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Main Points of Presentation

© Small representations and Zero weight spaces.
@ Reeder’'s Conjecture.

© Stembridge Recurrences.

O Strategies for Classical Lie Algebras.

o Type B

o Type C: The case of weights woy.

o Type C: The case of weights w; + waki1.
o Type D: an Overview.
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Let g be a simple Lie algebra over C of rank n, h a maximal toral
subalgebra.

® is the associated root system with Weyl group W.
A is a simple system for ® and &7 is the associated set of positive roots.
M and M™ are respectively the set of weights and the set of dominant

weights. w1, ...,w, are the fundamental weights.

We will denote with 6 the highest dominant root and with and 65 the short
dominant root.

Za_zw,

a€¢+
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Small Weights and Zero Weight Space Representations

Remark (Dominance Order)

A<= A—pu= Z mao

a€dt, my,>0

Definition
o A € M NZ[®] is small if X # 2« for all dominant roots c.

@ An irreducible representation V) is small if X is small.

Consider V), D V{ eigenspace of eigenvalue 0 for the action of b
Remark

V;\) is a W representation. J

We are interested in zero weight representations when \ is small.
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Reeder’'s Conjecture

Let V) be an irreducible representation.
Definition
P(Vx, Ag, t) = Y5 dimHomg(Vy, N g)t!

Definition

Pw (V2,x,y) = > i>0 dimHomy, (V2, Nl ® H{z))xiyj

Conjecture (Reeder)
If X is small

P(Vx,Ag, q) = Pw(VY,q,¢°)

Motivation: Cohomology of compact Lie groups

Ag® = [N @ Hy)]
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Reeder’'s Conjecture: The A case.

Small representations: partitions of n of the form 2k17=2k,
Theorem (Stembridge)
Let \ be a partition of n

n

21 +q2l 1
P(V)\’Aqu) :H ) H 2h(l./) )

i=1 (if)ex

Zero weight representation: V)E) = X

Theorem

i n 1 +yXC(U)
P(Xav/\h ®H7ya H(l =X ) 2 () ];[ h(l_/)
(f)ea

where n(a) => (i — 1)aj and c(ij) =5 — i
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Our Strategy

Lie Algebras Part: Polynomials P(Vy,Ag, g) can be computed solving a
triangular system of linear equations with polynomial coefficients
(Stembridge, '05).

Weyl Group Part: There exist some general closed formulae for
Pw(V2,x,y) (Gyoja, Nishiyama, Shimura, '99).

Idea: Prove that PW(V/{J, g, q%) satisfies Stembridge’s recurrences.
Hard part:

@ Deal with the coefficients appearing in the system of equations.

e Find transition formulae (w.r.t. dominance order) between
Pw (V2. q,q°) to apply iterative arguments.
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Macdonald Kernels

Definition (Macdonald Kernel)

1— i+1 1— l+1
MDK (g, t) ::H( - _qtq > TI1I 1_qtq —

i>0 i>0 acd

MDK(q,t) = Y Cu(a,t)x

nePIt
Remark
Cu(—a,9°) = P(Vu, g, q)

If 11 is not dominant, consider O°, = {cou=o(u+p)—ploc W}

(o0 if 1w+ p is not regular,
C,u(qa t) - { (_1)I(U)C)\(q7 t) if A e O.p, A E n+.
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Stembridge’'s Work

Fix a dominant weight . We want to compute Cy(q, t).

Definition
A coweight w is minuscule iff (w, o) € {£1,0} for all a« € ®. J

Stembridge proves that: (Minuscule Recurrence)

k

S Conla.t) [ (r(p,w;w) _ q(A,w)t(p,w;w)) —0.
i=1 PeOy,
Here wi, ..., wy are minimal coset representatives of W /W), W) is the

stabilizer of A and O,, is the orbit W), - w.

Example
@ wi is a minuscule coweight in type B and D.

° %w,, is a minuscule coweight for C,.
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Stembridge’'s Work

Quasi-minuscule Recurrence:

S Y [f@ - (g )] Goisla t) =0
(v,8) i>0

Here (v, 8) € {(wA, wO)|lw € W, wé > 0} and the fiﬁ(q, t) are defined by

(1-tz)(1— qtz)((tzz)(pﬂ\/) - _ > teFI (g, 1)7

t2z -1 ,
i>0

Remark

Stembridge uses the recurrences to compute explicitely C,(q,t) when
IJ/ = 07 05.
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Stembridge’'s Work

Quasi-minuscule Recurrence:

> > [fﬂ (q,8) — g )fﬁ(q‘l,t‘l)} Cois(q,t) = 0.

(]/_‘f) I>0

Here (1. 7) « {(w), w0)lw & W, w0 > 0} and the £’(q, t) are defined by

(1-tz)(1— qtz)((tzz)(pﬂ\/) - _ > teFI (g, 1)7

t2z -1 ,
i>0

Remark

Stembridge uses the recurrences to compute explicitely C,(q,t) when
IJ/ = 07 05.
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Stembridge’'s Work

Quasi-minuscule Recurrence:

S S L

(v,8) i>0

Here (v, 8) € {(wA, wO)|lw € W, wé > 0} and the f,-j(q, t) are defined by

(1 )1 gD 1) S8 (g )7

t2z -1 ,
i>0

Remark

Stembridge uses the recurrences to compute explicitely C,(q,t) when
IJ/ = 07 05.
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Stembridge’'s Work

Quasi-minuscule Recurrence:

S Y [f@ - e )] 6inla t) =0
(v,8) i>0

Here (v, 8) € {(wA, wO)|lw € W, wé > 0} and the fiﬁ(q, t) are defined by

(1-tz)(1— qtz)((tzz)(pﬂ\/) - _ > teFI (g, 1)7

t2z -1 ,
i>0

Remark

Stembridge uses the recurrences to compute explicitely C,(q,t) when
IJ/ = 07 05.
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Reduced Recurrences

Remark

If 11 is not dominant we can reduce to the dominant case by

(0 if 1w+ p is not regular,
C,u(qa t) - { (_1)’(‘7)C)\(q7 t) if A\ e O.y-

Ry :=NGC + Z AMCH =0
pent

Proposition
In the reduced recurrence A, #0 = < A J

Ry:=MC+ > AC=0
HSA
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A Concrete Example: Recurrences for A = wy in B,

Remark
A € M is smaller than wy iff A = 0 or A = wy, with h < k. J

Ao CL 4 Agf% Cony + o /\i’"lel + A?k(’"lco —0
—1,n —1,n —1,n
N 7"Cory + .- N 7C, + NG =0
A"C LG =0
1 w1 0 0
Remark
In general A small and p < A\ = p small. J
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Combinatorial description of Zero Weight Representations.

Remark

The IrrReps of S, x (Z/2Z)" are indexed by pair of partitions (c, 3) such
that |a| + |B] = n

2j—1 K21

K2li-1) 2(j—1) _n

. + yx + yx -
Pw(ma,pix,y) = H 1 2hi) H T 2h() H(l—x +1).
(ij)€a (i.j)eB i=1
Example (A = wox in C,)
V)(\J > ((n - k7 k)7®)

(n—2k+1) _ _

q 1) n—k k—1
PW(szuqqu)—q“1("“)(2) ((qm)_l))H( ) I (e )

q* i=1 i=1
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Reeder’s Conjecture in type B.

Remark
b = {:I:e,-:l:ej},-<jU{:|:e1, ..., tep}
A={eg—e, ..., 61— é€n, €}
ot = {e,-:l:ej},-<ju{e1, co.,er W=S5,K (Z/ZZ)"
e _|_+e
wi:el+...+ei wn:%

Small Representation | Zero Weight Space
Highest weight (a, B) description
wi, I <n, i =2k ((n— k), (k))
wi, i< n i=2k+1 ((k),(n—k))
2wp, n =2k ((k), (k))
2wp, n =2k +1 ((k),(k+1))
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Reeder’s Conjecture in type B.

Minuscule cowieght: w1 = ;.
Stabilizer of wy: Sk X B,_k.

/ k

Z Cw,)\ Z 2(p,w,eJ 1+2(p,w,-ej)) —0.

Proposition
(73] (3]
Cwm Cm = Z Cwm,2;+1 bl + Z CUJ,,,,z,' bn—m+i+1-
i=1 i=1
1— q2m 3 B B 1 — q4m72
cm =7 q? g 2" (14" ™), by = (g +1)g 2" 1— g2
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Reeder’'s Conjecture in type C.

Remark
b = {Fei £ e}icjU{E2e, ..., 1265}
A={e1—e, ..., en-1— €y, 2€n}
¢t ={ej L eliciU{2er, ... ,2e,} W =S,x (Z/2Z)"
0=2e Os=e+e wi=e+ -+eg

p=ner+(n—1)ex+---+2e-1+e,

Small Representation Zero Weight Space
Highest weight (c, B) description
2 (n—1),(1))
W2; ((”_i7i)7®)
w1 + woit1 (n—i=1,0,1)e(n—i-1,i1),0)
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The case wy,: What goes wrong.

Using minuscule recurrence is harder (on the computational point of view)!

Z Cux Z “lowiwaitp) o ghtlowivarti)y — g,
Quasi minuscule recurrence:

>3 [7(0.0 4007 a )] ot -0

(v,8) i20
Here (v, 8) € {(w\, wey)|lw € W, w6 > 0}.
Fl=£9(q.t) ~ af7(q 7.t

For each 11 < woi we have to find pairs (7,) such that Flj contributes to
coefficient A,.
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The case woi: Symmetries.

Table: Contributions of pairs (wws, €;) in G4

j=41j=3|j=2 | j=1
wo+ | wot | 1=0
0— | 0— 0— |i=1
0+ =2
0+ =3
wr— | 0+ | i=4
wa— | 1=hb

(i) & (n—i—=j=2)
Wlog 2/ —1 < n—j 4+ 1 = the coordinates of p 4+ wwy, — 2iej are positive
= we can reduce to considere 0,*°" instead of O,°

Sabino Di Trani Reeder's Conjecture for Classical Lie Algebras



The case wyk: Reducing the System

Example
|'F)\=w2k
A" Cooy + /\Eflcwﬂm) + ... /\iv"cm + /\(E*"C0 =0
—1,n —1,n —1,n
MN3"Conygy + oo ANV"Co, + AgTP"Co =0
A" Co, + NG =0

wok € OWWzk'S" = weW,;i=0

(t2k71 _ qt2")(t2k o 1)

k,n
Ak - tn+2k—1(t_ 1)
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The case wyk: Reducing the System

Using the combinatorics of weights it can be showed that:

—h—k
/\z,n _ /\gfh,n72h + (_1)kh/\z7n<n o >

Sn
Wak € Owuy, *™" <= wwpg = wop + /1

2h

where p € O(;S"’ when contracted to C,_p.

i=1

k .
ok » ik
/\’(;,n _ /\g’"71 N /\I(;—Ln—z + (71)k (n B f . 1> Fg,n + E :(71)k l+1Fil,n (n B L i >

0e Owwzk's" only if wwyy is of the form:
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The case wyk: Reducing the System

Proposition
There exists a family of integers {Aff’"};gk such that

k

D AR Ry = A" G (@.8) T AT (G (0.6) 4+ + Go(a. )
i=1

.

c B (t2(n72k71) _ 1)(t2(" k+1) )(1 t2k71)t2 c
w2<k+1)(q’ t) = (t2(n—2k+1) _ 1)(t2(k+1) —1)(1 - qt2(n k)—1) wzk(q, t).

Remark

4 4(n—k-+1) 4(n—2k—1) ak—1
0 2y 0 2,9 (g —1)(q —1)(q +1)
PW(VWZ(,(H), 9,9°) = Pw(Vw2k7 9,97) (g4(k+1) — 1)(gA(n—2k+1) _ 1)(gA(n—k)=1 1 1)
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The case wy + woky1

It is more complex because:

@ The zero weight representations are not irreducible.
@ There are less symmetries in the coefficients of reduced recurrence

@ The dominance order on the weights smaller or equal to w; + woky1 is
not a total order.

0 w2 Wk W2(k+1)
° O\ - O\ O\
O e @ 0
2w w1 + wok—1 w1 + Wok41

@ In case n = 2k + 1 the poset of weights smaller than wy + wog1 is
different from the general case.
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The case wy + woky1

It is more complex because:

@ The zero weight representations are not irreducible.
@ There are less symmetries in the coefficients of reduced recurrence

@ The dominance order on the weights smaller or equal to w; + woky1 is
not a total order.

0 w2 Wok
o o) - ——O

o— - o o
2w w1 + Wok—1 w1 + Wok1

@ In case n = 2k + 1 the poset of weights smaller than wy + wog41 is
different from the general case.
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The case wy + woky1

Proposition

If X = w1 + wok41 the system can be reduced to

A"y + T G

W2(k+1)

rk nCWzk + I—I(;,n (C“’2(k71) +ot CO) =0
for generic n and to

A)\ k4, 4 rk 2k+1 Cony + rk 2k+1 <Cw2(k_1) TR Co) _

in the special case n = 2k + 1.

(t—q)(1+ qtz(n—zk)—l) B (1- q2t2n—2k—1) (tzk ~1)
tn—2k tn—1 (t — 1)

phn _ (- gPt2nk=1)) (2K 1) o _ (82 + q)(t — q)(£2"29) — 1)

k+1 tn—1 (tf 1) 0 t"_2k+1(t71) .

k
rk":—
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Reeder’s Conjecture in type D

Remark
b={tetel}lic; A={e1—e,..., -1 —€n €1+ en}
ot = {ei & ej},-<j W=S5,Kx (Z/ZZ)nfl
€e1+---—¢€ e1+---t+e
wi=er+-te wpg=—— " wp=— "
2 2
p=(n—1,...,1,0)

Table: Zero weights space of small representation: 1st Family

Small Representation | Zero Weight Space

Highest weight (v, B) description

wai, 1< 151 ((n—=1), (7))
2wn1. 2w, (n even) ((3), (3N iy
Wp—1 + Wy (n Odd) ((n;1)7 (%))
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Representations of S, x (Z/27Z)"

Remark ( « # f) J
n—1

Ta,p € IITs,  (7/27)n restricts to an Irr.Rep. 7, 5 of Sy x (Z/2Z)

Ta,8 @ 88|(z/22)" = Tp,a = Pp,(Ta3) = PB,(Ta,5) + PB,(T5.0)

Remark
The restriction of 74, splits into two non isomorphic IrrReps 74 o, and

To,aqy-

Pp,(Taa;) = Pp,(Taay) = P8, (Taa)
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Reeder’s Conjecture in type D

Idea: mixed strategy!

¢ is a minuscule coweight = use minuscule recurrence.
It is possible to find recurrences between the coefficeints.
Proposition

If X is a small weight of the 1st family, it is possible to reduce the
recurrence as:

ag sz Z bl n—2(k—i wz k—i)

_ (g+1)(g*"=1)(g" >k +1)
(q2—1)q2(n—F—1

where by ,

Remark (n is even)

. € °
Ow2w,, " OW2w,,_1
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Reeder’s Conjecture in type D

Table: Zero weights space of small representation: 2nd Family

Small Representation Zero Weight Space
Highest weight ‘ (a, B) description
2w ((n—1,1),0)
w1+ waitr , i < 5 ((n—i—-1,1),()®((n—1i-1),(i1))
wi 4 wpo1+w, (0 even) ((3:1), (") @ ((5): ("32.1))
w1+ 2wp—1, w1 +2wp—1  (n odd) (52,1, (%2)

w1 + Wn—1 + wn
O

w1 + 2wn w1 + 2wWn-1
° ° 7\
\ %_wn_‘l 2wn O 2wp_1 Ow;
w1+ Wp-220—0 - - \/
/ / /1/-|— Wn—5
wO,N

Wn—1 +wp O—0 " O

Wnp-3 Wn—4
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Conclusions and Future Developments

@ Complete type D and prove the conjecture for exceptional cases.

@ In a recent paper De Concini and Papi propose a “uniform” approach
to the Reeder’s conjecture:

by Homg(V)\,/\g) — HOIHW(V;\)’/\h ®H)

They conjecture that this map is injective for all f.d. irreducible
g-representations. A Reeder result then implies the Conjecture.

@ The small representations and their zero weight representations
appeared recently in geometric context (see Achar, Henderson, Riche -
" Geometric Satake, Springer correspondence, and small
representations”).
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