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Preliminaries

§§% Representation -finitemessTorsion pairs
Based on joint work with Lidia Angelini High
and Frederik Marks ( "A characterisation of e- tilting finite algebras

")

§3) Torsion - finitemess
Based on ongoing joint work with Lidia
Angeleri Hinge and David Panksztello
§ 4) t - discreteness



Notation :
-

1k : algebraically closedfield
N : finite-dimensional K - algebra
Mod IN : category of left A- modules
mod LN : category of finite - dimensional

A- modules

GuidingQuestion
Towhich extent does modCD
Control Mod (A) ?
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§ 1) Eep finitely

the ( Krull - themak - Schmidt )

Every finite -

dimensional A- module

is a direct sum ( in an essentially

unique way ) of indeeompos
able A-modules .

Questions : a) Is every A- module a
direct sum of indeeomposabks ?

b) Are all indeeomposabks finite -
dimensional ?



Examples :( Ringed a

N = IKQ Q : :#:
(5 -dimensional K - algebra) 8

Read : Mod (a) I Rep
• An indecomposable infinite - dimensional
A- module

x→
1kW Is 1kW
→

• A A- module with no indeeomposable
turnmounds (called typeface)
Iklx

, y) -, Eflkcxiys) injective envelope in
Mod Ikcx , y )

F : Mod IK4H> -1 Mod h

M 1- mT¥
,
m
full 9 exact

F- ( Elk axis ))) is a super decomposable
A- module

.



They (Anshander , Rigel - Tachikawa ,
Fuller - Reiter )

the following are equivalent

CRE) there are only'¥! !%ImId¥£±e¥awm;y indeindeeompo sable
A- modules N

I ⇒ I
CRF2) Every indecent .

(RF4) there are only
is finite - dimensional } finitely many indie .

finite - dimensional
A- modules

"

pure semisimple
"

⇐ 4 representation -finite
"

Birger : Does this

hold foe any ring ? open !



Exa#E ( finite representation type) :

A = KQ Q : :X :-P;

Indeeomposable A - modules and

irreducible morphisms between them:P
, IK1-1IK 1k Is

1h
Pz 0 → the -4k 1k 1k -70 Iz

7 y

1h11
✓

0-70 -71k 0 -71k-so 1k -10-10

B= Sz Sz Ii -_ S ,

Answer - Reiteu quiver of modd--



§ 2) Torsion's

Def : A abelian eat .
G- = mod A
•

A pair GF1 of
A = Moda )

subcategories is said to be torI if

9) Horn IT ,
F)⇒ the T ,

FEF

hfxe A ITE
T
,
FEF such that

b) 0→ T→ ×→ F→ 0

( T called torsion class
,
F torsionfree class)

Props : T is a torsion class

in Moda
⇐
T is closed
under extensions
quotients , I

Cofoloduets
5- is a torsionfree class

⇐,
f is closed under

in Moda submodules
,

extensions and
products .



Rink : Given a torsion class T,

the corresponding torsionfree class

is F- ken Hom OT - )

Dually T=tf
= Tt

Examples : Method A

pit is a torsionfree class

→ torsion pair

( HMH ,

Mt )
④

Gen m = I xeteod A :3 M ×}
Equality in ④ is sometimes

attained , for example if M

is projective .



Exactly (a torsion pair) :
A = KQ Q : :s;

P
,

y
•

mod h :p
.
./ ↳÷
nth

Pg •

'
•

gz
✓
• 5g

An example of a torsion pair :

y
•

HI
⑨

J
.

An
+Get)=oenk ① ⑨ £ Pat

T torsion class F torsionfree class

A representation finite⇒ #Toln)ao
poset

→ Hasse diagram?



0

1¥.rs?:Ee::s
①in A=k f. → •→ .) . . ./ ① ⑦ .

.

.

* ¥1

*

0 0 . ④ .

I I1 • • ⑨

.

. ③ ① "

×

.

0 = belongs to the/| torsion class

\ .



Hasse diagram o

of torsion classes ,

.

.

in A- kl . -i. → I

①(with torsionfree classes)/ ① ② ①

. ..

⑨
¥

¥⇒. .

I I1 ① ⑨ ⑨

.

③ ③ ① "

/

'

⑨I
x.

0 = belongs to the

I ::::torsionfree class
① ③ ⑨



§ 3)Torsion-fim.to#XEModA
him

,
× = I Z e read a :3 directed system

(Xi )ie± in X suchthat

£ = him
,
Xi }

They (Crawley - Beverly
' 94) there is

an injection
O- i Tors (mod a)→

"

Tors (Mod N
"

( heir) 1- Him,U , limit
In fact

Cuir) = ( him, U ,
him

,

A model

and Im0 = left, F) : I = ling F}



The layoff ) the following statements
are equivalent

size Quantity
-

ITFI ) Every torsion
KF3) there are only

pair in Mod Ch) finitely many torsion
pairs in mod (a)i. in

'hEIf"
'¥ IHF2) Every torsion (TF4) there are onlyclass in Mod A is

of the form finitely many torsion
Gen CM ) , MEmodal pairs in Rod

I1

1XE Moda ? M¥+3



EXAMptf-s.LI?nifetyheogreenma+eddon.smnootauuhsgd for arbitrary rings n .
with modn denoting

A = KK34, localPID

# Tors (mod a) =3 (n satisfies
- ITF33)
finitely
generated

Gen IKCX) is a torsion class

inj"etive A- modules 1 does not
satisfy EF2) .

- H-

Rep finite ⇒ Torsion - finite
#

=i÷ . . %.
is wild

,
but it is torsion -finite



Remarks on the proof-
The key tools are :

(1) In mod G) :

⇐tiling theory mutation ,

tfineness
[Adachi - Iyama - Reiter)

:

-
Combinatorics of torsion classes

[ Demonet - Iyama - Jasso]

(2) In Mod (A) : then , Kerk Eko
*

Purity : (a) time Modln) 3- I :m LIM MIN

[ Crawley - Boeveyiqgymhrem.dk
)

(b) THE Tors (mod Ln) )

U= genlm) ⇒ limit is
closed

under products
[ Crawley - Boevey '

94)



§ 4) There is an analogous
result if we replace

moda → Dbfmod A)
Mod A → D(Modn)
torsion
→

intermediate

pairs t - structures

+-struetwud :

Example '

pair of full subcategories
Cain :

-

'

f) Hom ( v.v ) = o ✓Y¥f( DE0
,
D
") standard ←

(2) WHEN
f- structure : (3) the Dcnodn) JUXEU ,

Kir

DEIIXEDCMODN :#k¥1 } 4 triangle ↳ → x → Vx → 4

D
>'
= fxeDCmoddih.IE }

Intermediate i. At - structure lair ) is said to

be fk ,

-

intermediate if D*gqe⑤e



Summoning
setting size Quantity
-

(RF1)Modh= Addfindlmodn)) CRF's) # indfmodln) ) to
"
Micro

" I ⇒ II
M•d(A) CRE)

indlmodNEmodACR.tt/#ind(Modln))coLAuslander
, Ringd -Tachikawa , Fuller - Reiter]
-

"÷:P::÷÷÷±÷:÷÷÷÷÷:¥::::÷÷::3- Me mad A i

F- Gencm)LAngekrittii.ge/-Marks-v,Demonet-Iyama-Jasso3
-

LTDI ) f- (THE t- stint ADD# t.si"YD4modlnD)aa
µ

3- Cuir) et - stint CD4N) : fkalez
"
Macro G. F) = Coffee it)⇒ ④
① (A) HD21ftp.ct-stintCDIN/LtD4)#t-stk%D1nDaaJ-MEkb(projn) : tkaeez

T= aisle Cm )

ILAngekriltiigfl-paukstteko.ir. , Adachi -Milano- Yang]


