Analisi Matematica I1
Integrali doppi e tripli (svolgimenti)

Svolgimento esercizio 1

(1) Si ha ffD:E3yd:rdy = fol a:?’da:-folydy = [%}(1) [%yQ]L = -5
2371 2
0 51t [y i i = 0 £ 4 = (41,5811
3) Siha sinzcosydrdy = [ sinzdx- [ cosydy = [ — cosx smy
Siha [f, dxd 0 dz - |, d
(4) Siha ffDex+yd:Edy:fO2 e"dx - [ eVdy = [e”"]g e ]g (e% 1)(e™ —1).
1 1 1
(5) Si ha ffDl —z— y—i—xydxdy - ffDi)dxdy = ff%% 'f02 % = [_log’]' _‘T‘]i% ’ [_

log]l—yﬂ2 =log2-log3.

3—x 2 2
(6) Siha [fj, (1+m+y2dxdy f1 [~ 1+m+y}z w1 =[] (35—1)de =3 Ing_%xh =5 log2—7.
(7) Siha [[,z(y + sin(7y)) al;vdy:f1 [1y2—1 cos(ﬂy)]y =3 xdx—f12x(l(3—m)2—%cos(37r—

77m)—%(x—1)2+%cos(wx—w))dszfl 2x — %) dz = 2[2? éx?’]f

(8) Si ha [[,a%e™ dudy = fol (J5 x*e™ dy) da @ folzc(fo etdt) dw = fo zle ] S da = fo ( -
1) dr = [f z? %xz]é = § — 1, dove in (a) si ¢ usato il cambio di variabile zy =t = zdy = dt.

. - L2 2. (@) 1 2
(9) Siha [f,2%e™ dzdy =2 [, ( [, v°e™ dy) do 2f0 (f etdt) de =2 [ x[e ]22 x_2fo G
62332) dr = 2[3 xe? — 1 ¥ — %ew]é =1, dove in (a) si & usato il cambio di variabile xy =t —>
xdy = dt.

(10) Si ha ffDey2d:cdy = f026y2[ }y//Zdy = fo yey dy = 2f04 el dt = %[ ]3 = %(64— 1), dove in

4
3"

(a) si & usato il cambio di variabile 3% =t = 2ydy = dt.

(11) Siha ([, zydzdy = ff] (fl;rfxydy) =3 f zly ]zi:f dr = 3 fi)l (z+22%+ 23 —2°) da =
JIEREERE éaﬂ“l: &

(12) Si ha [[,(2* + y)da ( o (2% + y)dy) doe = f_l Ex y—i—%yQ]y =2 gy — f_ll(l—
at)de = [z — %xﬂil = %.

(13) Si ha [f, e (@Y dody = f2/3 — (f;izr evdy) dx = 02/3 e " [ey]y:%% dr = f02/3 (273 —

y=x

1)d:c:[—%e2*3x—x]2/3 % — 1.

(14) Si ha [[2* dedy = J; w?(f;:;“d)dw— "ot de = [30%])" = § 0.

(15) Slhafny dxdy = |, 2 [éyﬂ;;s;md —3 0 "(1+3sinz + 3sin? x)d:z:%[x—?;cosx—#-%x—
istm] —gﬂ'

(16) Siha [[},sin(z+y) dedy = [ /2 (J3 sin(z+y) dy) do = fo [— Cos(x+y)]zzg dx = foﬂ/g (cosz—
cos(2z)) dx = [sinz — 3 3111(2:1:)]0/2 =1.



(17) Si ha [[,ycosxdedy = f fy[smzx]x:g +7r f fysm 2 dy @ —% s1ntdt =

%[COS t] Af; =1, dove in (a) si & usato il cambio di variabile y? =t = 2ydy = dt.

Svolgimento esercizio 2

Do fiade [FVOG = 7] [og ]y

) Siha [[, d:rdy = f || dx - f
,/ 0 /1+ 2
1 . . . . _ _ t2+1
og(3+ V10), dove in (a) si & usato il cambio di variabile \/1+9y2 =t —y = /1+y? = 5=,

2
dy = 55 dt.
(2) Siha [f, mdwdy fo [+ y+6] Ldz = fo (a:+4 $+5) dx = [log ﬁg] = log 3;.
. 2 22
(3) Siha [f, (xl y3+6)2 drdy = fo (1-32%) [;=7% y+6]z y do = fo (1-3z )(m+4 x+5) f() (xil)ﬁ

— f (3= AT+ 20) do = [~ 3z +4Tlog(z +4) — 20log(z +5)]; = —3 — 47log 4+ 67 log 5 — 20 log 6.
(4) Siha [, 1:316 dxdy = fol 1—3w2)[—log\x—y+6]]y22 dr = fol 3x2—1)(log(x+4)—log(x+

T

5)) dz = [(2° — z)(log(z +4) — log(z + 5) )} fo ) (751 — 733) do = — Jy %dfc =
— [ (z -9~ 0+ 23 ) do = [ — § 2% 4 9z + 1041og(z + 4) — 17510g(x+5)]0 =11 —104log4 +

2791og 5 — 175log 6.

(5) Si ha [[, mdxdy = fol [log(2z + y + 1)]11";(1) dx = fol (log(2z + 2) — log(2z + 1)) dx @

3 ff logtdt—1 fs logtdt = [tlogt—t]i—% [tlogt—t]g = 3log6—2log4— 5 log5+ 3 log 3, dove
in (a) sie esegulto il cambio di variabile 2z + 2 = ¢, risp. 2x + 1 = t, negli integrali.

(6) Siha [[, gty drdy = [} @ [log(2e +y + 1)]'Z)dr = [} z(log(2z + 2) — log(2x + 1)) dx &

L[St —2)logtdt — L [2(t —1)logtdt = + [1(t — 2)2logt — & [ =22 a)% — L [L (1 —1)2logt —
2

% J (t_tl) dt]g = 210g6—% 10g4—% [%t2—4t+4logt]i—210g5+% log3+§ [§t2—2t+logt]g =

% + % log6 — %5 log 5 + % log 3, dove in (a) si & eseguito il cambio di variabile 2z 4+ 2 = ¢, risp.

2z + 1 = t, negli integrali.

(7 Sl ha fny+21+1 d.’Edy—fO [ 10g +2(L‘+1)]x:2d _ % fol(log y2+5) 10gy +3

1 2
5 [ylog(y? +5) — ylog(y? +3)], = 3 (fz% ) dy =3 log § + [ ( y+5 =
l log 2 2 [\f arctg 4 ‘df — /3 arctg ﬁ]o = % log2 ++5 arctgﬁ — /3 arctg \/§> dove in (a
t

_ 1 t
usato il fatto che [ T arctg N

(8) Si ha [fp, mdwdy = 5 (o (1= aity) da) dy
D) 2y =4 — 1 [y + 1)(log(y2 +5) —log(y? +3)) da = 1
3
59) —2y—v arctg\[ [(L+y) log(y? —1—3)—7(%—33/) — 2y

L2 4 1) [log(y? + 22 +
3

+y)log(y® +5) — 3 (% —
3 2
b [(y* +y) log 13 +

%y Varctgf] % %10g§—§—|—3\[arctg\}g %
usato il fatto che [(y? 1) log( 24e)dy = (g +y) log(y*+¢)— [ (% +y) 2 e dy = (g +y) log(y*+

O~ [ (BUS 2 S dy = (% +y)log(y? + o)~ 3(% —ey) 2y — (32 — 2c); arctg 2.

1 log 3 + %2 arctg \[, dove in (a) si e
3




(9) SihaffDlog :U—I—y—|—5)dxdy:f_1 (fllog x+y+5)dy)dx:f1 [(z+y+5)log(z+y+5)—

y}zzidf’c* o ((z+6)log(z+6) — 1 — (2z + 5)log(2z + 5) + z) dx (:)[ 332_;1;] _|_f4 tlogtdt —
2f1 tlo gtdt()—§+ [§t210gt—Zt2]4—§[§t2logt—zt2h :—%+%log7—8log4, dove si sono

usati in (a) i cambi di variabile 246 = t, 245 = ¢, e in (b) il risultato [ tlogtdt = % t*logt — 1 2.
2 xr=
(10) Siha [, yﬂ;;il dxdy = 2 fo (fyl yﬁ;;l dz) dy = fol y?+1) [log(y?+22+1)] - 1 = fol (y2+
3
)(1og(y +3) 2210g(y—i—1)) dy = [(% +y) (log(y*+3) —2log(y +1 )} fo (— )( 22y ﬁ) =
3D - dy =3 Jy (v -4+ giy) dy = —3 [397 — 4y + dlog(y + D]y = - § log2

2 2z
(11) S1haffD 1+x+y)2 dxdy—fo ( IW ) fo [ 1+:}:+y] dx _fo (1+x m) dr =

1 2tdt 1
[lOg(l —|—ZE)]0 0 T42t+Z 10g2 fO (t+1 (t+1) )dt 10g2— 2[10g(t+ 1) =+ m] 10g2
dove in (a) si & usato il cambio di variabile z = t2.

(12) Siha [[,z(y +sin(ry)) dedy = fol z( [y f(y + siny) dy) da = fo z[5y* — L cosmy] 3\/5 dx =

f (2.7) += x—fa:cos(27rf)) dr @ [2 2345 22 ]0—; fo t2 cos 27rt) opdt Y 2 2+5-—2 & tPsin(2mt)+

(2 @ t2 cos(27t) — @ 7r)3 tsin(27t) — (276r)4 cos(27rt)](1) =2+ — 3
bio di variabile z = t?, e in (b) il risultato [3cos(2rt)dt = 5= t3sin(2nt) + WtQ cos(2mt) —

# tsin(2nt) —

(13) Si ha [[, |zlydedy = 2f y(J - PV xdr)dy = 27ry[m2]1 CVdy = fo (1 —cosy)?dy =

O%y(% —2cosy+% cosZy) dy @ r3 [Zy — 2ysiny — 2cosy + %ysm(Qy) gcos(2y)]0 = 372, dove
in (a) si & usato il risultato [y cos(cy) dy = 1 ysin(cy) + C% cos(cy).
(14) Posto D" := {(z,y) e R*: 1 <9:+y<2 9:>0 y>0} sihaffD z—1) |y|d:1:dy——ffD]y|d9:dy:
—4ffD,yda:dy—2f01[ ] 2]0[ ] —2f0 (1—x) dx—2f0 z)?de =2[x— 2 +

1oy —2[4e — 222 + & x]g— L,

dove si sono usati in (a) il cam-

Gn )4 cos(2mt).

(15) Si ha fo (fx 2$+y+1 dy)da: = fo [log(2z +y +1)] Q_x dx = fol (2log(z + 1) —log(3z + 1)) dz =

[23:10g(3:+1)—:c10g (Bz+1) ] fo (25 — 3224) do = fo (=14 27 — 52q) do = [~z +2log(z +
1) —  log(3z + 1)]0 = 4log2— 1.

(16) Si ha f01 (ff2 ToroTT dy)d:c = fol [log(2z+y+ 1)]2; dr = fol z(2 log(m+ 1)—log(3x+1)) dr =
E 210§(9”+1>_§“72 log(3z+1) ] fo (w—l—l g 3;:11) dx = _fol (2=1+ -5 Be—1)—5 3m+1) dz =
—[32% = 2z +log(x + 1) — 15 log(3z + 1)] =5 — Slog2.

(17) Si ha fol (fxﬁmd )dz = fo (Jy2 mdm)dy = %fol [log(y® + 2z + 1)]iizz dy =

2
i fol (2log(y + 1) — log(2y® + 1)) dy = [ylog(y + 1) — 3 ylog(2y* + 1)}(1) — fol (5 - 2y2§/+1) dy =

log 2 — %log?)—fol (- W+ T H)dy:logQ— +log3+ [log(y +1) — %arc‘cg(y\@)]é =2log2 —
%logS—%arctg\f.

. 22 3 2a+3 3 2043
(18) Si ha ffD y+1) Gz drdy = f—lx2(fx2+ ﬁdy)dw = /5 [ - ﬁ]y:ﬂ = f 1L (x2+1 -

2I+4)daz—f (1— | %(az—Q)—m)dx—[m—%xg—Qlog(x+2)—arctg:c]il:6—log5—
arctg 3 — 7.

(a)



(19) Siha [, m dxdy = fi)’l (f;;H 2$+y+2 dy)dx = f [log(2x+y+2)] 23 1y = f31 (log(4a+

3
5) — log(x? 4+ 2z + 2)) dz = [a: log(4z + 5) — zlog(x? + 22 + 2)}_1 - I (4;115 - JCQ(iZQIi)Q) czl))x =
3
50+ 25— 2252 - (z+1) —) dz = [z + 3 log(4x +5) — log(2? + 22+ 2) — 2arctg(z +1)]” |, =

4+ ilog 17 — 2 arctg 4.

. 3 2x+3 2x+43 3
(20) Si ha ff;nmdmy = (B e dy)de = ) [5hm] e de = 2 (G +

3
= S)dx_f ( +g1~szra)dv=[so+glogi38]", =5 — 3logh.
(21) Siha [fp, ga=yie dody = [2,(1-32") (L5 e dy) o = 2, (1-30%) [, o =
[t A TN S

z) — Hlog(z + 2)]71 =& 29 3 log 5.

(22) Si b [f, 232 dvdy = 10— 3a2)([EH phdy)de = [, (302 — 1)[log[20 —y +

811,50 de = J* (32 — 1)(log5 — log|s? — 22 — 8]} dz = [(z* —fﬂ)(log5—log!w2—2:6—8\)]311+
%%d f7 (22 +x+9+——m)d$—2[ 2?43 224+ 92+ 301log(4 —z) — 3log(z +

3
2)]”, = %% — 661og5.
O

Svolgimento esercizio 3

) Siha [[p\/22+y dxdy = (fo oodo)dd =2m[% 0 ]g = 187, dove in (a) si & usato il cambio
d1 variabile x = gcosﬂ Y= gsmﬁ

(2) Siha [[, 2acydxdy = f77r/4 (fog 20? cos ¥ sin ¥ o dp) di) = [ sin? 19]77;14- b ,94]2 = —%1, dove in (a)

si e usato il cambio di Varlablle x = pcosV, y = gsind.

(3) Siha [[, ‘%‘dmd @ an/z (f4 o585 dp) di = [log]sinﬂﬂ;?i [92]11 = 2 log2, dove in (a) si

sono usate le simmetrie del dom1n10 e della funzione, e il cambio di variabile x = pcos®, y = osind.

/4 2 m/4  cos V2/2 V2/2
(4) SlhaffDlda;dy 2/, / (f; Wﬁgd@)dﬁ:lf / = sm’gﬁdﬁ [0 ] —2f 2/ =2, 2/ (3 75—
% %) dt = [log Ht] V2/2 = 2log(2++/2) —log2, dove in (a) si sono usate le simmetrie del dominio
e della funzione, e 11 cambio di variabile x = pcos?, y = psind, e in (b) il cambio di variabile

sint =t = cosdd¥ = dt.

(5) Siha ffD($—y dudy 2 2, (2, (z—y)? dy) dz— [7 ( [ 02(cos 9 —sin¥)? ng) =11 [y

3:)3]322_26133— o (1 —2cos¥sind)dv - [Z ] —16f (x+1) dw—f[ﬁ—sm 19] %—— dove

in (a) si ¢ usato il cambio di variabile z = pcos ¥, y = psin?.

Sl ha fo (f\/4zrzx /—y T dy) a) 7:/52( 4cosﬁggd‘g) do — fﬂ7/32 [% 03]360519 _ 64 fﬂ7/52 cos3 U di —
& fi{?z 1 —sin? ) cos¥ dd = & [sind — 1 sin 19]”/:/2
varlabﬂe T =pcos?, y= gsinﬁ

(a
(7) Si ha ffDx2+y2d xdy
4, dove in (a) si € usato il camblo di variabile z = pcos 4, y = psinv.

= 238 dove in (a) si & usato il camblo di

(fl cos%?gdg) do — fozw 1+cos219 dv - [ }? = 2[19 + %sin 219] (Z)W =



(8) SihaffD%d dy @ ffD cos? ¥ pdpdd = fs;rﬁ/ﬁcos 19( dsin? od )di(} f5/7r6/6cos 19[1 2]451m9d19:

2
3 57/6 (g2 ¥(16sin? 9 — 4)d19—2f57r/6 (sin? 29 — cos® ) dv) = f57r/6 (1 —cos4¥ — 1 — cos20) di =

/6
— [i sin 49 + § sin 219] fr%6 = M , dove in (a) si & usato il cambio di variabile x = pcos, y = psin ¥,

per cui Dy = {(0,9) € R?: 2 < o <4sind, 9 € [E, 3]}

9) Sihajjb|xy|dxdy§i? 2T (2 2| cosIsind| odo) dd = & [ |sin20| d9- [} 0*]? = 40 [T/ sin20 dy =

40[ — = cos 219] /2 _ = 40, dove in (a) si & usato il cambio di variabile x = pcos¥, y = psin?.
(10) Usando il cambio di variabile z = pcos¥, y = psind, per cui D ~ Dyy = {(p,9) € ]R% :0<p<
6sind, ¥ € [0,7]}, siha [[, |zy| dedy = ffD 0*| cos Isin | g dodd = [ | cosz?sinz?[(foé;smﬁ 0% do) dv =
Jo | cos¥sind|[5 4}6smﬁd79 =324 [ ]cosﬁsmiﬂsm 9 d = 648 fﬂ/ sin® 9 cos ¥ di = 108[ sin® J] | /2
108.
(11) Usando il cambio di variabile z = pcos®, y = gsind, per cui D ~» Dyg = {(0,9) € R? : 2 <o<
%mﬁﬁeﬁg%}snmﬁ5um¢wyzﬁbgg|mm%mﬁwdmﬁ f““mmﬁmwugm”@w@dﬁz
fjfb,/ﬁ ]cosﬁsm19| [4 4]4SH“9 di = f57r/6 | cos ¥ sin 9|(16 sin* ¥ —4) dv) = 8f7r/6 (4sin® ¥—sin ) cos ¥ dvd =

8[% sin®y — 1 sm ﬁ]ﬂ% = 18.

(12) Siha [f}, %d dy @ (f13 | cosOsin | o do) 9 = L 027r | sin 29| d-[ eE’Q]‘Z’ =e(e8—
1) 07r/2 sin 29 d = e(e® —1)[ — 3 cos 219]0/ = £(e® — 1), dove in (a) si & usato il cambio di variabile

T = pcos?, y = psin.
(13) SihaffDMd dy —)fng 2’| cos ¥ sind| o dodd) = f5”/6|cos1951m9|( 481n0692,gdg)d19:

x24y?
b
f57r/6 ]cosﬁsinm[l e ];lsmﬁdﬂ =1 f}rﬁ/ﬁ | cos 9 sin 9|(e16510" Y ey g = fW/Q 16sin® 9 _ o4) gin ) cos ) dod ©
% Oetdt — et[5 sin? V] W;Z = (ef—e) —2el = Felb - ég e, dove si ¢ usato in (a) il cambio

di variabile z = pcos¥, y = psind, per cui Dy = {(0,9) € R? : 2 < p < 4sind, 9 € (5 5”]} e in
(b) il cambio di variabile ¢t = 16sin?>9 = dt = 32sin cos ) dd).

(14) Siha [[, a3y dzdy @ f:}rf(fo 2v/20° cos® ¥-2v/2psin ¥ 40 dp) dv = 32[—7 cos 19]57;14-[% Q6]1 =

0, dove in (a) si & usato il cambio di variabile x = v/2pcos®, y = 2v/2psin ¥.

15) Si ha y:z:y— 2+/2p|sin odo = 8v2 sin — sin .
Si ha [[, |y ded S (Jy 2v20lsin | 4ede) ) = 8V ([T, sinvdd — [77*sind v

E 93]0 = %([ — cos?]” /4 + [cos ] 57T/4) = %, dove in (a) si & usato il cambio di variabile

x =20cosV, y = 2v2psin V.

si ha Dy, = {(u,v) € R? : u —

IS

v

= = utv
(16) Usando il cambio di variabili {u Tty = {:c 2

v=1-y y=

4<v<0,0<u<4} e [[p(x—y)sin(z+y)dedy = %wavsinududv = %fésinuduff_4vdv =

ifglsinu[vQ]Z%du = —ifgl(u — 4)?sinu du @ —3[ = (u—4)*cosu +2(u — 4)sinu+2cosu]3 =
—3(2cos4 416 — 2) = —3(7 + cos 4), dove in (a) si & usato il risultato [(u — 4)?sinudu = —(u —
2

4)%cosu+ [2(u —4)cosudu = —(u — 4)?cosu + 2(u — 4)sinu — [2sinudu = —(u — 4)* cosu +
2(u —4)sinu + 2 cos u.



si ha Dy, = {(u,v) € R?: 0 <

= = utv
(17) Usando il cambio di variabili {u Tty — {x 2

v=x—y
u<2 0<v<2}e [[(2?—y?)sin(z+y)dedy = 5 D, vusinududv = %fozvdvfgusinudu:

2 . . 2 .
fousmudu: [—ucosu—l—smu] =sin2 — 2 cos 2.

0
. L o |3y —x =35 x:%s %t )
(18) Usando il cambio di variabili _ = 5 L, si ha Dy = {(s,t) €
Y — 2 = Yy = 58 5
0
R? : s € [0,5],t € [-5,0]}, e [[pvVaZFydedy = % Ip,, V3s —4tdsdt = 5\1/5 25 [2(3s

a2 dt =
497 32
G

0
5 4% = (Yt = g [ 05— a4 (-] =

== 5

s\

Svolgimento esercizio 4

1 SihauaureaD:f1 (fl dy)dx:fil(1—$2)dx: [m—%x?’]l_l:%,

2) SihaareaD = [~ I/Q(fx+2 dy)dw—f21/2(:v—|—2—:v2)dx—[21‘4— x —%:v3]2_1/2:%.

12 = =1+ 2log2.

3 8
4 SlhaareaD:fO (f2/4 dx)dy—fo (2y— 32 dy=[*— 5%, =%
5) Poiché D = {(z,y) € R : (¢ + y?)® < 1622} = {(z,y) € R? : |y| < V/21/3a2/3 — 22}, si
ha area D = 4f02( 0 2323 dy) dr = 4[02 \/md:v = 4f02 :El/?’\/mdx @

4/3
3 f024/3 Vidt = [2t3/2]g = 8, dove in (a) si & usato il cambio di variabile t = 24/3 — 243 — dt =
4.1/3
xt/.

(1)
(2)
(3) SihaareaD =1+ [2, ( [y dy)dv =1+ [}, Ldw =1+ [logla[]]
(4)
(5)

(6) Usando il cambio di coordinate x = pcos?,y = psind, per cui D ~» Dmg ={(0,9) €ER?:3<p<

3/8 / 8si 19 3/8 8sin o
8sind, ¥ € [arcsin 2, r—arcsin ]} sihaareaD = [ ics?f;}g / (J37"" odo)dv = | TCS?;C;}E / (5027 dv =
1 (m—arcsin3/8 _ m—arcsin 3/8 . m—arcsin3/8
5 arcsim3/s | (64sin 29—9)dd =5 [T 2 Js | (23 —32c0s20) dY = [2319 —16sin 29| " s =

2 3 1 — 923 arcsin 2 — 3\/

(7) Usando il cambio di coordinate z = v/2pcosd,y = 2v/2psin ¥, per cui D ~» D,y = {(0,9) € R?:
0€[0,1],9 € [Z, 27}, si ha area D = fD 4o dody = f57r/4(f014gdg) dé’:w[2g2](1):27r.
O

Svolgimento esercizio 5
(1) Siha [[[, %dmdydz = f01x2dx . folydy f2 lde = [ }1 3y ] [logz} = +log2.

(2) Si ha fffD$Sin2yC0SZd{L‘dde:f01$d£6‘f0 sin? ydy-fo coszdz = [%mQ]l- 3y—1 sin2y]6r
[sinz]gﬂ:%.

(3) Siha fffD2(;U—|—y+z)dxdydz:2f01xdx+2folydy+2folzdz:6[%:62](1] = 3.



Posto A, = {(z,y) € R? : 22 + 4?2 < 2%}, si ha (x 4+ y + 2)dedydz = zdzxdydz =
D D

4)
[ 2(fy, dady)dz =7 [% P dz = [} A =
)
Y)

S1hafffDac + 93 —i—z)dwdydz:?)flm( 17x(f17w7ydz)dy)d:c—3fl 3( 1736(1—3!:—
dy)d:c—3f0 [l—a:) —%yﬂlf‘rdm 3 lea( r)? dx—f[éxﬁ—gsc + acﬂé 410

(6) Slhafffp \/;dxdydz_ 2 11Z2(f0 (Jy dz) dy) dz = 1/2\/117(fo ydy)dz = 3 01/2 11,22'
ly ] 1222 g, @1 /62y g 13 t—fsm2t]ﬂ/ T _¥3 dove in (a) si & usato

2 0 Vi2 2 Jo 24 ~ 16>
il amblo di variabili z =sint =— dz = cost dt

()SlhafffDacyz dacdydz—fo (f$22(f$+zydy)dz)dx—lfolx(ffmz2(4 (x4 2)?) dz) do =
5l x(J2, 22 (4= o) = 22z = 22) dz) de = [y [5(4 — 2?)2* — § 2] de = [y (3(4 — 2¥)a* —

ba)ds = [ 0% = b7 7]} = &

(8) Siha [[[,(z*+y*+= )dxdydz—fo ( (fo (1-2= y)(x +y?+2?%) dz) dy) dx—fo ( [+
ves] S dy)de = [ (fg ? (2 ) (1) § (1)) dy) de = [ (2" (2021
x) —2x y—|—2(1 —:c)y2 —2y3+%(1 —x—y)3) dy) dr = fol [2552(1 —x)y—x2y2+ %(1 —az)y?’ — %y4—
8. 11—z y)ﬂzj}_xdx = fol (22°(1—2)?—2?(1-2)?+ 21 —-2)' - (1 —2)'+ 21 —2)) dz =

[ (@21 =2+ 301 —2)Y) de = [3373—51‘44-%1‘54-%(%—1)5]3:*—*4- +i=1

9) Posto A = {(z,y) : 0 < y < x; & < 22 4+ y?> < 1} si ottiene dedydz =
16 D\/i

2+2
1 T T
Ja Sy Ve 2dz) dedy = [, Vg

dz dy & W/4f1/4005199d@d19 = [s1n19]7r/4[1g2} — ?
%(1 - Tlﬁ) = 15‘[ dove in (a) si € usato il cambiamento di coordinate polari.

(5

1/4
64

(10) Posto A = {(z,y) : 0 < y < a5 £ < a?+y? < 1} siottiene [}, Wcos (ag:/th(yi)) drdydz =
Ja (fo W cos (%\/%’”))22 dz)dzdy = [, ($2+y 575 COS (ars;ar;(y/z)) dz dy = (coord. polari) =
T ™ =n/4 (a)
o " f1/4 p3 cos fpdde = f1/4 (Jo /3 p2 cos \[) df dp = f1/4 (7 e [sin \9[] / ) dp = f1/4 a7z Sl 4\[ dp =
%[ 0S 4\[] g = & (cosz — cos 2) = %, dove in (a) si e usato il cambiamento di coordinate
S =

4\% = ds=— 8Q%/Qalg.
11) Si ha 22 dx dy dz @ (= 2” 19 cos? ¥sin? o p? sin p dodddyp = [ sin® o de- 2T cos2 9 do) -
D 0 0 ) 0 U
Olg4dg—f0 1 — cos? (p)smgodgo 2ﬁ1(1+cos219)d19 (1o *l, = i3 cos® o — cos] - (39 +
%Sin 219](2) =47 dove si & usato in (a ) il cambio di variabile x = psinpcos¥,y = psingsind, z =

157
ocos @, per cui D ~ Dyg, = {(0,7, ¢) ER3:0<0<1,0<p<m0<0 <2}

(12) Siha [[[,(y—3)*dzdydz @) Iy 027r fOQ(Q sin ¥ sin p—3)? o? sin p dodddyp = [ 027r f02 (0" sin? ¥ sin® p—
60> sin ¥ sin? ¢ + 902 sin gp) dodvdy = foﬂ sin® o dy - f27r sin? 9 d - f02 otdo+9 foﬂ sin<pd<p fo% dy -

f02 2dg— Jo (1—cos? ¢ smcpdcp f% 3 (1—cos29) dv- [ o ](2)+187T[—C084p]7r [39] 2L cos® p—

cos gp] (39 + $sin 219] + 967 = 15165?“, dove si ¢ usato in (a) il cambio di variabile x =

gsmgpcosﬁ y = Qsmcpsmﬂ z = pcosep, per cui D ~ Dyy, = {(0,9,9) € R®: 0 < p <2,0<
o <m,0< 9 <27}




(13) Si ha fffD:L‘ ydxdydz = fo fo 0 0 COSQﬂSiHQQO'QSinﬁSiHQDQQSiDQOde’ﬂdQD:fOWSiH4QOdg0'
i

fo cos? ¥sin ) dof - fo 0 dg = fo (g — 2C082<p+ %(305490) dyo - [— %008319]3- [éQG]O = %[%cp —

i sin 2¢ + 3—128in 44,0}3 = g7, dove si ¢ usato in (a) il cambio di variabile x = gsinpcosv,y =

osinpsind, z = pcosp, per cui D ~ Dyy, = {(0,0,0) ER*:0< p<1,0< o < 7,0 <9 <7}

(14) Siha [[[, (e? +1+z2+2+z 1)da:dydz—fffDe dacdydz(— "Iy f e2°%¥ o2 sin @ dv dyp dp =

27rf0 (f eé’cowgsmgpdgo) dQ 27Tf0 [ eQCOS‘P]Z:ng = 27rf0 o(e? — e 9)dp @ QTF[Q((?Q +

e7?) —e? + 6_9}1 = 4T dove si ¢ usato in (a) il fatto che D & invariante rispetto alle trasfor-

magzioni y — —yoe xr — 2 — x, mentre il secondo termine cambia segno sotto la trasformazione
y — —vy, e il terzo cambia segno sotto la trasformazione z — 2 — z, in (b) il cambio di variabile
x =1+ psinpcos?d,y = osingsind, z = pcosp, per cul D ~» Dy, = {(0,7,¢) € R3:0<p<
1,0< o <m,0<9 <27}, in (¢) il cambiamento di variabile pcosp =t = pgsinpdp = —dt, e in

(d) il risultato [ o(e? — e 2)do = p(e? +e72¢) — [(e? 4+ e79) dg =p(e?+e9) —el+e?.

(15) Siha [[[p (eZ+z(a:—1>2+1+(x_1)22z(y/2)2+22)dxdydz Y [ff, et dvdydz Y [T [T [Leecose.

20%sinpdddodo = 4 fo o( [y e2<=%osinpdy) do © tr fo o[ - eQCOS‘P]z;g do = 2m fo o(e? —

d
e ?)dp D 4r [o(e? + e79) — e? + 679][1) = 87 dove si ¢ usato in (a) il fatto che D @& invariante

rispetto alla trasformazione z — —z, mentre il secondo e il terzo termine cambiano segno sot-
to la medesima trasformazione, in (b) il cambio di coordinate ellittiche z = 1 + gsinpcosd,y =
20sinpsind, z = pcos g, per cui D ~» Dy, = {(0,9¢) € R3:0<0<1,0< 9 <m0<9<2r},
e il determinante jacobiano della trasformazione vale 2¢%sin¢, in (c) si & usato il cambiamento
di variabile pcosp =t = psinpdp = —dt, e in (d) si ¢ usato il risultato [ o(e? — e™2)dp =
o(e?+e72) — [(e?+e 9 do=p(e? +e79) —e?+e 2.

O

Svolgimento esercizio 6
(1) Posto A, := {(z,y) € R? : 22 +y? <4—2%} sihavol D = ff ([[4, dxdy) dz = f12 n(4—2%)dz =
T [427 %23]? = %71'.
(2) Posto A, := {(z,y) € R? : 22+4y? < 1492%},sihavol D = f_ll ([f4 dady)dz == f_ll V14922
$V1+922dz =13 fil(l +92%)dz =% [z + 323}1_1 = 4.
(3) Posto A := {(z,y) € R* : z*+y? < 1},sihavol D = [[, (f:\jz; dz) dady =2 [, /4 — 2? — y?* dady =
2 (fol V4 — 0% odo) dV @ 47rf34\/i%dt =2 [%tg/Q]é = 47 (8 — 3V/3), dove in (a) si & usato il
cambio di variabile t = 4 — o> = dt = —2pdo.
(4) Posto A := {(z,y) € R?: x21+y2 <1},sihavolD = [[, (fox%ryQ dz) dzdy = [, (2% +y?) dedy =
2m 1 s
Jo" (o ¢ odo) di =2 [ oty =35
(5) Posto A := {(z, y) €ER?:x —l—y2 < 1}, si ha vol D = ffA(fmi*y2 dz) dedy = fA 2 -y +
1) dedy = 0 (fo 0% cos® 9—p? sin? 9+1) o dp) di) = f (3 cos? I—1 sin? 9+1) dv) = f (% cos 29+
1) d9 = [} sin20 + 9], = 2.



o 2 . 2 Vi-a?—dy? _
(6) Posto A = {(x,y) € R? : 22 + 4y?> < 1}, si ha volD = ffA(fgémdz)dwdy =

a T b) on
%fA\/l—xQ—élyzd:):dy(:)% 02 (folx/l—g2 ng)dﬁ()2 fo\/ dt =% [3 t3/2] = 2n, do-

ve si & usato in (a) il cambio di coordinate z = pcos¥, y = % psind, e in (b) il camblo di coordinate
t=1-0> = dt = —2p0dp.

(7) Posto Dy :={(z,y,2) ER3 : 22+ ¢y>+22 < 1,2 >0} e Dy := {(z,y, 2 )ER3'x2+y2+(2+1)2
2,z >0},siha D =D;\ D$, e volD = vol D; — vol Dy. Si ha vol D; = 37r Per calcolare vol Do,

poniamo A, = {(z,y) € R? : 22 + y*> < 2 — (2 + 1)?}, per cui vol Dy = 0 (ffAz dzdy) dz =

™ foﬂ*u —22—2%)de=[z—22— 123 ]‘[ ' = T (442 - 5). Allora vol D = vol Dy — vol Dy =
5 (71-4v2).

g

Svolgimento esercizio 7
(1) Posto D* = {(x,y) € R? 1 y € [a,1], —y? < x < y?}, sihaffDWd:rdy = lim+ Jpa %dwdy =
a—0

1im+ fal amgy (fy o dz) dy =2 hm fl yarctgy? dy = lim+ [arctg yz]i = lim+ (F—arctga?) = 7.
a—0 a—0 a—0

(2) Posto D* = {(z,y) e R?: y € [a 1] —y? <z <y?}, sihaffDar‘;ﬂdxdy: lim ffDa arztzgy drdy =

. 1 arct 1 3
a{%& I acgy (fy , dz) dy =2 hm f arctgy dy = 2 hm [y arctgy — 5 log(y? +1)] = 2alfél+ (3-
llogQ—CLaurctga%— 3 log(a? —i—l)) =5 —log2.

(3) Posto D* = {(x,y) € R? : a < |y <1 y2<:r<1} 51haffD 2+x)2 dxdy = hm ffDa 2+I)2 dxdy =

2 lim fal (f12 T2 +x) d:c) dy = —2 hm fa [y }i_m] ydy = =2 hm fa (y2+1 52 )dy— -2 hm [arctgy—f—
i]l =—2 lim (Z + 5 — arctga — —) +00.

2yla a—0t
(4) Posto D* = {(z,y) € R? : =1 +a < 2 < 0,|y] < v2r+1}, si ha [[, 31(290:22:2'5‘1 dxdy =
(z+2) V2x+ x+2 . 0
Jim, - S pe 32 L dady = lim, /2 lia (S m; L dy) do = Jim, f7%+a($+2)[10g(y2+2$+
y=+/2x+1 o . 1 .9 0 o
1)]y N dr = alir(rler L%Jra z + 2)(log(4z + 2) — log(2z + 1)) dx = logQQIE%Br [52% + 2$]—%+a =

—log 2 lim+ (%a2+%a— %) dx = %logQ.
a—0

(5) Posto D* = {(z,y) e R?:a <z < 1,2 <y <z}, s1haffD Y dady = 11m ffDa @I2)Y Gy =

y2-+2x
lim f (ff x+2ydy)dx : 1;1%1 f (z +2)[log(y? +2x)]y fda:—%ali%1+fa(x+2)(log(3x)—
1

y2+2x

a—0% yvi+2
log(z? + 2z)) dz = % li [( 2% + 2z) (log(3z) — log(z? + 2x))]a — 3 111(1)1 fl (322 + 2z)(2 —
(

+ a
1_ 5 3
e " 2)}01 =g~ 210g 5

(6) Posto D% = {(x,y) € R2: 0 < 2 < 1,z <y < V22 — 22,22 + y? > a?}, e usando il cambio di

coordlnate x = pcost, y = gsind, per cui Dy, = {(0,7) € R? :a < o < 2cos?, 9 € [§, 5]},

2z+2 _ 1 1 1 1 _ 19 1,.2
x§+2x)d$——§ lﬂ%ﬂfa( 5m—1+x+2)d:c—§ lim [Z$ + x — 2log(x +

0,

i

ha ffD ~ dxdy = hm ffDa \/ﬁdxdy = hm ffDa dodV = hm f://f(fjcosﬁ do) di) —
Jim fﬁ/4(200819—a)d19— lim [2s1m9—m9]”j4— hm (z_f_za)zg_\/g



(7) Posto D* = {(x,y) € R? : 22 + (y — 3)? < 9,22 + y? > a?}, e usando il cambio di coordinate z =
ocosV, y = gsinz? per cui Dy, = {(0,V) € R?:a <o <6sind,d € [0,7]}, si ha [[, ﬁdwdy =
li%l Jpa 2+y2 dxdy = hm ffDa ocos? ¥ dod? = hm f() (ffsmﬁgcos%ﬂdg) d9 = lim foﬁ cos? -

[%QQ]GSmﬁdﬁ— z hm fo 368111 ¥—a?) cos? 19d19—7 hm fo (9sin? 29—a? cos ﬁ)dﬂ:falirél [(9—

a?)d — 9005419—a (308219]0 =1 hm+( —a?)r=2n
a—0

(8) Posto D* = {(x,y) € R? : 22 + (y — 3)? < 9,22 + y*> > a?}, e usando il cambio di coordi-

nate = pcos¥, y = psind, per cui Dy = {(0,9) € R? : a < o < 6sin¥,9 € [0,7]}, si ha

- :EQ 2
[y, e ﬂf’ dedy = lim_[[,,, BUE dudy = Tim [ ce?’| cos 9 sind] dodd =2 lim, JT72 sin 9 cos -
a—0 a—0
(ffsmﬁgeﬁ’ do) di =2 lirgJr foﬂ/g sind cos ¥[34 e? ]Gsmﬁdﬁ = lim fg/2(63651n2’9—e“2)sinﬁcosﬁdﬁ =
a—

a—0T

. i 02 . 2

lim [i e30sin”0 _ 1,242 19] ™ _ L (e36 — 37).
) 2 0 72

a—0

(9) Posto D* = {(z,y) € R? : 22 + (y — 1)? > 1,a? < 2% + 4 < 4, |y| > |z|tga}, e usando il cambio
di coordinate z = pcos¥, y = psind, per cui Dy, = {(0,9) € R? : max{a,2sind} < p < 2,0 €

la, m—a]}U{(0,9) € R* : a < p < 2,9 € [7+a,27—al}, siha [}, ,/ﬁd:rdy = lim ffDa \/ﬁdacdy =
lim ffDa _0fcosd] ododV = 2 hm f:?/? \X’% (f2 03/2 do) dV+2 hm faﬂ/2 C‘;Snﬂ (fQSmﬂg?’/Q do) dY =

a—0+ v/ 0| sin¥| )
cos ¥ T/2 cos¥ cos ¥
2 lim [70, 22k (3077, i + 2 fim J, Vg E 95/2]zsin0d’9 5 lim [~ m( 42 -

a Vsin 9 a—0+
9/2) dt = % %1 (4\[ —ab?)2(1 — /sina) + 16\[ hm [Q\f Lma = 32\[ + 16\[ ahrng (g -
2+/sina + 3 sin’ ) = 17%/5, dove in (a) si sono usati i cambl di variabile t = —sin? e ¢t = sin ¥ nei

due integrali.
(10) Posto D* = {(z,y) € R? : a® < £ 22 +1¢? < 1,2|y| > |z[tga}, e usando il cambio di coordinate
x = 4pcosV, y = 2psin ¥, per cui Dg ={(0,9) € R2 a<p<1,9€ [a,T—a|lU[r+a,2m—al}, si ha

I |5 dedy = Tim, [l |5]dady = lim [fp,, |56535| 80 dodt = 64 lim [1% S5d0- [, odo =

20sin?d +Ja sin ¥
32 lim [log 51n19] /2 [92](11 =-32 lim+(1 — a?)log(sina) = +oo.
a—0

a—0t

z+ T+
(11) Posto D* = {(z,y) e R? : x € [0,1],2—1 <y < :U—a} siha [[, ey dedy = lim I pa e dzdy @
a—0

17, sys=t . 1
5 tim [ ofdsdt = 3 tim [ ([efds)dr = § tim [ [tef]'7 d = 4 tim [ (e = Dyede =
1(e—13) lir(r)l+ [tQ]i:%(e—%)ahr(rﬁ(l—a):i(e—g),dove in (a) si & usato il cambio di variabile
_ _ st
{%Ly_s @{x_sft e DY ={(s,t) eER?:t € [a,1], -t < s <t}

(12) Posto D* = {(z,y) €R?: 2 € [a,1],0 < y < z—a},siha [} log LY v dxdy = hm ffDa log £+U v dxdy @

1 s=2— t
%Jg{rﬁ ffDa log  dsdt = ali%l /. ( “(log s—log t) ds) dt = alfél fa [s(log s—l) slog t)] dt =
3 lim, JH(2—1)(log(2—t) —logt)+2(t—1)) dt = gali% [(275—%t2)(10g(2—t)—logt)+(t—1)2}2—

10



1 lim f;(Qt—%tQ)(ﬁ—%)dt:% lim ((2a— 12 a?)(loga—log(2—a))—(a—1)%) +3 lim fal (1-

a—07t a—07t a—07t

: 1 . : :
) dt = —1 +%ali%1+ [t—210g(2—t)]a =-1+1 lier (1—a+2log(2—a)) =log2, dove in (a) si

_ _ st
¢ usato il cambio di variabile rry=s — {" 2, e DY = {(s,t) €eR?: t € [a,1],t <
r—y=t y="5
s <2—t}
(13) Posto D~ ={(x,y) €R2:y€ [-2,0], 2 <z <y}, DT ={(z,y) eR*:y €[0,2], -2 <z <y},
DY ={(z,y) € R? .y € [-2,-b], -2 < = < y}, D+a—{(a:y)€]R2 ye[aQ}—2<x<y}

sihaD=D"uUD™" effodxdy ffD \/>d1‘dy+ffD+ da:dy hm ffD b ——= d:cdy+
hm ffD+a dacdy hmf (fy2\/> )dy—|— hm I (ﬁl2\/xm ) —bE%l+f—2 gm[ 2, dy+

242 2 74 2
al—>0+‘f“ 2\/@[ ]y dy = hm IA t2\/f‘dt+ hm fa 3/2\[ dy = hm [2 t5/2_8\/ﬂb+alfél+ [%y5/2—

8V, = Jim (- 22 2b‘r’/2+8\f)+ lim (—%—% 5/2+8x/5)=—%-

b—0+ a—07t

(14) Posto D* = {(z,y €0,a],0 <y < e "}, si ha ffnydacdy— hm ffDaxydmdy—

) €
tim [ (i ydy) d % han Rl =t e s ] [
a—-+00 a—T00 o =00 a
bei=g dim (5o gete - fe) =

a——+00
2

2 xQ 2
ﬁm d.’IZ’dy = lim ffDa m dl?dy =

+af a—+00
. . 2
Jim 2y e de)® @t ([ 18)" = 4 lim(arctg(a®)” =
3

2 . C e
%5, dove in (a) si ¢ usato il cambio di variabile ¢ = z°.

(15) Posto D* = {(z,y) €ER?: 2,y € [~a ,a)},siha [,

. a 2
Jm S e 4o [,

a _ 2. > 2 2 <« 42 . dxdy _ dxdy
(16) Posto D {(z,y) e R®: 2,y > 0,z°+y* < a°},siha ffD T a—>+oo ffD
lim f”/Z (

a——+00

_ T : 1 T
i) an =5 1y, |

a 7.‘.2
fo 7(2;@2)@ . ﬁarctg\%] =55 0 hm arctgf YNGR

1‘ x

(17) Posto D* = {(z,y) € R? : #*+y* < a?},siha [[}, % drdy = hm ffDa % drdy =

lim fo cos? ¥ sin? 9 dod - Jo o e_gzdg(g) lim f%l(l—cosélﬁ ddy - fa 1t_tdt £ lim [0 —

a——+00 a——+00 16 a——+00

I 51n419]0 -+ 1)e*t]g = %agin (1—(a®+ 1)e— ) = %, dove in (a) si & usato il cambio di

variabile t = 2.

(18) La funzione integranda & positiva, per cui si puo calcolare I'integrale usando un’esaustione

qualsiasi. Posto, per ogni a € (0,1), D% = {(z,y,2) € R?:a <2 < 1|y < 2,1 < 2 < ﬁ},
)

si ha fffD dxdedez hmaHO"' fl dx f dy f4/ (4z—y?) dz _ hmaﬂ(ﬁ fal d?mfiﬁx [ _ %]‘11/(433 Yy )dy _

lim, g+ fal dr (7 (1—z+ Y% )dy—hmaﬂmf [y — xy—l—m] 4 — 21im, g+ fa (z—= +12) dr —

; z2 1T _ 19
211H1a_,0+ [.T -5 + %]a = 13-
(19) La funzione integranda & positiva, per cui si puo calcolare l'integrale usando un’esaustione

qualsiasi. Usando il cambiamento di coordinate sferiche x = pcos¥sinp,y = %Q sinysiny, z =
ocosp si ottiene Doy, = {(0,9,) €ER3:0 <9 <2m,0<p< 1,0 < ¢ < Z}. Posto, per ogni

11

2+x2+y2)\/x2+y2 -



E(O,l),Dgﬁw:{(g,ﬁ,go)6R3:0§v“§2w,0§g§1—a,0§¢§g},siha

zdzxdydz // ocosp 1
= fg sin ¢ doddd
/// \/1—332 4y? — 22 a—>0+ @ V11— 02 14 L4
2

1-a 3 a 1 /2 1 1
— lim smcpcosgodgo / dv Qidg @ T [5 sin? ga] lim (— — \/7E> dt
0

2 a—0* Jo 0 1— Q2 0 a—07t Jou_g2 5
2 1 U
=2 him [avi- 202 =T
4 aif(r)l \[ 3 2a—a? 3

dove in (a) si & usata la sostituzione 1 — o> =t = —2pdp = dt.

(20) La funzione integranda & positiva, per cui si puo calcolare I'integrale usando un’esaustione
qualsiasi. Passando in coordinate cilindriche, si ha Dyy, = {(0,9,2) € R? : ¢ < 2,0 < 9 <
27} Posto per ogni a > 0, Dy, := {(0,9,2) € R® : 90> < 2z < a,0 < ¥ < 27}, si ha

I % 1+7 drdydz = limg_. 4o fffDa 92&’2?)-19 odod¥ = limg— 1o [ 1j_za f27r cos? ¥ dv foﬁ 03do =
2

limg— 400 [g + 51“4219]% fo [ ](\)flizzf) =limg— 400 § fa ﬁiz = T limg— 400 [ arctg(z )]g =I.

(21) La funzione integranda & positiva, per cui si puo calcolare l'integrale usando un’esaustione
qualsiasi. Usando il cambiamento di coordinate sferiche x = pcos¥siny,y = psinvsin p, z = pcos
si ottiene Dy, = {(0,9,¢) € R3 : 0 < 9 < 21,0 < ¢ < m,0 > 1}. Posto, per ogni a > 0,
Doy, = {(0.9,¢) ER3:0<¥<2m,0< p<7,1<p<al},siha

T d:cdydz . Q cos 1981n 0~ cos” Usin” p 2
Il

oVp

2m

1 21

= lim (l—cos go)snupd(p/ +COSd19/
a—+o0 Jq 2

cos® @}0_[79 5111219} . [_32}(1:4;7'

3 2 4

= [—cosg0+

1
0 a—+oo
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