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Setting

Let g be a simple Lie algebra over C of rank n, h a maximal toral

subalgebra.

Φ is the associated root system with Weyl group W .

∆ is a simple system for Φ and Φ+ is the associated set of positive roots.

Π and Π+ are respectively the set of weights and the set of dominant

weights. ω1, . . . , ωn are the fundamental weights.

We will denote with θ the highest dominant root and with and θs the short

dominant root.

ρ =
1

2

∑
α∈Φ+

α =
n∑

i=1

ωi

Sabino Di Trani Reeder's Conjecture for Classical Lie Algebras 3 / 33



Small Weights and Zero Weight Space Representations

Remark (Dominance Order)

λ ≥ µ⇐⇒ λ− µ =
∑

α∈Φ+, mα≥0

mαα

De�nition

λ ∈ Π+ ∩ Z[Φ] is small if λ � 2α for all dominant roots α.

An irreducible representation Vλ is small if λ is small.

Consider Vλ ⊃ V 0

λ eigenspace of eigenvalue 0 for the action of h

Remark

V 0

λ is a W representation.

We are interested in zero weight representations when λ is small.
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Reeder's Conjecture

Let Vλ be an irreducible representation.

De�nition

P(Vλ,Λg, t) =
∑

i≥0 dimHomg(Vλ,Λ
ig)t i

De�nition

PW (V 0

λ , x , y) =
∑

i≥0 dimHomW (V 0

λ ,Λ
ih⊗Hj

(2))x iy j

Conjecture (Reeder)

If λ is small

P(Vλ,Λg, q) = PW (V 0

λ , q, q
2)

Motivation: Cohomology of compact Lie groups

Λgg '
[
Λh⊗H(2)

]W
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Reeder's Conjecture: The A case.

Small representations: partitions of n of the form 2k1n−2k .

Theorem (Stembridge)

Let λ be a partition of n

P(Vλ,Λg, q) =
n∏

i=1

(1− q2i )
∏

(ij)∈λ

(
q2j−2 + q2i−1

1− q2h(ij)
)

Zero weight representation: V 0

λ = χλ′

Theorem

P(χα,Λh⊗H, y , x) =
n∏

i=1

(1− x i ) · xn(α)
∏

(ij)∈α

(
1 + yxc(ij)

1− xh(ij)
)

where n(α) =
∑

(i − 1)αi and c(ij) = j − i
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Our Strategy

Lie Algebras Part: Polynomials P(Vλ,Λg, q) can be computed solving a

triangular system of linear equations with polynomial coe�cients

(Stembridge, '05).

Weyl Group Part: There exist some general closed formulae for

PW (V 0

λ , x , y) (Gyoja, Nishiyama, Shimura, '99).

Idea: Prove that PW (V 0

λ , q, q
2) satis�es Stembridge's recurrences.

Hard part:

Deal with the coe�cients appearing in the system of equations.

Find transition formulae (w.r.t. dominance order) between

PW (V 0

λ , q, q
2) to apply iterative arguments.

Sabino Di Trani Reeder's Conjecture for Classical Lie Algebras 7 / 33



Macdonald Kernels

De�nition (Macdonald Kernel)

MDK (q, t) :=
∏
i≥0

(
1− qi+1

1− tqi

)n

·
∏
i≥0

∏
α∈Φ

1− qi+1eα

1− tqieα
.

MDK (q, t) =
∑
µ∈Pi+

Cµ(q, t)χµ

Remark

Cµ(−q, q2) = P(Vµ,Λg, q)

If µ is not dominant, consider O•µ = {σ ◦ µ = σ(µ+ ρ)− ρ |σ ∈W }

Cµ(q, t) =

{
0 if µ+ ρ is not regular,

(−1)l(σ)Cλ(q, t) if λ ∈ O•µ , λ ∈ Π+.
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Stembridge's Work

Fix a dominant weight λ. We want to compute Cλ(q, t).

De�nition

A coweight ω is minuscule i� (ω, α) ∈ {±1, 0} for all α ∈ Φ.

Stembridge proves that: (Minuscule Recurrence)

k∑
i=1

Cwiλ(q, t)

∑
ψ∈Oω

(
t−(ρ,wiψ) − q(λ,ω)t(ρ,wiψ)

) = 0.

Here w1, . . . ,wk are minimal coset representatives of W /Wλ, Wλ is the

stabilizer of λ and Oω is the orbit Wλ · ω.

Example

ω1 is a minuscule coweight in type B and D.
1

2
ωn is a minuscule coweight for Cn.
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Stembridge's Work

Quasi-minuscule Recurrence:∑
(ν,β)

∑
i≥0

[
f
β
i (q, t)− q(λ,θ∨)f

β
i (q−1, t−1)

]
Cν−iβ(q, t) = 0.

Here (ν, β) ∈ {(wλ,wθ)|w ∈W , wθ ≥ 0} and the f
β
i (q, t) are de�ned by

(1− tz)(1− qtz)
((t2z)(ρ,β∨) − 1)

t2z − 1
=
∑
i≥0

t(ρ,β∨)f
β
i (q, t)z i .

Remark

Stembridge uses the recurrences to compute explicitely Cµ(q, t) when

µ = θ, θs .
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Reduced Recurrences

Remark

If µ is not dominant we can reduce to the dominant case by

Cµ(q, t) =

{
0 if µ+ ρ is not regular,

(−1)l(σ)Cλ(q, t) if λ ∈ O•µ.

Rλ := ΛλCλ +
∑
µ∈Π+

ΛµCµ = 0

Proposition

In the reduced recurrence Λµ 6= 0 =⇒ µ ≤ λ

Rλ := ΛλCλ +
∑
µ≤λ

ΛµCµ = 0
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A Concrete Example: Recurrences for λ = ωk in Bn

Remark

λ ∈ Π+ is smaller than ωk i� λ = 0 or λ = ωh with h ≤ k .


Λk,n
k Cωk+ Λk,n

k−1Cωk−1 + . . . Λk,n
1

Cω1 + Λk,n
0

C0 = 0

Λk−1,n
k−1 Cωk−1 + . . . Λk−1,n

1
Cω1 + Λk−1,n

0
C0 = 0

. . .
...

Λ1,n
1

Cω1 + Λ1,n
0

C0 = 0

Remark

In general λ small and µ ≤ λ =⇒ µ small.
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Combinatorial description of Zero Weight Representations.

Remark

The IrrReps of Sn n (Z/2Z)n are indexed by pair of partitions (α, β) such

that |α|+ |β| = n

PW (πα,β ; x , y) =
∏

(i,j)∈α

x2(i−1) + yx2j−1

1− x2h(ij)

∏
(i,j)∈β

x2i−1 + yx2(j−1)

1− x2h(ij)

n∏
i=1

(
1− x

mi +1) .
Example (λ = ω2k in Cn)

V 0

λ ←→ ((n − k , k), ∅)

PW (V 0
ω
2k
, q, q2) = q

4k−1(q+1)

(
n

k

)
q4

(
q4(n−2k+1) − 1

)
(q4(n−k+1) − 1)

n−k∏
i=1

(
q
4i−1 + 1

) k−1∏
i=1

(
q
4i−1 + 1

)
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Reeder's Conjecture in type B .

Remark

Φ = {±ei ± ej}i<j ∪ {±e1, . . . ,±en}

∆ = {e1 − e2, . . . , en−1 − en, en}

Φ+ = {ei ± ej}i<j ∪ {e1, . . . , en} W = Sn n (Z/2Z)n

ωi = e1 + · · ·+ ei ωn =
e1 + · · ·+ en

2

Small Representation Zero Weight Space

Highest weight (α, β) description

ωi , i < n, i = 2k ((n − k), (k))
ωi , i < n, i = 2k + 1 ((k), (n − k))

2ωn, n = 2k ((k), (k))
2ωn, n = 2k + 1 ((k), (k + 1))
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Reeder's Conjecture in type B .

Minuscule cowieght: ω1 = e1.

Stabilizer of ωk : Sk × Bn−k .

l∑
i=1

Cwiλ

k∑
j=1

(q−2(ρ,wi ej ) + q1+2(ρ,wi ej )) = 0.

Proposition

Cωmcm =

[m+1
2

]∑
i=1

Cωm−2i+1
bi +

[m
2

]∑
i=1

Cωm−2ibn−m+i+1.

cm =
1− q2m

1− q2
q−2n+1(1 + q4n−2m+1), bm = (q + 1)q−2m+2

1− q4m−2

1− q2
.
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Reeder's Conjecture in type C .

Remark

Φ = {±ei ± ej}i<j ∪ {±2e1, . . . ,±2en}

∆ = {e1 − e2, . . . , en−1 − en, 2en}

Φ+ = {ei ± ej}i<j ∪ {2e1, . . . , 2en} W = Sn n (Z/2Z)n

θ = 2e1 θs = e1 + e2 ωi = e1 + · · ·+ ei

ρ = ne1 + (n − 1)e2 + · · ·+ 2en−1 + en

Small Representation Zero Weight Space

Highest weight (α, β) description

2ω1 ((n − 1), (1))
ω2i ((n − i , i), ∅)

ω1 + ω2i+1 ((n − i − 1, i), (1))⊕ ((n − i − 1, i , 1), ∅)
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The case ω2k : What goes wrong.

Using minuscule recurrence is harder (on the computational point of view)!

l∑
i=1

Cwiλ
∑
µ

(q−(ρ,wiω2k+µ) + qk+(ρ,wiω2k+µ)) = 0.

Quasi minuscule recurrence:∑
(ν,β)

∑
i≥0

[
f
β
i (q, t)− q(λ,e1)f

β
i (q−1, t−1)

]
Cν−2iβ(q, t) = 0.

Here (ν, β) ∈ {(wλ,we1)|w ∈W , wθ ≥ 0}.

F
j
i = f

ej
i (q, t)− qf

ej
i (q−1, t−1)

For each µ ≤ ω2k we have to �nd pairs (i , j) such that F j
i contributes to

coe�cient Λµ.

Sabino Di Trani Reeder's Conjecture for Classical Lie Algebras 20 / 33



The case ω2k : Symmetries.

Table: Contributions of pairs (wω2, ej) in C4

j=4 j=3 j=2 j=1

ω2+ ω2+ i=0

0− 0− 0− i=1

0+ i=2

0+ i=3

ω2− 0+ i=4

ω2− i=5

(i , j)↔ (n − i − j − 2, j)

Wlog 2i − 1 ≤ n − j + 1⇒ the coordinates of ρ+ wω2k − 2iej are positive

⇒ we can reduce to considere Oµ
•Sn instead of Oµ

•
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The case ω2k : Reducing the System

Example

If λ = ω2k
Λk,n
k Cω

2k
+ Λk,n

k−1Cω2(k−1)
+ . . . Λk,n

1 Cω2 + Λk,n
0 C0 = 0

Λk−1,n
k−1 Cω

2(k−1)
+ . . . Λk−1,n

1 Cω2 + Λk−1,n
0 C0 = 0

. . .
...

Λ1,n
1 Cω2 + Λ1,n

0 C0 = 0

ω2k ∈ Owω2k
•Sn ⇐⇒ w ∈Wω2k ; i = 0

Λk, n
k =

(t2k−1 − qt2n)(t2k − 1)

tn+2k−1(t − 1)
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The case ω2k : Reducing the System

Using the combinatorics of weights it can be showed that:

Λk, n
h = Λk−h, n−2h

0
+ (−1)k−hΛh, n

h

(
n − h − k

k − h

)
ω2k ∈ Owω2k

•Sn ⇐⇒ wω2k = ω2h + µ

where µ ∈ O
•Sn−2h
0

when contracted to Cn−2h.

Λk, n
0 = Λk, n−1

0 − Λk−1,n−2
0 + (−1)k

(
n − k − 1

k − 1

)
F
2,n
0 +

k∑
i=1

(−1)k−i+1
F
1,n
i

(
n − i − k

k − i

)

0 ∈ Owω2k
•Sn only if wω2k is of the form:

(0, . . . ), (−1, 1, . . . ), (2− 2i , 1, . . . , 1, 0 . . . , 0) + µ
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The case ω2k : Reducing the System

Proposition

There exists a family of integers {Ak,n
i }i≤k such that

k∑
i=1

A
k,n
i Rω2i = Λk,n

k Cω2k (q, t) + Λ1,n−2k+2

0

(
Cω2(k−1)

(q, t) + · · ·+ C0(q, t)
)

Cω2(k+1)
(q, t) =

(t2(n−2k−1) − 1)(t2(n−k+1) − 1)(1− qt2k−1)t2

(t2(n−2k+1) − 1)(t2(k+1) − 1)(1− qt2(n−k)−1)
Cω2k (q, t).

Remark

PW (V 0
ω
2(k+1)

, q, q2) = PW (V 0
ω
2k
, q, q2)

q4(q4(n−k+1) − 1)(q4(n−2k−1) − 1)(q4k−1 + 1)

(q4(k+1) − 1)(q4(n−2k+1) − 1)(q4(n−k)−1 + 1)
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The case ω1 + ω2k+1

It is more complex because:

The zero weight representations are not irreducible.

There are less symmetries in the coe�cients of reduced recurrence

The dominance order on the weights smaller or equal to ω1 + ω2k+1 is

not a total order.

0 ω2
. . .

ω2k ω2(k+1)

2ω1

. . .
ω1 + ω2k−1 ω1 + ω2k+1

In case n = 2k + 1 the poset of weights smaller than ω1 + ω2k+1 is

di�erent from the general case.
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The case ω1 + ω2k+1

Proposition

If λ = ω1 + ω2k+1 the system can be reduced to

Λλ,nλ Cλ + Γk,nk+1
Cω2(k+1)

+ Γk,nk Cω2k + Γk,n
0

(
Cω2(k−1)

+ · · ·+ C0

)
= 0

for generic n and to

Λλ,2k+1

λ Cλ + Γk,2k+1

k Cω2k + Γk,2k+1

0

(
Cω2(k−1)

+ · · ·+ C0

)
= 0

in the special case n = 2k + 1.

Γknk = − (t − q)(1 + qt2(n−2k)−1)

tn−2k
− (1− q2t2n−2k−1)

tn−1
(t2k − 1)

(t − 1)

Γknk+1 = − (1− q2t2(n−k−1))

tn−1
(t2k+1 − 1)

(t − 1)
Γkn0 =

(t2 + q)(t − q)(t2(n−2k) − 1)

tn−2k+1(t − 1)
.
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Reeder's Conjecture in type D

Remark

Φ = {±ei ± ej}i<j ∆ = {e1 − e2, . . . , en−1 − en, en−1 + en}

Φ+ = {ei ± ej}i<j W = Sn n (Z/2Z)n−1

ωi = e1 + · · ·+ ei ωn−1 =
e1 + · · · − en

2
ωn =

e1 + · · ·+ en

2

ρ = (n − 1, . . . , 1, 0)

Table: Zero weights space of small representation: 1st Family

Small Representation Zero Weight Space

Highest weight (α, β) description

ω2i , i <
n−1
2

((n − i), (i))
2ωn−1, 2ωn (n even) ((n

2
), (n

2
))I/II

ωn−1 + ωn (n odd) ((n+1

2
), (n−1

2
))
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Representations of Sn n (Z/2Z)n−1

Remark ( α 6= β)

πα,β ∈ IrrSnn(Z/2Z)n restricts to an Irr.Rep. π̃α,β of Sn n (Z/2Z)n−1.

πα,β ⊗ sg|(Z/2Z)n ' πβ,α =⇒ PDn
(π̃α,β) = PBn(πα,β) + PBn(πβ,α)

Remark

The restriction of πα,α splits into two non isomorphic IrrReps π̃α,αI and
π̃α,αII .

PDn
(π̃α,αI ) = PDn

(π̃α,αII ) = PBn(πα,α)
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Reeder's Conjecture in type D

Idea: mixed strategy!

e1 is a minuscule coweight ⇒ use minuscule recurrence.

It is possible to �nd recurrences between the coe�ceints.

Proposition

If λ is a small weight of the 1st family, it is possible to reduce the

recurrence as:

akCω2k =
k∑
i=1

bi ,n−2(k−i)Cω2(k−i)

where bk,n = (q+1)(q2n−1)(qn−2k+1)

(q2−1)q2(n−k)−1

Remark (n is even)

Ow2ωn
• ←→εn Ow2ωn−1

•
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Reeder's Conjecture in type D

Table: Zero weights space of small representation: 2nd Family

Small Representation Zero Weight Space

Highest weight (α, β) description

2ω1 ((n − 1, 1), ∅)
ω1 + ω2i+1 , i < n−1

2
((n − i − 1, 1), (i))⊕ ((n − i − 1), (i , 1))

ω1 + ωn−1 + ωn (n even) (( n
2
, 1), ( n−2

2
))⊕ (( n

2
), ( n−2

2
, 1))

ω1 + 2ωn−1, ω1 + 2ωn−1 (n odd) (( n−1
2
, 1), ( n−1

2
))

ω1 + 2ωn ω1 + 2ωn−1

ω1 + ωn−2

ωn−1 + ωn
ωn−3

ω1 + ωn−4

. . .

. . .

ω1 + ωn−1 + ωn

2ωn−12ωn ω1 + ωn−3

ωn−2

ωn−4

ω1 + ωn−5

. . .

. . .
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Conclusions and Future Developments

Complete type D and prove the conjecture for exceptional cases.

In a recent paper De Concini and Papi propose a �uniform� approach

to the Reeder's conjecture:

ΦV : Homg(Vλ,
∧

g)→ HomW (V 0

λ ,
∧

h⊗H)

They conjecture that this map is injective for all f.d. irreducible

g-representations. A Reeder result then implies the Conjecture.

The small representations and their zero weight representations

appeared recently in geometric context (see Achar, Henderson, Riche -

� Geometric Satake, Springer correspondence, and small

representations�).
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Thank you for the attention!
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