 for an example. Incidentally, Theorem 7.7 below strengthens the
statement considerably.

Before we begin our discussion of the distribution of the reduced divisors in
the Arakelov class groups, we characterize them ‘geometrically’. This charac-
terization plays no role in the sequel. For every fractional ideal I with 1 €
consider the following set of divisors of degree zero:

X; ={(I,v) € Div} : log vy < (1/n)logdF for all o'}.

The set X is not empty if and only if N(/~') < df. Indeed, under this con-
dition ¥ contains the divisor (I, N(I)~!/") and its elements have the form
(I, N(I)~Y") + (OF,w) with w running over the exponentials of the vectors

ye (DB, IR{)O satisfying

1
Yo = — (logdp +1log N(1)) for every o.
n
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Since ), deg(c)ys = 0, the set X7 is a bounded simplex.
The following proposition says what it means for a divisor

d(I) = (I.N()~!")
to be reduced in terms of its simplex X7y.

PROPOSITION 7.3. Let I be a fractional ideal with 1 € I. The Arakelov divisor
D =d(I) = (I, N(I)~Y") is reduced if and only if it has the property that for
every fractional ideal I' with 1 € I’ for which X1 C X+ (f) for some [ € F*,
we necessarily have fI =1 and |o(f)| =1 for all .

PROOF. Suppose that D = (I, N({ )~/ is reduced. Let I’ be a fractional
ideal with 1 € I" and f € F*. Suppose that for some f € F* the simplex X is
contained in the translated simplex Xy + (f) ={(I",v) + (f): (I',v) € Xp/}.
This implies I’ = fI. In addition, we have log(vs/|o(f)]) < (1/n)logdr
whenever logvs < (1/n)logdp. It follows that |o(f)| > 1 for all 0. Since
1 € I is minimal, sois f € I’. Since 1 € I', this implies |o( /)| = 1 for every o.

Conversely, suppose that D = (I, N(I)~!/") has the property described in
the proposition. We want to show that 1 € I is minimal. Let therefore g €
such that |o(g)| < 1 for all 0. Consider the Op-ideal I’ = g~!1. Then we have
lel’and X7 C X+ (g "). Indeed, if (I, v) € X7, then log vy < (1/n)log dF
and hence log(vs|0(g)|) < (1/n)logdp. This means precisely that (7, v) is
contained in X7/ 4 (g7 1). We conclude that |o(g)| = 1 for every o. It follows
that 1 € I is minimal, as required. O

When F is totally real, we necessarily have f/ = +1 and hence I = I’ in
Proposition 7.3. The proposition says therefore that, in a certain sense, the
image in Pic(l)7 of X7 is not contained in the image of any other simplex. When
F is not totally real, this is still true for most /.

In the rest of this section we study the distribution of the image of the set
RedF in the compact groups Pic% and ﬁf:% and estimate its size. First we look
at the image of the set Redg in Pic(l);. Theorem 7.4 says that Redg is rather
dense in Pic%.

THEOREM 7.4. Let F be a number field of degree n admitting r, complex
infinite primes.

(1) For any Arakelov divisor D = (I, u) of degree 0 there is a reduced divisor
D’ and an element [ € F* so that

D—D"=(f)+(OF,v)
with

1
log|vg| < —logdfr foreacho.
n
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In particular,
| D—D'||pic <logdF.
(i1) The natural map
U Xy — Pic%
D

is surjective. Here the union runs over the reduced Arakelov divisors D =

(L. N(I)~!/m).

PROOF. By Minkowski’s Theorem (Proposition 4.4(ii)), there is a nonzero ele-
ment f € [ satisfying

lugo ()| < 8},/" for every o.

Then there is also a shortest and hence a minimal such element f. The divisor
D’ = d(f~'I) is then reduced. Tt lies on the same component of Pic% as D.
We have

D—D'+(f)=(OF.v).
where v is the vector (Vs)o € [[, RE with vy = uglo(f)IN(f~1)Y/" and
hence log |vy| = log |luga(f)| + (1/n)log(N(f 1)) for every o. Because
N(f~'I) <1, this implies that log |vs| < log |us0 ()| which by assumption
is at most % log dF, as required.
Since ), deg(o) log v, = 0, Lemma 7.5 below implies that

72 2 1 2
10— D'l = Il <nr—1)(5 1og0F) .
This proves (i). Part (ii) is merely a reformulation of part (). U

LEMMA 7.5. Let x; € R fori = 1,...,n. Suppose that Y ;_, x; = 0 and
that x € R has the property that x; < x foralli =1,...,n. Then ) ;_, xi2 <
n(n—1)x2.

We leave the proof of the lemma to the reader. The theorem says that Pic(}: can
be covered with simplices X7 centered in the reduced divisors D. We use the

theorem to estimate the volume of the Arakelov class group Pic% in terms of
the number of reduced divisors.

COROLLARY 7.6. Let F be a number field of degree n with ry real and r,
complex infinite primes. We have

2—72/2,~1/2
(r1+r2—1)!
(log|Ap|)"#RedF.

vol(Pic%) (log dp) 1 T2 #Red

A
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PROOF. Let D = d(I) = (I, N(I)~/") be a reduced divisor. The set Xy is
given by

LI N 4+ (0, v) Tog vy < %(log dr +log N(D)!.

By Proposition 7.2(i) we have N(/~!) < df. This implies that the set X7 is a

nonempty simplex of volume (1 log(dF N (1 )))rl-’_r2 times the volume of the
standard simplex

{(ro) B, R: Y, yo =0and y, <1 for each o},

which one checks to be equal to 2772/2571+7271/2 /(4 4y, —1)!. This leads to
the inequality

—r2/2nr1+r2—1/2

vol(Pic? <
Pier) = = o

y (% log(3 F N(I)))r1+r2.
D

Here the sum runs over the reduced divisors D = (I, N(I)~/") of F.
Since N (1) < 1, the first estimate follows. The second inequality follows by
a rather crude estimate from the first one. O

Next we prove a kind of converse to Theorem 7.4. The following theorem and its
corollary say that the image of the set Redr is rather sparse in the group Pic(},.
Recall that F} = {x € F*:0(x) > 0 for all real o}.

THEOREM 7.7. Let F be a number field.

(1) Let D and D’ be two reduced divisors in I/)\n’f% If there exists an element
f € FX for which
D_D/+(f) = (OF’U)’
with |log v | < log %for each o, then D = D' in lf)\i(I%. Similarly, if”v”f% <
log %, we have D = D' in 15\1(/%
(i1) The natural map from

D/ELR)d {D'+(OF,v):ve (F[;,conn)o and |log vy | < %log %for each o}
edp

to Pic(;, is injective.

PROOF. Suppose that D = d(I) and D’ = d(I') are two reduced divisors with
the property that D — D'+ (f) = (O, v) with f € F* for which o( f) > 0 for

all real o. By Proposition 5.3, the images of D and D’ in f’\fc(l); lie on the same
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o

[ O

o

Figure 1. Top left: Since f is in the box of A, it is in the box of 1. Top
right: Since f is in the box of A, 1 is in the box of f. Bottom: Since f
is in the box of A, f —1 is in the box of 1.

connected component of ls\ifz(;,. We put A = N(I/I')'/". Then o(f)/A = v,.
Since |log vy | < log %, we have

LT
= |exp(log vy )—1| < exp|log(vs)|—1 < exp(log %)—1 = %

and hence

lo(f)—A| < %)\ for every o.

Since D and D’ are reduced, the element 1 is minimal in both I and I’. There-
fore both 1 and f are minimal in /1’ = 1.
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If A is small, ie., if 0 < A < %, we have |o(f)| < |o(f) = Al + |A] <
%)\ + A< % . % < 1 for each ¢. In other words, |o(f)| < |o(1)| for all o,
contradicting the fact that 1 € I is minimal. If A is large, i.e., if A > %, we have
that [o ()| = |A]|—|o(f)—A|=A— %)\ > %% = 1 for each ¢. In other words,
lo(1)] < |o(f)] for all o, contradicting the fact that /" € I is a minimal vector.

Therefore % <A=< % This implies that the element f—1 € [ satisfies

lo(f=D| <lo(/)=Al+ A=l < Ir+ -1 =13+ L =1 = o))

for all 0. Since 1 € I is a minimal vector, this implies that /' —1 = 0. Therefore
I = I and hence D = D’. This proves the first statement.

If that ”U”ﬁc < log %, there is a totally positive unit & with [log(o(¢)vs)| <
logg for each 0. Replacing f by ef if necessary, we may then assume that
[log(ve)| < log% for each o and we are back in the earlier situation. This
proves (i).

Part (ii) follows, because (i) implies that the sets

{D’ +(OF,v):ve (F[;f’conn)o and [log(vs)| < %logg for each o}

map injectively to 15\16(1): and that their images are mutually disjoint. This proves
the theorem. U

COROLLARY 7.8. There is a constant ¢ > 0, so that for every number field F of
degree n, the number of reduced divisors contained in a ball of radius 1 in Pic%
is at most (cn)"2.

PROOF. The reduced divisors whose images in Pic(}: are contained in a ball of
radius 1 lie in a subset S of ls\ié(l), of volume 21 (277 +/2)"2 /w f times the volume
of a unit ball in Pic%. By Theorem 7.7, the balls of radius %log(g) centered
at reduced divisors are mutually disjoint in I?if:%. Comparing the volume of the
union of the disjoint balls with the volume of S leads to the estimate. (]

COROLLARY 7.9. Let F be a number field of degree n. Then
#Redp < vol(Pic%) - 6".

PROOF. Theorem 7.7(ii) implies that the volume of ls\i/c?,, is at least #Red r times
the volume of the simplex {v € ((F[;j’mnn)o : log(vg)| < %log% for each o},
which is equal to

—r/2 +ry—1/2
=2/ iyriTr2 l]og
(l’l +I”2—1)! 2

Since this is at least 6", the result follows. O

g)rl-i-rz‘
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COROLLARY 7.10. Let F be a number field. Then
#Red g

I n
vol(Pic}) ~

(log|AF)™" <

PROOF. The volume of 1516(}, is 2"1(277+/2)"2 /wF times the volume of Pic(l);.
Since 271 (27 +/2)"2Jwp < (2w +/2)"?, the inequalities follow from Corollar-
ies 7.6 and 7.9 respectively. U

We recall the following estimates for the volume of Pic%. They say that in a
sense the volume of Pic(}; is approximately equal to /|AF|.

PROPOSITION 7.11. Let n > 1. For every number field F of degree n we have:

@) vol(Pic%) < v/|AF| (log |Ap))"™";

(i) (GRH) there exists a constant ¢ > 0 only depending on the degree n so that

vol(Pic%) > c¢+/|AF|/ loglog |AF|.

PROOF. Part (i) follows from Corollary 7.7, the fact that for every reduced
divisor d (1) the ideal 7! is integral and has norm at most (2/7)"2/|AFr| and
the estimate for the number of Of-ideals of bounded norm provided in [Lenstra
1992, Theorem 6.5]. Under assumption of the generalized Riemann Hypothesis
(GRH) for the zeta function of the normal closure of F, Buchmann and Williams
[1989, (3.2)] obtained the estimate in (ii). U

8. Quadratic fields

Since the class group of @ is trivial and Z* = {£1}, the group Pic& is trivial
and the degree map induces an isomorphism Picg = R. The narrow class group
of Q is also trivial and it follows from Proposition 5.1 that lsivcf)Q = 0 and that
f’ivc@ is isomorphic to R*.

This is the whole story as far as Q is concerned. We now briefly work out the
theory of the previous sections for quadratic number fields. For these fields the
language of binary quadratic forms is often used [Lenstra 1982; Shanks 1972].

EXAMPLE 8.1. For complex quadratic fields F, the torus 7'° of Section 2 is triv-
ial, so that the group Pic(}; is canonically isomorphic to the class group C/ g of F.
The group Is\i?:(l): is an extension of C/f by a circle group of length 277 +/2/wF.
Here wg = 2 except when F = Q(i) or Q((1++/—3)/2), in which case wr =4
or 6 respectively.

We describe the reduced Arakelov divisors of F. Let D = (I, N(I)~'/2) be
reduced. The fact that 1 is a minimal element of / simply means that it is a
shortest vector in the corresponding lattice in Fr = C. We write | =7 + fZ
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for some f in the upper half-plane {z € C : Im(z) > 0}. Since O -1 C I, we
have f = (b + /AF)/(2a) for certain a,b € Z, a > 0 and b> —4ac = A for
some ¢ € Z. The Op-ideal I~! is generated by a and (b + /AF)/2 and has
norm a. For complex quadratic fields the simplices X introduced in Section 6
are simply points.

Since f is unique up to addition of an integer, the SL,(Z)-equivalence class
of the binary quadratic form N(X + fY)/N(I) = aX? + bXY + cY? is
well defined. The form has discriminant Ag. If we choose f to lie in the
usual fundamental domain for the action of SL,(Z) on the upper half-plane, the
corresponding quadratic form is reduced in the sense of Gauss. There is a slight
ambiguity here. If | | =1, the reduced Arakelov divisors d(Z + f7) and d(Z +
f7) giverise to the quadratic forms a X2 +bXY +aY? andaX2—bXY +aY?
respectively. If f is not a root of unity, the Arakelov divisors are distinct, but
the two quadratic forms are SL, (Z)-equivalent and only one of them is reduced.
Apart from this ambiguity, the map that associates to a reduced Arakelov divisor
its associated reduced quadratic form, is a bijection.

EXAMPLE 8.2. Any real quadratic field F can be written as Q (/A ), where
A F denotes its discriminant. The group Pic(}; is an extension of the class group
by a circle group and the group f’ﬂ:% is an extension of the narrow class group
by a circle group. We describe the reduced Arakelov divisors of F. Let o
and o’ denote the two infinite primes of F. To be definite, we let o denote
the embedding that maps +/AFr to the positive square root of Ag in R. Let
D =d(I)= (I, N(I)~"/?) be reduced. The fact that 1 € I is minimal implies
that we can write / = Z + fZ for a unique f satisfying o(f) > 1 and —1 <
o’(f) < 0. The fact that Op - I C I implies that f = (b + /AFf)/(2a) where
Afp = b% —4ac for some ¢ € Z. The conditions on o(f) and o’(f) say that
a>0and |/AF —2a| < b < J/AF. The Op-ideal I~! is generated by a
and (b + +/AF)/2. Its norm is a. The simplex X of Section 6 is an interval of
length /2 log(+/AFr /a) centered in D.

The map that associates the quadratic form a X2 +bXY +cY 2 to the reduced
divisor D = (I, N(I)~'/?),is a bijection between the set of reduced Arakelov
divisors of F and the set of reduced binary quadratic forms of discriminant A g
with a > 0.

The element 1 € [ is a shortest vector precisely when both || /|| and || /' —1||
are at least ||1]| = +/2. This condition is not always satisfied. Drawing a picture,
one sees that it is if o (/) —o’(f) > 2, or equivalently if a < %\/A_F, but this
is not a necessary condition.

When D = d(I) and I = Z + fZ as above, the vector f is a minimal
element of 7. Therefore D’ = d(f~'I) is a reduced Arakelov divisor. We
have D = D' + (f) + (Of.v), where v € Fj = R* x R* is the vector
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(6'(f) /o ()2, —lo(f)/a’'(f)|}/?). The distance between the images of
D and D’ in Pic(l).7 is equal to ||v||pic. Since f = (b + v/A)/(2a), we have
[vllpic = 2732 1og |(b++/AF)/(b—+/AF)|. In this way we recover Lenstra’s
distance formula [Lenstra 1982, (11.1)]. The divisor D’ is the ‘successor’ of D
in its component, in the sense that there are no reduced divisors on the circle
between D and D’. In order to obtain D’s ‘predecessor’, take g the shortest
minimum such that |o(g)| < |6’(g)|. Then the Arakelov divisor d(g~'1) is the
predecessor of D.

Lenstra’s group J, or rather its topological completion F, is closely related
to the oriented Arakelov class group of the real quadratic field F, and several
of the results in [Lenstra 1982] are special cases of the ones in this paper. The
group F is not quite equal to PlC but it admits a degree 2 cover onto it. More
generally, for a number field F we let PicT: r denote the group Div? F modulo its
subgroup + F}. When F is totally complex, i.e., when r; = 0, this is simply
Pic? F- When r; > 0 however, there is an exact sequence

0 — {F1}1/{£l} — PicF — Pic}, — 0.

Let (F"‘)0 {u € Fr : |N(u)| = 1}. The topological structure of PlCF can be
seen from the exact sequence

0 — (Fﬂzf)o/:i:O}";’+ — Pic; — Clp+ — 0,

realizing Pic; as an extension of the narrow class group Cl/f 4 by a 2" 1—1
component Lie group. When F is real quadratic, the group PicJIQ is equal to
Lenstra’s group F.

9. Reduced Arakelov divisors; examples and counterexamples

Let F be a number field of degree n and discriminant Ag. Theorems 7.4
and 7.7 say that the image of the set Red g of reduced Arakelov divisors is, in a
precise sense, rather regularly distributed in the groups Pic(}; and ls\i/c%. In this
section we discuss these results and we consider variations in the definition of
the set of reduced divisors.

Theorem 7.4 says that the image of Redf is rather ‘dense’ in Pic% After a
first draft of this paper was written, a similar result was obtained for the larger
group Pic? Fe

PROPOSITION 9.1 (BUHLER ET AL.'). Let L C R" be a lattice and suppose
that all nonzero vectors of L have all their coordinates different from zero. Then
there exists a minimal vector (x;) € L with x; > 0 for all i.

IPersonal communication from Joe Buhler describing discussions between Buhler, Randy Dougherty,
Chris Freiling, Dan Mauldin, Nghi Nguyen, Peter Ostapenko, and Ken Zeger.
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PROOF. Let x € R” be an extreme point of the convex hull of the set
S ={(x;) e L:x;>0foralli}.

This means that no open line segment inside the convex hull of S contains x.
It follows that x is contained in L. If x were not a minimal vector of L, there
would be a non-zero vector y = (y;) in L for which —x; < y; < x; for all i,
so that both vectors x — y and x 4+ y are in S. Since x is contained in the
line segment connecting x — y and x + y, this contradicts the fact that x is an
extreme point. It follows that x is minimal. (]

This result easily implies that all components of the oriented Arakelov class
group ﬁif:(}: contain reduced Arakelov divisors. In addition, Joe Buhler and his
collaborators obtain a bound for the length of the shortest vector (x;) € L with
x; >0 forall i. It leads to an analogue of Theorem 7.4 for la\i/c(};. The dependence
on 7 is a little worse. I do not know how to compute these vectors efficiently.

In the other direction, Theorem 7.7 implies that the image of Redr in ls\i/c% is
rather ‘sparse’. When we replace ls\i/c(l’, by Pic(l);, the theorem is no longer true.
First of all the map Red p — Pic is in general not injective. In addition, it may
happen that distinct reduced divisors have images in Pic% that are much closer to
one another than the bound log(%) of Theorem 7.7. However, by Corollary 7.9,
the number of reduced divisors in a ball in Pic(}g of radius 1 is bounded by a
constant depending only on the degree of F.

LEMMA 9.2. Let F be a number field of degree n, let D = (1, u) be an Arakelov
divisor and suppose f € I.

G) d(f~'ny=d()in Div(l); if and only if f is a unit of OF.

(i) The classes of d(f~'I) and d(I) in Pic(}; are equal if and only if f is the
product of a unit and an element g € F* all of whose absolute values |6 (g)|
are equal.

(iii) [|d(1) = d(f~"Dllpic <2¢/nmaxg|loglo(f)]]

PROOF. Part (i) follows from the fact that / = f~'I if and only if f € OF.
Since

d(f~' 1) —d(I) = (fOr, IN(/I'™),
the class of this divisor is trivial in Pic% if and only if there is g € F* for which
f = eg for some unit ¢ € OF and lo(g)|™! = [N(f)|~V" for all o. Since
IN(g)| = |N(f)|, the second relation is equivalent to the fact that the |o(g)|

are all equal. This proves (ii).
To prove (iii) we note that

ld(I)—d(f ™' D)lp. < vnmaxe|loglo(f)/N(f)M"]

’
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which is at most /z times maxg |loglo(f)|| + %ZU deg(o)loglo(f)|. The
estimate follows easily.
This implies that f is a root of unity. O

Proposition 7.2(iii) says that the natural map from the set of reduced divisors
Redf to the oriented Arakelov class group Pic(l): is injective. The following

example shows that, in general, the map Redr —> Pic(}; is not.

EXAMPLE 9.3. Leta > b > 1 and put A = b? — 4a®. Suppose that A is
squarefree and let F denote the complex quadratic number field @(v/A). Let 1
denote the fractional Op-ideal Z + fZ, where f = (b + ~/A)/(2a). Then 1 € I
is minimal. Let 0 : F — C denote the unique infinite prime. Since o (/) has
absolute value 1, the element f is also minimal. Since f is not a unit of OF,
Lemma 9.2 implies that the reduced divisors d(7) and d(f~'1) are distinct,
but that their classes in Pic(l)E are equal.

Theorem 7.7 says that the distance between the images of the reduced divisors
in Pic% is bounded from below by an absolute constant. The following example

shows that this is false for the Arakelov class group Pic(l);.

EXAMPLE 9.4. Let 1 be a large even integer such that A = n? + 1 is squarefree
and consider the field F = Q(+/A). Let f = (1++/A)/n e F. Then 1 is a
minimal element in / = Z + fZ. The conjugates o ( /') are close to 1 and —1
respectively. Indeed, we have ‘log|o( f )|‘ ~ A~1/2 for each infinite prime o. It
follows from Lemma 9.2(iii) that the classes of the reduced divisors d(/) and
d(f~'I) are at distance at most 2+/2 A~1/2 in Pic(};.

The definition of the set Redr is rather delicate, as we’ll see now by considering
slight variations of it. We let Red/F denote the set of divisors d () for which
1 € I is a shortest rather than a minimal vector and write Red’. for the set of
divisors d(I) for which we have N(I 1) <dp = (2/m)"2 /| Af| and for which
1 € I is merely primitive, i.e., not divisible by an integer d > 2. Since shortest
implies minimal and minimal implies primitive, we have the inclusions

Red’F C Redrp C Red’l/;

of finite sets. Theorem 7.4 says that the set Redg is rather ‘dense’ in the
Arakelov divisor class group. It is not clear whether the set Red’ has the same
property. The proof of Theorem 7.4, showing that every D = (I, u) of degree 0
is close to a reduced divisor D’ € Red p, does not work for Red’. Indeed, tracing
the steps of the proof of Theorem 7.4, we see that if f € [ is a shortest vector,
it is also minimal and hence the element 1 € 11 is minimal. It follows that
the divisor d( f~!T) is in Redr. However, 1 need not be a shortest vector in
/711 so that d( £~ 1) may not be contained in Red’.
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The following example shows that this phenomenon actually occurs. It shows
that the set Red/F is, at least in this sense, too small.

EXAMPLE 9.5. We present examples of reduced Arakelov divisors D = d([)
with the property that the element 1 € I is not a shortest vector of the lattice /
associated to (1, u) for any u € Fj;. This implies that D is not equal to d(f='J)
for any divisor D’ = (J,v) and a shortest element f € J. Indeed, if that were
the case, 1 would be shortest vector in the lattice associated to the Arakelov
divisor (1, f~v).

Let F be a real quadratic number field of discriminant A. Then F = Q(+/A).
Suppose that d (/) is a reduced Arakelov divisor. We write I = Z + fZ where
f>0and —1< f_ < 0. Here we identify F with its image in R through one of
its embeddings and we write f > f for the other embedding.

CLAIM. IfN(f—%) > —%, then 1 is not a shortest element of I for any Arakelov
divisor (I, u) of degree zero.

PROOF. Suppose that D = (I, u) has degree 0. Then we have

(e )

N(D) VN

for some v € RZ ). Suppose that 1 € I is a shortest vector in the lattice associated
to D. This implies in particular that ||1]|, < || f|l, and |1, <[/ = 1.
This means that v™2 4+ v2 < v™2f2 4+ v2 f2 and that v 2 4+ v2 < V" 2(f —
1)2 4+ v2(f — 1)2. In other words we have that v* < (f2—1)/(1 — f2) and
vt > (2f — f3)/(f?*—2f) respectively. Therefore, if the upper bound for v*
is smaller than the lower bound, there cannot exist such an v. This happens
precisely when (f — f)2f f — f — f +2) > 0. Since f — f is positive, this
means that 2 f f — f — f +2 > 0 which is equivalent to N( f — %) > —%. This
proves the claim. U

When f = (b + ~/A)/(2a) as in Section 8, a sufficient condition for the in-
equality of the claim to hold is that a > /A /3. As an explicit example, take
the field Q(+/21) and the reduced divisor d(I) associated to I = Z + fZ, with
f=0@+~21)/6.

In the other direction, it may happen that the image of Red’, is very dense
in 15}6(1):, so that an analogue of Theorem 7.7 does not hold for this set. We
present two examples, due to H. W. Lenstra, showing that for some number fields
certain small open balls in 15;6(}, contain the images of very many D € Red’l/;.
Both examples exploit the existence of certain ‘very small’ elements in F. In
the first example these are contained in a proper subfield, but this is not the case
in the second example.
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EXAMPLE 9.6. Let F be a number field of degree n containing @ (7). Let
m, m' € 7 satisfy %lAF|1/2” <m, m' <|Ap|/* —1. Let I and I’ denote
the inverses of the Op-ideals generated by m —i and m’ —i respectively. Then
1 is primitive in both 7 and I’ and the norms of /~! and I’ ~! do not exceed
dF=(2/7)" |AF|'/2. Ttfollows that d () and d(I’) are in Red’y.. If the images
of d(I) and d(I') in ITi?:(I)7 are equal, Proposition 6.4 implies that I/ = m 1’ for
some m € Q*. Since 1 is primitive in both 7 and I’, it follows that m = £1. This
implies that 7 = I’ and hence that N(I) = m?+ 1 is equal to N(I') = m'* + 1,
so that m = m’. Therefore d(I) and d(I’) are distinct in ls\i/c%, whenever m and
m’ are.

Assume in addition that |m —m’| < |Ap|'/?" and that |[Ap| > 4°". Then
the distance between m and m’ is much smaller than m and m’ themselves.
The distance between the Arakelov divisors d (1) and d(I’) in ﬁé% is at most
/n|log((m—i)/(m’ —i))|. This does not exceed

Julm—m'|/(im—i| = |m—m']) < /n|Ap|'3" /(L AR |12 — | AR
<4n|Ap|7V/on,

In this way we obtain |Ag|!/3" elements of Red’, whose images in lsivc% are

distinct, but are as close as 4./7|Ag|~1/" to one another. By varying F over
degree n/2 extensions of Q (i), we can make | A | as large as we like. One may
replace (i) by any number field and proceed similarly.

EXAMPLE 9.7. Let n > 4 and @ € Z be such that the polynomial X" — a is
irreducible over Q. Let & denote a zero and put F' = Q(«). Suppose that the ring
of integers of F is equal to Z[«]. There are infinitely many such integers a. Then
|Ap|=n"|a|""! and |o ()| = |a|'/" for every infinite prime o. Let m, m’ € Z
satisfy %|a|1/2_1/2” + |a|V/" < m,m’ < |a|V/2V2" and |m — m'| < |a|V/4.
Consider two Arakelov divisors d(I) and d(J) given by I~! = (m—a)OF and
J™ ' = (m' —a)OF. The norms of I~! and J~! are at most df. Since both
I and J contain 1 as a primitive element, we have d(I),d(J) € Red’l/:. The
argument used in Example 9.6 shows that the images of d(/) and d(J) in f’?c%
are distinct when m # m’. The difference between d(I) and d(J) is equal to
(IJ~', N(1J~Y)/™), which is equivalent to (OF, v), where

/
v — m,—a(a) P =
m'—o(x) m—ao
It follows that ||d (1) —d(J)|| g is at most

10g<—m_0(a) ) ‘ )

1/n

24/nmaxg m—o ()
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Since (m —o(a))/(m' —o(a)) =1+ (m —m')/(m’ — o(«)) and since |m’ —
o@)| =m —|o(@)| = %|a|1/2_1/2”, the absolute value of the logarithm of
(m—o())/(m' —o(«)) is at most 4|m —m’|/|a|'/2~1/2" for each o. It follows
that ||d(I) — d(J)”fiE is at most 4/n|a|~/4+1/2" \which becomes arbitrarily
small as |a| grows.

10. Computations with reduced Arakelov divisors

In this section we discuss the set of reduced Arakelov divisors from a com-
putational point of view. Our presentation is informal; in particular, we do not
say much about the accuracy of the approximations required to perform the
computations with the real and complex numbers involved. (See [Thiel 1995]
for a more rigorous approach.) Since Arakelov divisors can be represented as
lattices in the Euclidean space Fp, lattice reduction algorithms play an important
role. When the degree n of the number field is large, the celebrated Lenstra—
Lenstra—Lovasz (LLL) reduction algorithm [Lenstra et al. 1982; Lenstra 2008]
is an important tool.

We suppose that the number field F is given as @ («), where « is the zero of
some irreducible monic polynomial ¢(X) € Z[X]. We assume that we have al-
ready computed an LLL-reduced basis {wy, ..., wy,} for the ring of integers O
embedded in Fgr. In other words, we have an explicit lattice

OF:a)IZ+...+a)nZCFR,

with, say, an LLL-reduced basis {wy, ..., @, }. Such a basis can be computed as
explained in [Lenstra 1992, Section 4] or [Cohen 1993, Section 6.1] combined
with a basis reduction algorithm. We have also computed a multiplication table
i.e., coefficients A;j; € Z for which w;w; = ) ; A;jjxwk. The discriminant
AF of F is the integer given by Ar = det(Tr(w;w;)). By [Lenstra 1992, Sec-
tion 2.10] we have A;;x = |AF|9™ . We view the degree n of F as fixed and
estimate the running times of the algorithms in terms of |Af]|.

An Arakelov divisor or oriented Arakelov divisor D = (I, u) is determined
by its associated ideal / and the vector u € Fj; = [[, Fy. It can be repre-
sented by an n x n matrix A;; having the property that the vectors ) ; J Aijj
form an LLL-reduced basis for the lattice I C Fp, together with a sufficiently
accurate approximation of the vector u = (u4)s. We have A;; = O(N(I)) (see
[Thiel 1995]). In practice, one might want to take logarithms and work with the
vectors (log s )s. There are efficient algorithms to multiply ideals, to compute
inverses and to test for equality. See [Cohen 1993, sections 4.6—4.8]. Using
these one can compute efficiently in the group Div . The algorithms have been
implemented in LiDIA, MAGMA and PARI.
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Rather than the Arakelov divisor group, we are interested in computing in
the Arakelov class group Pic%. We do calculations in this group by means
of the set Redg of reduced divisors in Div%. By Theorems 7.4 and 7.7, the
image of the finite set Redr is in a certain sense regularly distributed in the
compact groups Pic(l); and ﬁé%. Reduced divisors have one further property
that is important for our application: a reduced divisor D is of the form D =
d(I) = (I, N(I)"Y/") where 1! is and integral ideal of norm at most 5 =
(2/7)"2|Ap|'/2. Therefore D can be represented using only (log |Ag|)O™
bits.

Before describing the algorithms, we formulate a lemma concerning the LLL
algorithm.

LEMMA 10.1. Letby, ..., by, be an LLL-reduced basis of a real vector space V.
Then for every vector X = Z;;l m;b; of V we have

3\ .
millbf Il < (<5) Ixl for1<i<n

V2
Here b’f, e b;’; denotes the Gram—Schmidt orthogonalization of the basis by,
IR bn.

For the proof, see [Lenstra 2008].

COROLLARY 10.2. Let by,...,b, be an LLL-reduced basis of a real vector
space V. Then we have for any vector X = ZLI m;b; inV that

— 3y x|l :
Im;| < 24 1)/2(—) for1<i<n.
l V27 by
PROOF. The LLL conditions imply that [|b]|| < 2(i_1)/2||b;f‘|| foreveryi =1,2,
...,n. Since by = b’f, the result follows from Lemma 10.1. U

We have the following basic algorithms at our disposal. For number fields of
fixed degree n, each runs in time polynomial in log |AFE|.

ALGORITHM 10.3 (REDUCTION ALGORITHM). Given an Arakelov divisor
D = (I,u) € Div¥,

— check whether it is reduced or not;
— compute a reduced divisor D’ that is close to D in Pic%.

Description. We compute an LLL-reduced basis by, ..., by, of the lattice ul C
Fgr. Then we compute a shortest vector X in u/ as follows. Any shortest vector
x =Y 7_; m;b; in the lattice satisfies ||x||/[|by || < 1. Therefore Corollary 10.2
implies that the coordinates m; € Z are bounded independent of the discriminant
of F. To compute a shortest vector in the lattice in time polynomial in log |AF|,
we may therefore just try all possible ;.
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To find a reduced divisor D’ that is close to D in Pic(},, we compute a shortest
vector f in the lattice I associated to D. The divisor D’ = d(f~'1) is then
reduced. Moreover, by Theorem 7.4 or rather its proof, the divisor D’ has the
property that || D — D’||pic <logdF, so that D’ is close to D.

In a similar way one can check that a given divisor D = (I, u) is reduced.
First of all we must have that « = N ()~!/". Then we check that 1 is contained
in /. To see whether 1 is a minimal element of I, we need to make sure that the
box

B={(ys) € Fr: |yo| <1forallo.}.

contains no nonzero points of the lattice / C Fr. The box B contains all vectors
of length at most 1. On the other hand, every vector in B has length at most /7.

If the first vector b; of the LLL-reduced basis has length less than 1, it is
contained in B and the element 1 € I is not minimal. In this case we are done.
Suppose therefore that we have ||bq || > 1. Tt suffices now to compute all vectors
x in the lattice that have length less than /n and see whether they are in the box
B or not. By Corollary 10.2, the vectors x = Y 7_; m;b; of length at most \/n
have the property that

n—i n—i
I 2(i—1)/2(i) sl w2 (3 .
brst) = ) bl S () v

So, the number of vectors to be checked is bounded independently of the dis-
criminant of F. This completes the description of the algorithm. Both algo-
rithms run in time polynomial in log|AF/|, log ||| and the logarithmic height
of N(I).

ALGORITHM 10.4 (COMPOSITION ALGORITHM). Given two reduced Arak-
elov divisors D = d(I) and D" = d(J), compute a reduced divisor that is close
to the sum D + D’ in Pic(l):.

Description. One first adds D and D’ as divisors. Since N(I~!), N(J~1) <0pF,
the result (IJ, N(IJ)~'/") can be computed in time polynomial in log|AF|.
Then one reduces the result by means of Algorithm 10.3. The resulting reduced
divisor is then close to D + D’. Since N(IJ)™! < 92, the running time of this
second step is also polynomial in log |AFr|.

ALGORITHM 10.5 (INVERSION ALGORITHM). Given a reduced Arakelov di-
visor D = d (1), compute a reduced divisor that is close to —D in Pic%.

Description. One just computes the inverse ideal /~! and reduces the divisor
d(I~") by means of Algorithm 10.3. Since N(/~!) < dF, the running time of
this algorithm is also polynomial in log |AF|.

I owe the next algorithm to Hendrik Lenstra. See [Buchmann 1987a; 1987c;
Thiel 1995] for a different approach. We first prove a lemma.
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LEMMA 10.6. Let D = (I, u) be an Arakelov divisor of degree 0 and let ¢ > 0.
Then every reduced divisor at distance at most € from D is of the form d(Ipn™")
where W is a minimal element of I satisfying

Inllp < vne*||yllp forall nonzero y € I.

In particular, the inequality holds for a nonzero y € I that is shortest with
respect to the metric of D.

PROOF. Let D’ be a reduced divisor for which we have || D — D’||pic < €. Then
we have D' = d(Ipn~") for some minimal element y € I. By Proposition 6.2
there is a unit 1 so that for D" = D + (u) + (OF, |n|) we have

=0l < IxXlD D7
lIx1l o
We multiply 1 by n. Then p remains a minimal element of / and the divisor
D’ does not change. But now D” is equal to D + (u). Since | D — D||pic =
| D’ — D”||pic, the inequality above and Proposition 7.1 imply that

for every x € In~1.

Il = 1D+ = €°lltlip:
< e Vnlxlpr = e* Vnlx|pt = e**Vnlxulp,

for any nonzero x € I ~'. Hence ||| p < +/ne?¢||y|p for all non-zero y € 1.
O

ALGORITHM 10.7 (SCAN ALGORITHM). Let D = (I, u) be an Arakelov divisor
of degree 0. Compute all reduced Arakelov divisors in a ball in the Arakelov
class group Pic?.; of radius 1 and center D in time polynomial in log |A g|.

Description. Choose ¢, &’ € R such that 0 < ¢’ < ¢ < 1. Inside the open ball of
divisors in Pic(l): having distance at most 1 + ¢ from D, we compute a web of
regularly distributed points. The points P in the web are at most & and at least &’
apart. By Theorem 7.4 every P is the class of a divisor of the form D"+ (OF, v)
for some reduced divisor D" = d(J) and a totally positive v € F} satisfying
|lv|lpic <logdp. Therefore an LLL-reduced basis for the lattice associated to
each P can be computed in time polynomial in log |[Af]|.

By Lemma 10.6, the reduced divisors we are looking for are among the divi-
sors of the form d(Ju~') where D’ = d(J) is reduced, P = D' 4+ (OF,v) is
in the web and p € J is a minimal element for which ||| p is at most e?¢/n
times the length of a nonzero element y € J that is shortest with respect to the
metric induced by P. So, it suffices to compute the elements p for all P in the
web. For a given P, Corollary 10.2 says that the number of vectors p € J of
length at most 2? \/n times the length of the shortest nonzero vector, is bounded
independently of P and even of the discriminant of F. They can be computed



COMPUTING ARAKELOV CLASS GROUPS 483

in time polynomial in log |A g|. Minimality of the elements p can be tested by
means of Algorithm 10.3. Finally, since the divisors P are at least &’ apart, the
number of points in the web is proportional to the volume of the ball.

ALGORITHM 10.8 (JUMP ALGORITHM). Given a divisor

D=Y nyp+) xe0
p o

of degree 0, compute a reduced Arakelov divisor whose image in Pic(}; has
distance less than log d from D.

Description. We assume that at most O(log |AFg|) coefficients of D are non-
zero, that the coefficients themselves have size |AF| O() and that N (p) has size
|AF|PM for the prime ideals p with np # 0. Directly applying the reduction
algorithm to D = (I, v) with [ = ]_[p p™ and v = exp(xy )0, 1S NOt a very good
idea, since the LLL-algorithm and therefore the reduction algorithm run in time
polynomial in the coefficients |x4|, which is exponential in terms of log |AF]|.
Therefore we proceed differently.

We have D = (I, 1) + (OF, v). We compute reduced divisors close to (1, 1)
and to (O, v). Adding these as in Algorithm 10.4, we may then compute a
reduced divisor close to D, in the sense that its distance to D is at most log 0.
For each prime ideal p with n, # 0 we use Algorithm 10.3 to compute a reduced
divisor Dy, close to (p, 1). We compute a reduced divisor close to Zp np Dy by
composing and reducing as in Algorithm 10.4. The result is a reduced divisor
close to (7, 1).

Next we explain how to compute efficiently a reduced divisor close to the
divisor (OF, v). Let ¢ > 0 be the smallest integer for which the vector y = ()¢ )o
given by y, = 27! x, satisfies n|yy| <log d for all 0. Thent € O(log |AF|).
Put w = exp(ys)s. We have w2 = v, We inductively compute reduced
Arakelov divisors D; = d(I;) for which

1D — (Op, w* ) ||pic < log dF. fori =0,1,...,1,

as follows. We put Dy = (OF,1). We compute D;+; from D; by doubling.
More precisely, by induction we have D; = (O, w? ) + (Op, w;) in Pic(}; for
some w; € F} with ||w;|lpic <log df. Let D;41 be a reduced divisor whose
distance to 2D; — (OF, wl.z) is at most log d . Then we have

i+1
Dit1—(Op, w*" ) = (OF, wit+1)

in Pic(}.; for some w;4+1 € Fr satisfying ||w;41|pic < log dF. Using Algo-
rithm 10.3, we see that D;; is of the form d(/;41) where I;1 1 = Il.z/(x) for
some element x € [ iz that has the property that w;” 2x is a shortest vector in the
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lattice wl._zll.2 C Fr. Since ||w;|pic < log dF and since D; = d(I;) is reduced,
the computation of D; 4 can be performed in time polynomial in log | A g|. This
completes the description of the algorithm.

Mutatis mutandis, we have the same algorithms for the group I’)\ifz(}; of ori-
ented divisors and for the oriented Arakelov class group ﬁi?:%. The only differ-
ence is that the unit u of an oriented Arakelov divisor D = (I, u) is a complex
rather than a positive real number. The image of the set of reduced Arakelov
divisors in this group is probably also reasonably dense in ISTE:(I): and that’s all
we need for the Jump algorithm to work. See Proposition 9.1.

APPLICATION 10.9. We present an algorithm to compute the function 4°(D),
introduced in [Van der Geer and Schoof 2000]. For an Arakelov divisor D =
(1, u), the number 4°(D) should be viewed as the arithmetic analogue of the
dimension of the space of global sections of a divisor D on an algebraic curve.
The number 4°(D) depends only on the class of D in Pic(}, and is defined as

h®(D) =1log Y- exp(=x| f1})-
fel

See Section 4 for the close relation between the function 4°(D) and the Hermite
constant y (D) of the ideal lattice associated to D. Since the short vectors f € [
contribute the most to this exponentially quickly converging sum, the function
h®(D) can be evaluated most efficiently when we know a good, i.e., a reasonably
orthogonal basis for 7. As we explained above, a direct application of a lattice
reduction algorithm to D may be very time consuming. Therefore we apply the
Jump algorithm. We jump to a reduced divisor D’ = d(J) close to D in Pic(}:.
Then D is equivalent to D’ + (OF, v) for some short v € F}} and

hO(D) = h°(D' + (O, v)) =log Y exp(=7 | £ 13 1 (0p.0)
feJ

= log Z exp(—nN(J)_z/” Zdeg(o)|o(f)|2v§).

feJ

Since D’ is reduced and the vector v = (vy ) is short, an LLL reduced basis
for the lattice associated to D’ 4+ (O, v) can be computed efficiently. This is
because J ! is an integral ideal of norm at most |A F|1/ 2. This completes the
description of the algorithm to compute 4°(D).

11. A deterministic algorithm

In this section we describe a deterministic algorithm to compute the Arakelov
class group of a number field F' of degree n and discriminant Ag. It runs in
time proportional to /| Af| times a power of log |AF|.
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LEMMA 11.1. Let B > 0. Then any ideal J C Of with N(J) < B is of the
form J = xI~, where the Arakelov divisor D = (I, N(I)~/") is reduced, the
element u = N(x)'/"/|x| of F}, satisfies ||u||pic <logdF, and the element X is
contained in I and satisfies || x| p+(op.u) < NnBY™

PROOF. Suppose that J C Op satisfies N(J) < B. By Minkowski’s Theo-
rem there exists y € J~!, a shortest vector in J~! C Fg, satisfying |o(y)| <
N(J)_l/”a;/" for every 0. We pick such an element y, put x = 1/y and
I =xJ~'. Then the Arakelov divisor D = (I, N(I)~'/") is reduced. Moreover,
since xI~'=J C Of, we have x € .

Writing u = N(x)'/"/|x|, all coordinates of the vector N (/)~'/"ux have
absolute value N(1)~Y/"N(x)!/" = N(J)/", so

1% pt(0p.u) = VN (Y™ < /nBYV",
Finally, we estimate | u||pic. Since N (/) < 1, we have

| |_|N<x)|1/"
7 o)

= Ny m < 9"

— o MIIN@)|V" < N33 N ()7

Lemma 7.5 then implies ||u|pic < (1—1/n)/21og dF <log d, as required. OJ

It is not hard to see that the lemma’s converse also holds: any ideal J C OF for
which the three conditions are satisfied automatically has norm at most B.

ALGORITHM 11.2. Suppose we have computed all reduced divisors in a con-
nected component of the Arakelov class group Pic(l);. In that component, detect
all divisors that are of the form (J ™', N(J)'/") with J C Of and N(J) < dF.

Description. Let ,&' € R be such that 0 < &’ < ¢. For each reduced divi-
sor D = (I, N(I)~'/") in the given connected component, we make a web
in the ball of center D = (I, N(I)~'/") and radius log d, whose members
P=D+(Op,v)= (I, N(I)~'/"v) are at most ¢ and at least ¢’ apart. For each
divisor P = D + (Op, v) in the web, we compute the vectors x for which we
have [|x[|p < ﬁe2sa}!”. This is done as follows. First we compute an LLL-
reduced basis by, ..., b, for the lattice associated to the Arakelov divisor P.
Let b],...,b; denote its Gram—Schmidt orthogonalization. By Lemma 10.1
we have for any vector x = Y ;_, m;b; in the lattice for which ||x||p is at most

\/ﬁez"fa}/”, that

3 \n—1
Imil b} < (Tz) N

We simply try all coefficients m; satisfying this inequality.
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For each such element x we then compute the corresponding ideals J =
I~ !x. The ideals J that we compute in this way are contained in Of. Moreover,
every ideal J C Of of norm at most dF and for which the Arakelov divisor
(J~1, N(J)"/™) lies on the given component, is obtained in this way. Indeed,
if we have N(J) < 0, Lemma 11.2 with B = df implies that J = xI~! for
some reduced divisor d (1) = (I, N(I)~!/") and some x € I. Moreover, we have
XD+ (0F.u) < «/58},/" for some u satisfying ||u||pic <log d . This means that
the divisor D + (OF, u) is contained in the ball of center D = (I, N(1)~!/")
and radius log d p. Therefore there is a member P = D + (OF, v) of the web
at distance at most ¢ from D + (OF, u). Proposition 6.2 implies then that

Ixllp < e Vndil",

as required.

This shows that we encounter all ideals J that we are after. But we’ll find
many more and we’ll find each ideal many times. Indeed, the vectors x =
ZLI m;b; that we consider in the computation above satisfy

3 n—1
HE (E) NV

for each i and hence

3 n—1 1/
n
Ixlp <n (E) il

It follows from the arithmetic geometric mean inequality that for the ideal J =
xI~! we have

1 n/2 2en 3 nn=l)
= -1 < S
NJ)=NxI"")<n"<e (\/5) oF.

In order to estimate the running time of this algorithm, we estimate the number
of ideals J that we compute, and in addition we estimate for how many divisors
P in the web and how many vectors x, we obtain each ideal J. By [Lenstra
1992, Theorem 6.5], the number of ideals J is bounded by /| A | times a power
of log |AF| times a constant that depends only on the degree n. Next we bound
the number of times we find each ideal J.

First, suppose that for some divisor P = (I, N(I)~'/")4(OF, v) in the web,
there are two elements x, x’ € I~! satisfying

1
max(|[x||p, x| p) < e <0 }/",
for which the ideals x7/~! and x’I~! are the same. Then we have

0 ()N Mg | < /ne9)"
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for each o. Since we have | N(v)| = 1, the product over ¢ satisfies

[Tlo N w2 = Nx 17 = 1.

o

Therefore
—(n— 1D log(Vne?*d}/") < log lo()N(I)™"/"v4| < log(v/ne**d;/")

for every 0. We have the same inequalities for x’. Tt follows that the unit
& = x'/x satisfies

li

—log 3 —nlog(/ne*¥) < loglo(e)| = log o(x)
o(x)

< log df + nlog(/ne?®),

for every o and hence we have

log ||| < v/nlo 8F+n3/2lo Jne®®).
g g g

By [Dobrowolski 1979], there exists an absolute constant ¢ > 0 such that any
unit ¢ € O that is not a root of unity satisfies |log |8|‘ > ¢n~3/2. Since the
number of roots of unity in F is O(nlogn), the number of units satisfying the
bounds above is bounded by some power of log d . It follows that the number
of distinct elements x € I for which the ideals x 7! are equal to the same ideal
J C Op is also bounded by some power of log 0.

Next, suppose that an ideal J C Of of norm at most 9 is of the form x 7!
where D = (I, N(I)~'/") is a reduced divisor and x € I satisfies ||x|p <
e28ﬁa}/” for some divisor P = D + (Op,v) in the web constructed. In
particular, v satisfies ||v||pic <log dg. This implies that

1/n
o(x) 4| _ n. —1 1 Jne*a; 26 al/n
N e | = NI g | e < S < Ve

It follows that the Arakelov divisors P and (J =, N(J )1/1) are rather close to
one another in Pic(l);. Indeed, we have

1P =T~ N lpic = [(OF, [xIN ()™ "0 1) | pic.

Since we have log |0(x)N(x)_1/”v;1| < log(\/ﬁezs(');/") for every infinite
prime o, it follows from Lemma 7.5 that we have

1P —(J. N(J)™)||pic < log(n®/"e**/"3).

By Corollary 7.9, the number of reduced divisors in a ball is bounded by some
constant, depending only on the degree of the number field, times its volume.
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Therefore the number of web members P for which we encounter a given ideal
J C Op, is bounded by a polynomial expression in log d .
This completes the description and our analysis of the algorithm.

A deterministic algorithm. Finally we explain the deterministic algorithm to
compute the Arakelov class group of a number field F. This algorithm seems
to have been known to the experts. It was explained to me by Hendrik Lenstra.
We start at the neutral element (OFp, 1) of the Arakelov class group. We use
Algorithm 10.3 to determine all reduced Arakelov divisors in the ball of radius
2log dF and center (OF, 1). Then we do the same with the reduced divisors D
we found: determine all reduced Arakelov divisors in the ball of radius 2log d ¢
and center D. Proceeding in a systematic way that is somewhat complicated to
write down, we find in this way all reduced divisors in the connected component
of identity. Keeping track of their positions in terms of the coordinates in [ [, Fi
one computes in this way the absolute values of a set of generators of the unit
group OF. The running time is proportional to the volume of the connected
component of identity and is polynomial in log |AF]|.

Next we use Algorithm 11.2 and make a list £ of all integral ideals J C Of
of norm at most 9z, for which (J =, N(J) 1/1) is on the connected component
of identity. The amount of work is again proportional to the volume of the
connected component of identity and polynomial in log |A g|. By Minkowski’s
Theorem, the prime ideals of norm at most dr generate the ideal class group
of F. Therefore we check whether all prime ideals of norm at most d g are in the
list. This involves computing ged’s of the polynomial that defines the number
field F' with the polynomials X P'_ X fori=1,2,...,nfor prime numbers p
that are smaller than the Minkowski bound d z. One reads off the degrees of the
prime ideals over p and hence the number of primes of norm p fori =1,2, ...
The amount of work is linear in the length of the list and polynomial time in log p
for each prime p. If all prime ideals of norm at most d g are in the list £, then
we are done. The class number is 1 and the Arakelov class group is connected.

However, if we do encounter a prime number p, for which a prime ideal
p of norm p’ < 3 is missing, then we compute it. This involves factoring
a polynomial of degree n modulo p. When we do this with a simple minded
trial division algorithm, the amount of work is at most p’ < df times a power
of log | A p|. By successive multiplications and reductions, we compute for j =
1,2, ... reduced divisor D; in the connected components of the Arakelov class
groups that contain divisors of the form (p/, ) for some u. Each time we check
whether Dj is already in the list £. If it is, we stop computing divisors D;.

Then we repeat the algorithm, but this time we work with the connected
components of the divisors D; rather than (Of, 1): we use Algorithm 10.3
to determine all reduced Arakelov divisors in the balls of radius 2log d and



COMPUTING ARAKELOV CLASS GROUPS 489

center Dj. Then we do the same with the reduced divisors we found, and so
on. Once we have computed all reduced divisors on the connected components
of Dj, we use Algorithm 11.2 to compute all integral ideals J C OFf of norm
at most 9, for which (J~!, N(J)!/") is on the connected components of the
divisors D; and we add these to the list £.

When we are done with this, the list £ contains all integral ideals J C Of
of norm at most d g, whose classes are in the group generated by the ideal class
of p. We check again whether all prime ideals of norm at most df are in the
list. If this turns out to be the case, we are done. The ideal class group is cyclic,
generated by the class of p. If, on the other hand, we do encounter a second
prime number ¢, for which a prime ideal q of norm ¢’ < dF is missing, then
we compute it. We compute reduced divisors that are in the components of the
powers of q ... etc.

For each new prime that we find is not in the list £, we factor a polynomial
and the amount of work to do this is at most d . However, since the ideal class
group has order at most /|A | times power of log |A |, we need to do this at
most log |A | times. As a result this algorithm takes time at most /| A g| times
power of log |AF|.

12. Buchmann’s algorithm

In this section we briefly sketch Buchmann’s algorithm [1990; 1991] for com-
puting the Arakelov divisor class group and, as a corollary, the class group and
regulator of a number field F. This algorithm combines the infrastructure idea
with an algorithm for complex quadratic number fields presented by J. Hafner
and K. McCurley [1989]. When we fix the degree of F, the algorithm is un-
der reasonable assumptions subexponential in the discriminant of the number
field F. A practical approach is described in [Cohen 1993, Section 6.5]. The
algorithm has been implemented in LiDIA, MAGMA and PARI. See also [Thiel
1995].

Let F be a number field of degree n. The structure of Buchmann’s algorithm
is very simple. Our first description involves the Arakelov class group Pic%
rather than the oriented group 15\16(1),.

Step 1: Estimate the volume of Pic(},,. By Proposition 6.5 the volume of the
compact Lie group Pic% is given by

wWF ﬁ
2 (27 \/2)"2

The computation of rq, 1, and wr = #u F is easy. The discriminant is computed
as a byproduct of the calculation of the ring of integers Of. Approximating the

vol(Pic%.) = |Ap|'? Res £ (5).
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residue of the zeta function

1 —1
o =11 (1~ 67)

at s = 1 is done by dividing {r(s) by the zeta function of Q and by directly
evaluating a truncated Euler product

1-1/p
AT, 0= 1/NG)

This involves factoring the ideals pOpF for all prime numbers p < X; for effi-
cient methods to do this, see [Cohen 1993]. The Euler product converges rather
slowly. Under assumption of the Generalized Riemann Hypothesis for the zeta
function of F, using the primes p < X, the relative erroris O(X ~/21og |ApX]).
Here the O-symbol only depends on the degree of the number field F'. See
[Buchmann and Williams 1989; Schoof 1982]. Therefore, there is a constant
¢ only depending on the degree of F, so that if we truncate the Euler product
at X = clog?|AF/|, the relative error in the approximation of VO](PiC%) is at
most 1/2.

Step 2: Compute a factor basis. We compute a factor base B, that is, a list
of prime ideals p of O of norm less than Y for some ¥ > 0. Computing a
factor basis involves factoring the ideals pOpF for various prime numbers p. It
is convenient to do this alongside the computation of the Euler factors in Step 1.
We add the infinite primes to our factor basis. By normalizing, we obtain in this
way a factor basis of Arakelov divisors of degree 0. The factor basis should be
so large that the natural homomorphism

0
( P 7ZxPp IR) —  Pic%
peB o
is surjective. By Proposition 2.2 this means that the classes of the primes in B
must generate the ideal class group. Under assumption of the Generalized Rie-
mann Hypothesis for the L-functions L(s, x) associated to characters y of the
ideal class group CIp of F, this is the case for Y > ¢’log? |AF| for some
constant ¢/ > 0 that only depends on the degree of F. Taking B this big, we
have
0
Pick = (P ZxD )/H
peB o

where H is the discrete subgroup of principal divisors of B-units, i.e., the group
of divisors ( /) where f € F* are elements whose prime factorizations involve
only prime ideals p € B.
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Step 3: Compute many elements in H. An Arakelov divisor D = (I, u)
is called B-smooth if I is a product of powers of primes in B. We need to
find elements /" € F* for which (/) is B-smooth and hence (/) € H. This
is achieved by repeatedly doing the following. For at most O(log |Ag|) prime
ideals p € B pick random exponents m, € Z of absolute value not larger than
|AF|. In addition, pick random x4 € R of absolute value not larger than |Afg|.
Replacing x4 by x4 N(D)~'/", scale the Arakelov divisor

D= mpyp+Y) x50
[ o

so that it acquires degree zero. Then the class of D is a random element of Pic%.
We use the Jump Algorithm described in Section 10 and “jump to D”. The result
is a reduced divisor D’ = (I, N(I)~'/") whose image in Pic% is not too far from
the image of D. This means that

D= (f)+D +(Ofp,v)

for some f € F* and v = (vs) € ([, Ri)o for which ||v||pic is small, say at
most log dr. There is no need to compute f, but when one applies the Jump
Algorithm one should keep track of the infinite components and compute v or
its logarithm.

Since the divisor D is random, it seems reasonable to think of the reduced
divisor D’ = (I, N(I)~'/") as being “random” as well. Next we attempt to
factor the integral ideal /™! into a product of prime ideals p € B. Since D’
is random and since the norm of I~! is at most dp = (2/7)"2|Ap|'/? and
hence relatively small, we have a fair chance to succeed. If we do, then we have
D'=3  epnpp + >, yoo and hence (f) € H. This factorization leads to a
relation of the form

(f)= D—D/—(OF,U) = Z (mp_np)p+2(xa_ya + vg)o.
peB o
In this way we have computed an explicit element in H.

Since we want to find many such relations, we need to be successful relatively
often. In other words, the ‘random’ reduced divisors D’ that we obtain, should
be B-smooth relatively often. This is the weakest point of our analysis of the
algorithm. In Section 9 the set Red, of Arakelov divisors d([) for which 1 € 1
is primitive and N(I~') < /]AF| was introduced. Under the assumption of
the Generalized Riemann Hypothesis, Buchmann and Hollinger [1996] showed
that when Y =~ exp(y/log|AF]|), the proportion of B-smooth ideals J with
d(J ) e Red’, is at least exp(—+/log|Af| loglog|AF|). Here the Riemann
Hypothesis for the zeta-function of the normal closure of F is used to guarantee
the existence of sufficiently many prime ideals of norm at most /|Afr| and
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degree 1. It is likely, but at present not known whether the proportion of B-
smooth ideals I for which d (/) is contained in the subset Red g rather than
Red’, is also at least exp(—+/log |AF| loglog |AF|). Even if this were the
case, there is the problem that the divisor D’ that comes out of the reduction
algorithm is not a ‘random’ reduced divisor. Indeed, Example 9.5 provides
examples of reduced divisors that are not the reduction of any Arakelov divisor.
These reduced divisors will never show up in our calculations, since everything
we compute is a result of the reduction algorithm. It would be of interest to
know how many such reduced divisors there may be.

For the next step we need to have computed approximately as many elements
in H as the size of the factor base B. This implies that we expect to have
to repeat the computation explained above about exp(‘/log |AF| loglog |AF |)
times. When the discriminant |A | is large, this is more work than we need to
do in Steps 1, 2 and 4. Step 3 is in practice the dominating part of the algorithm.
It follows that the algorithm is subexponential and runs in time

O(exp(y/log|AF| loglog |AF])).

Step 4: Verify that the elements computed in Step 3 actually generate H.
Let H' denote the subgroup of H generated by the divisors
(/)= 2 kpp+2 yo0
peB o

computed in Step 3. The quotient group (@pe‘B ZxPD, [R{)O /H' admits a nat-
ural map onto Pic(;,. Its volume is equal to the determinant of a square matrix of
size #B whose rows are the coefficients of a set of #B independent principal divi-
sors that generate H'. If the quotient of the volume by the estimate of Vol(Pic%)
computed in Step 1 is less than 1/2, then H' = H and (@pEB ZxP,R)/H
is actually isomorphic to Pic(l)7 and we are done.

In practice this means that once we have computed somewhat more divisors
(f) in H than #B, we “reduce” the coefficient matrix. From the “reduced” ma-
trix we can read off the structure of the ideal class group as well approximations
to the logarithms of the absolute values of a set of units ¢ that generate the unit
group OF. This enables us to compute the regulator R .

This completes our description of Buchmann’s algorithm. It seems difficult to
compute approximations to the numbers o (&) themselves from approximations
to their absolute values |o(¢)|. If one wants to obtain such approximations,
one should apply the algorithm above to the oriented Arakelov class group. The
computations are the same, but rather than real, one carries complex coordinates
Xs along. More precisely,

PicY, = (QBZX@F;)O/E

peB o
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for the discrete subgroup H that consists of elements f € F* whose prime
factorizations involve only prime ideals p € B. In this way one obtains approxi-
mations to o (g;) for a basis &; of the unit group O%. In principle, once one has
such approximations one may solve the linear system o (g;) = ) j Aijo(wj) and
compute A;; € Z so that g; = Zj Aijowj for 1 <i <ry 4+ ry—1. However, it is
well known that the size of the coefficients A;; may grow doubly exponentially
quickly in log|A F| and it is therefore not reasonable to ask for an efficient algo-
rithm that computes a set of generators of the unit group as linear combination
of the basis wy of the additive group OF.

What can be done efficiently, is to compute a compact representation of a set
of generators of the unit group OF. Briefly, this works as follows. Using the
notation used in the description of the Jump Algorithm of Section 10, one finds
for each fundamental unit &; integers m;; suach that [ [; v;n” is close to ¢j. The
Arakelov divisors (O, v;) are equivalent to reduced divisors d( fi_l). While
jumping towards the fundamental unit, one keeps track of the principal ideals
that are encountered on the way. For instance, if in the process one com-
putes the sum of the divisors (OFf, v;) and (OF, vj) and reduces the result by
means of a shortest vector f, then the result is equivalent to the reduced divi-
sor d((ff; /i)~ 1). The size of the elements f;, f; and f ... etc. is bounded
by (log|Ag|)P™M). With a good strategy one can jump reasonably close to the
unit. The number of jumps we need to reach this point is also bounded by
(log |Ag|)9™M. Using the approximations to the fundamental units and to the
vectors fi, fj, f ...etc, we can approximate a small element g € F*, so that
the difference between the divisor we jumped to and the fundamental unit is
equivalent to a divisor of the form (OF, g). Since g is small, we can compute
it in time bounded by log | A |®™) from its the approximations of the various
o (g). From this we easily obtain the fundamental unit ¢;.
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